

OUANTUA/I THEORY 

A TREATISE IN THREE VOLUMES 

I. Elements 

II. Aggregates of Particles 

III. Radiation and High Energy Physics 



OUAIMTUIVl THEORY 

II. Aggregates of Pcirticli 




QUANTUM THEORY 


Edited by 

D. R. BATES 

Deportment of Applied Mothemotics 
The Queen's University of Belfost 
Belfost, North Ireland 



Aggregates of Particles 



ACADEMIC PRESS New York and London 



United Kingdom Edition 
Published by 

ACADEMIC PRESS INC. (London) Ltd. 
17 Ou> Street, London S.W. 1 


Library of Congress Catalog Card Number 59-15762 


PRINTED) IN THE UNITED STATES OF AMERICA 



Contributors to Volume 10-11 


S. L. Altmann, Department of Metallurgy, University of Oxford, 
Oxford, England 

C. A. CouLSON, Mathematical Institute, University of Oxford, Oxford, 
England 

D. M. Dennison, Department of Physics, University of Michigan, Ann 
Arbor, Michigan 

K. T. Hecht, Harrison M. Randall Laboratory of Physics, University of 
Michigan, Ann Arbor, Michigan 

J. T Lewis, Eraser ose College, University of Oxford, Oxford, England 

M. J. Seaton, Department of Physics, University College, London, England 

H. N. V. Temperley, Atomic Weapons Research Establishment, Alder- 
mast on, Berk shit ', England 

D. TER Haar, The Clarend< n Laboratory, University of Oxford, Oxford, 
England 

R. M. Thomson, Department of Metallurgical Engineering, University of 
Illinois, Urbana, Illinois 




Preface 


Quantum Theory, comprising the three volumes, Elements, Aggregates, 
and Radiation and High Energy Physics is intended as an advanced text 
and reference on the fundamentals and applications of quantum theory. 

It is primarily designed to meet the needs of postgraduate students. 
The hope is that it will enable them to refresh and deepen their understanding 
of the elementary parts of the subject, that it will provide them with surveys 
of the more important areas of interest, and that it will guide them to the 
main frontiers on which advances are being made. In addition, teachers 
at universities and institutes of technology may find the compilation, which 
is unusually wide in scope, useful when preparing lectures. 

A knowledge is naturally assumed of classical mechanics, of electro- 
magnetic theory, of atomic physics, and (in Volume III) of the special theory 
of relativity. Familiarity with the ordinary techniques of mathematical 
analysis is also assuiaed. However, the relevant properties of some of the 
higher transcendental functions are summarized and accounts are given of 
operator algebra and matrice'^ (Volume I) and of group theory (Volume II). 

In Volume I non-relativisiic wave mechanics and matrix mechanics are 
introduced; an extensive survey of the exactly soluble problems of the 
point and of the continuous spectrum is presented ; the approximate methods 
which are available for treating other stationary and time-dependent 
problems are then developed in considerable detail ; and finally a very lengthy 
chapter is devoted to scattering theory, the needs of both ionic and nuclear 
physicists being met. To make this volume useful as a reference the treatment 
of many of the topics is more comprehensive than is customary; in order 
that it should nevertheless remain useful as a text the sections containing • 
the essentials are indicated at the beginning of certain of the chapters. 

Volume II is concerned with the quantal treatment of systems of particles 
— complex atoms, molecules, solids, and liquids. A chapter on quantum 
statistics is included. It is* hoped that theoretical chemists, as' well as 
theoretical physicists, will find the volume of value. Like the other volumes, 
it is effectively complete in itself. 



viii 


PREFACE 


In Volume III the compilation returns to the fundamentals of quantum 
theory. The relativistic equations describing a single particle in an external 
field of force are developed ; starting with the semiclassical theory a detailed 
exposition is given of both the noncovariant and the covariant theory of 
radiation ; the theory of the meson field is described ; and nuclear structure 
is then discussed. The volume ends with a chapter on the question of whether 
there are hidden variables underlying quantiim theory. It is recognized that 
the views expressed in this chapter are not widely accepted; but they are 
undoubtedly stimulating. 

A treatise by a group of authors is likely to have defects which would 
be avoided in a text by a single author. The Editor believes that a compen- 
satory advantage is gained by having research workers writing on parts 
of the subject in which they are particularly interested. 

D. R. B. 

TAe Queen’s Umverstty of Belfast, Belfast, Northern Ireland 
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1. introductory Survey 

1.1 Lines and Levels 

The most detailed information concerning the structure of complex 
atoms is obtained from spectroscopic observations. One may explain a 
large number of hnes in an atomic spectrum by postulating the existence 
of a smaller number of energy levels. With energies £„ the line frequencies 
are given by hv^> = \E^ — E^>\. An atom with energy Eg, where Eg is the 
smallest of the is said to be in the ground state. In many spectra one 
observes spectral series in which the separation of successive lines decreases 
uniformly with increasing frequency and tends to zero at a definite spectral 
limit corresponding to an energy £„ ; beyond this limit a continuous spectrum 
may be observed. 

The reality of energy levels is confirmed by electron impact studies; 
with electrons of kinetic energy \mv^ incident on ground state atoms a line 
of frequency is observed only when \mv^ is at leeist as great as (£, — E^. 
As soon as the kinetic energy exceeds {E„ — Eg) it is found that collisional 
ionization can occur; the spectral limit therefore corresponds to an 
ionization limit. 
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1.2 Selection Rules 

Once the energy level scheme has been obtained it is found that many 
transitions between levels are not observed as spectral lines. One may 
therefore suppose radiative transitions to be governed by certain selection 
rules. The theory of atomic structure must explain, not only the existence 
of energy levels, but also the selection rules governing transitions between 
levels and the great variations of intensity of the observed lines. 


1.3 The Bohr Theory 


From a classical standpoint atomic spectra remained largely inexplicable ; 
many of the problems presented are of an essentially quantum mechanical 
nature. Bohr, in the first major theoretical advance, postulated that electron 
angular momentum was quantized according to the rule L = nh with n 
integer. He supposed a hydrogenic atom to be composed of a massive nucleus 
of charge Ze and an electron of charge — e. Assuming the laws of non- 
relativistic classical mechanics, with electrostatic interactions the only 
forces between the particles, the energy levels were found to be given by 

En ^ 5" X 2" X (1) 

and the radii of circular orbits by 

X Uq. (2) 

In place of energies it is often convenient to use term values defined by 


Tn = 


he 


( 3 ) 


The will then be positive numbers and, with in cgs units, will be 
in units of cm~^. From (1), 


with 



( 4 ) 


i? = 4-X — X-^ = 109737 cm-^ (6) 

2 he ^ ' 

Introducing the fine-structure constant a = e^jeh we may put R = a/4j»i(,. 
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For the wave number (reciprocal of the wavelength) of a hydrogen line 
n -*-n' we obtain 

The above formulas apply in the limit of an infinitely massive nucleus. 
With a nucleus of mass M we must use the reduced mass mMj{m + M) 
in place of the electron mass tn. This means that R must be replaced by 

R = ^ 

14 - {mIM) 

The Bohr theory, with Z = 1 and M equal to the proton mass, is then in 
good agreement with observed hydrogen wave numbers so long as fine 
structure, observed at very high resolution, is not considered. 

1.4 Atomic Units 

We define the atomic units of mass, length, and time on putting 
m = e = h — 1) in these units E„ = — Z*/2n* and = n^jZ. The atomic 
length unit is a^ = 0.5292 X 10-* cm and the atomic energy unit is 
which is equal to 27.20 eV or iwtce the ionization energy of the hydrogen 
ground state. The fine structure constant, a = e^jch, is a dimensionless 
number approximately equal to 1/137. In atomic units the velocity of light 
is therefore 


1.5 Relativistic Effects 

In atomic units the Bol.r angular momentum condition for circular 
orbits is L = v„r„=n. Therefore v^ = Zjn and {vjc)* (2/137»)*. It 
follows that (v„/c)® will be small for Z small and, in consequence, a non- 
relativistic theory should provide a good approximation. 

1.6 Magnetic Moments and Spin-Orbit Energy 

A circulating current i produces a magnetic moment |j. = t'A/c where 
A is the area of the current circuit described in the usual vector sense (Fig. 1). 
For an electron of charge — e circulating with velocity v in an orbit of’ 
radius r the mean current is t = — evj^m and the area is A = Ttr*. The 
magnetic moment is therefore \i — — et x v/2c. Introducing the momentum 
p = wv and the angular mojnentum L = r X p we obtain 

2mc 




( 6 ) 



6 


M. J. SEATON 


This is the magnetic moment associated with an electron orbital angular 
momentum L. An electron also has a spin angular momentum S and an 
associated spin magnetic moment 





m 


Fig. 1. 


The spin magnetic moment is said to be anomalous 
because ^ (jiilL). 

The interaction energy between a magnet of moment 
(A and a magnetic field H will be — |ji ■ H. Consider a 
magnet moving with momentum p in an electric field E. 
In a frame of reference fixed relative to the magnet 
there will be a magnetic field* H = (E x p)/»»c and the classical interaction 
energy will be — |jl • H. If the magnetic moment is due to electron spin 
a relativistic treatment* shows that the interaction energy is — ^ • H. 

Consider an electron moving in a central field with potential energy V{r). 
The electrostatic potential per unit charge will be — Vfe and the electric 
field will be E = — grad (— Vfe) from which we obtain 


1 dV 
er dr 

The magnetic field which interacts with the spin magnetic moment is there- 
fore 


H = — E X p = 
me 


1 1 dV ^ 

a -^1 

emc r dr 


L being r x p, and the interaction energy is 


= = (8) 

This is known as the spin-orbtt interaction. The expression (8) may be 
obtainedf using Dirac’s theory of the electron. 

For hydrogenic ions 


1 dV Ze^ 
r dr 


* The transformation required to obtain this result is discussed by Heitler.^ 
t See Condon and Shortley,* p. 130. 
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The component of S in any given direction may take the values ± To 
obtain an order of magnitude estimate* of we put 

With r = r^ = n^fZ we then obtain 

AE ^ 

4(137)*«s 

in atomic units. Since ^{ZjlZln)^ we may expect that, for small 

Z, the spin-orbit energy will be of a magnitude comparable with that arising 
from other magnetic and relativistic effects. For larger values of Z, however, 
we may expect the spin-orbit energy to be the most important correction 
to the nonrelativistic theory in which only electrostatic forces are considered. 

For light atoms the spin-orbit energy will be small compared with the 
electrostatic energy. One may therefore calculate the wave functions for 
light atoms taking only electrostatic energies into account and then estimate 
the spin-orbit energy using perturbation methods. 

1.7 Nuclear Charge 

The Bohr theory gives agreement with observed frequencies for the 
following ions and assigned Z values: 


Ion H He* Li+* Be+» B+* 

2: 1 2 3 4 6 


This suggests that the atomic number, as determined by the sequence of 
elements in the periodic table, is equal to the nuclear charge Z. Confirmation 
is provided by other evidence, such as a-particle scattering and X-ray 
spectra. The number of electrons will be denoted by N. For neutral atoms 
N will be equal to Z, for positive ions N will be less than Z and for negative 
ions N will be greater than a 

1.8 Schrodinger Equation 

For an AT-electron atom with nuclear charge Z the nonrelativistic 
Schrodinger equation is 

f ^ 1 

+ '»)-£U = 0. (9) 

♦ A more exact treatment will be given in § 3.5. 
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Considering only electrostatic interactions the potential energy is 

N N 

K{ri,r2 Tat) = - Zc* ^ ^ + e* ^ ~ (10) 

'ti 

where = jr, — Tyj. A coordinate system is used with the nucleus, assumed 
to be of infinite mass, at the origin. We use the notation Z"- y to denote 
a sum over all pairs (t, j), each pair being cotjjnted once only and i = j being 
excluded: one may put 

N N N -I 

Z'= ZZ- (n> 

f ,; = 1 1 = ? + 1 ; = 1 

The wave mechanical theory for hydrogenic ions (Vol. I, Chapter 3, 
§ 5.1.1) is obtained on putting N = 1 and V{r) = — Ze^fr in (9). One obtains 
the expression (1) for the energy levels but n is no longer interpreted as an 
angular momentum quantum number. 

1.9 Procedure and References 

Exact solutions of the Schrodinger equation have not been obtained 
for iV ^ 2. For He and other ligfht systems, however, elaborate variational 
calculations give energies which, with relativistic and spin corrections, are 
of an accuracy comparable to that of the best experimental determinations. 
For heavier systems more drastic approximations are necessary. The 
approach adopted is often suggested by physical as much as by purely 
mathematical considerations. 

We begin by considering the central field model and the interpretation 
of alkali spectra. Electron spin variables are introduced at an early stage 
for the reason that, even although the energy directly associated with electron 
spin may be small, the spin variables are of fundamental importance in 
connection with the symmetry properties of atomic wave functions. The 
Pauli exclusion principle is advanced as a postulate which enables the 
structure of the periodic table to be understood. It is then shown how the 
essential content of the exclusion principle may be restated in a more general 
form. 

A clear understanding of the elements of perturbation theory is needed 
for the study of complex atoms. The theory of angular momentum coupling, 
discussed in § 7, is also essential. Complex atomic configurations are discussed 
in § 8 to § 12. The last two sections deal with the calculation of atomic 
wave functions and with the theory of radiative transition probabilities. 
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White’s "Introduction to Atomic Spectra’’* and Herzberg’s "Atomic 
Spectra and Atomic Structure’’® are recommended for accounts of the 
basic physics and more elementary accounts of the theory A useful discussion 
of the foundations of the theory is given by Eyring, Walter, and Kimball.® 
The standard theoretical work is "The Theory of Atomic Spectra’’ by Condon 
and Shortley.® Since the appearance of this book the most important 
theoretical advance is the introduction of tensor operator methods by 
Racah.’ Valuable accounts of the quantum theory of angulai momentum 
and of tensor operator theory are contained in the recent books by Edmonds* 
by Rose® and by Fano and Racah ** An excellent account of atomic 
structure calculations is given in a recent book by Hartree.^® 


2. The Central Field Model 

% 

2.1 The Physical Idea 

In order to obtain approximate solutions of the Schrodmger equation 
(9) the first step is to choose a suitable simplified form for the wave function. 
The "best’’ wave function consistent with this form may be determined 
later using variational methods. In the central field model each electron 
is considered to move in the field of the nucleus and a mean central field 
due to the charge clouds of the other electrons. If electron* i moves in the 
field v^{r^) the total pc.ential energy will be 

N 

V=2Jv,(r,). ( 12 ) 

. = 1 

On substituting this potential in (9) we obtain an equation in which the 
variables are separable A solution will be 

tp = ■ • - ^n^n) (13) 

where 

- Pf + ^'.(n) - E, 1 9>,(r,) = 0 (14) 

and 

(15) 


♦ For the moment electrons are assumed to be distinguishable particles. Electron 
t means the electron with coordinate 
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2.2 Self-Consistent Field 


Let us suppose that solutions of the Eq. (14) have been obtained and 
normalized to unity. The charge density due to electron i will be — «| 97 ,(r,)|* 
and the potential for electron / will be 


vAr,) = - 


Zgg 


-f 





(16) 


where dr, = dx, dy^ dz,. The requirement that Vj should be spherically 
S 5 mmetric may be met by neglecting any nonspherically symmetric terms 
on the right-hand side of (16). 

It is seen that, given the potentials the wave functions 9 ), may be 
calculated and that, given the wave functions, the potentials may be cal- 
culated. By iterative numerical methods self-consistent solutions may be 
obtained. This is the self-consistent field method of Hartree^®; it will be 
discussed further in § 12 . 



Fig. 2. The effective charge Zeff(y). When r = 0. Zjff is equal to the nuclear charge 
Z and when r -* oo.Z^u tends to the residual charge z = {Z — N + \) (The curve 
given IS that calculated by the Hartree-Bock method (§ 10.13.5) for the valence-electron 

potential of Na.) 

2.3 The Central Field Equation 


This equation is 
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The potential v{r) may be written 


,, 8 ) 

The behaviour to be expected for Zgff{r), as deduced from (16), is shown 
schematically in Fig. 2. For r = 0 w^ave ^^,{(0) = Z and for large r we 
have Z^ff -► z where z = {Z — N + 1); z will be termed the residual charge. 
For neutral atoms z = 1. 


2.4 Spherical Harmonics 

Equation (17) permits a further separation of variables on introducing 
polar coordinate.s. We put r = {r,6,<p) = (r, r) where the unit vector r = (r/'r) 
may be used in place of the polar angles d,(p. The solutions of (17) may be 
written * 


(p(nlmi\T) ^ Y/„^(f)-^P„,(r) 

where is a normalized spherical harmonic defined by* 


(i») 


i'll-, I (f) = (- 1)'"" 
Yl - |m^| (?) = H 


exp {i\mi\(p) 


{2nyi^ 

p (- i\ nii\;p) 
(27r)i/2 


(2/+l)(/-|m,|)! 

(2/+ 1)(Z-H)! 
2(/+H)! 


1/2 


p]"'' (cos 0) 


1/2 


( 20 ) 


Pj”*'' (cos 0). 


It may be noted that ^00=1. and that 

Yn = - (3/87r)i'2e‘^ sin 0. - (3/47r)i/2 cos 0, 

Yi _ 1 = (SjSTiyih- sin 0. (21) 

The orthonormality relations for the Y,„,^ may be written 

( Y*„/(f ) V,„,(r) dr = (22) 


where dr = sin 6 dd d<p. The spherical harmonics form a complete set of 
functions in the "space” of the angular coordinates r = hence the 

angular dependence of any one-electron wave function may always be 
represented by a linear combination of spherical harmonics. The inter- 


* It should be noted that a definite phase choice is made in the definition of 
this will be discussed in § 6.2. 
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pretation of I, as angular momentum quantum numbers will be discussed 
further in § 6. 


2.5 Spin Functions 

It is often necessary to include spin variables in the one-electron functions 
(c.f. Vol I, Chapter 2, § 4.4). We postulate the existence of a spin angular 
momentum which may have the value in any given direction, conventionally 
chosen to be the Oz axis, of m^h with w, = ± ^ We introduce a spin co- 
ordinate a which may be equal to ± | and the spin functions d{inj^a). These 
are delta functions in the sense that d(Wj lu) is zero for a and unity for 
w, = a. The orthonormality relation for these functions is 

d{ms\a)d(ms\a) = (23) 

-t i 

The functions 6{in^\a) form a complete orthonormal set m the “spin space’’ 
a, any spin state of an electron may be represented in terms of a linear 
combination of the functions d{fn^\a). 

2.6 One-Electron Orbitals 

When spin is included the *one-electron functions may be written 

q){nlm,ms | x) d{*n, \a) Yi„^{ r ) P„i{r ) . (24) 

For the coordinates we use the single s 3 anbol x — (r,tT). 

More generally we may consider one-electron functions 95(a|x) where a 
might stand for the set of quantum numbers (n/m,»tj or might stand for 
some other convenient set of quantum numbers. The 9 ?(a|x) are termed 
one-electron orbitals. Any function 9 )(alx) may be expressed as a linear 
combination of functions of type (24). 

For any operator P, one electron matrix elements may be written 

(a|P|a') = I \)P(p{9.'\x) d\ (26) 

where J. . . ix means an integration over the spatial coordinates r and a 
sum over the spin coordinates a. In particular 

(a|a') = 1 9P*(a|x)^(a'|x) dx. 

An orbital will be normalized if («ja) = 1. 
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2.7 Radial Functions 


The radial functions P„,(r) in (24) will be solutions of 


dr^ 




«(>') — t„i I P„i{r) = 0 


where 


(26) 


«(>') = -^2 Pnl = - ^2 (27) 

Since IS negative for bound states, e„i will be positive Numerical methods 
must be used to obtain solutions of (26) which are everywhere bounded 
and continuous Such solutions will exist only for certain discrete eigenvalues 
of e„i these must be found by trial and error (practical procedures are 
discussed by Hartree^®) The quantum number n is defined to be such that 
the number of nodes in the radial function, excluding the origin and infinity, is 
equal to (w — / — 1) This is consistent with the usage of n for hydrogen 
For given I the function with no nodes has n = (/ + 1) , this is the smallest 
n and corresponds to the largest e„i 


2.8 One*Electron Energies 


Having calculated E„i we define by 



(28) 


Comparison with the hydrogem^ formula (1) and with the form of 
shown in Fig 2 leads us to expect that will be smaller than Z but greater 
than the residual charge z = {Z — N 1) 

It is important to consider the dependence of Z^ on I and on n Considering 
the /-dependence first we may expect tiiat Z^ will be smaller than if 
/ is greater than /' The physical i ■' on is that an electron with large angular 
momentum is usually found at large radial distances where Z,f({r) is small 
whereas an electron with small angular momentum wnll be more likely to 
penetrate into the region of large ^eff The mathematical reason is obtained 
on considering (26) for / large The equation will be dommated by the term 
— /(/ -f l)/r® for r small and will be sensitive to u{r) only for large values 
of r where is small 

The dependence of Z^ on n may be obtained in a similar way. For large 
n the electron is most hkely to be at large radial distances and therefore 
^n, will be small Hence will decrease with mcreasing n. 
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A fonnula in many ways more useful than (28) is the Ritz formula 


1 z* 

2 (n ao 


(29) 


which defines the quantum defect The effective quantum number is 

= n — It may be shown^® that the quantum defect tends to a 
finite limit as « oo and it is usually fount;! that varies slowly with n. 
Comparing (28) with (29) and recalling that decreases with increasing I, 
we may expect /j„i to decrease with increasing 1. 


2.9 Central Field Quantum Numbers 


The one-electron central field functions are specified by the quantum 
numbers nj,mi,m^, the energy depending only on n, and For N electrons 
the total energy is 


E - 



-n,/. 


The quantum numbers 

nyl^,nj.^,. . .hsIn 

are referred to as the configuration. Two or more electrons which have the 
same quantum numbers «,/, are said to be equivalent. A configuration of 
q equivalent nl electrons is denoted by nV. 


3. Spectra of Alkali Atoms 

A characteristic of the alkali atoms Li, Na, K, Rb, and Cs is that a single 
outer electron is readily detached. This is termed the valence electron. The 
evidence for this, other than spectroscopic, includes the low ionization 
potentials* (6.39 ev for Li compared with 24.68 ev for He, and 6.14 ev for Na 
compared with 21.56 ev for Ne), the fact that in the solid state the alkalis 
are metals (the outer electron explaining the high electrical conductivity), 
and the tendency of the alkalis to form ionic compounds. We seek to explain 
the general features of cdkali spectra by assuming the model of a single 
electron moving in a central field. We begin by considering the identification 
of observed energy levels^ in Li. 

• Numerical values for atomic energ;ies are quoted from the tables of Charlotte 
Moore.** 

t Our treatment is similar to that given by Herzberg.* 
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3.1 The Li Absorption Spectrum 

This is obtained on passing light through atomic lithium vapour. With 
moderate resolution we observe a series of dark absorption Imes converging 
to a spectral limit. This is the principal series. The wave numbers will 
be denoted by a„p, and the wave number of the limit by T^py One obtains 
= 43487 cm“^. Assuming the ground state to be the initial state for 
the absorption process the energy levels reqinred to obtain the principal 
series are shown in Fig. 3. This assumption requires that '^{P) = 43487 cm~^ 
be the term value of the ground 
state. This agrees with the 
ionization limit as determined 
from electron impact studies. 

Putting a„p = Ty.) - T„p it 
IS found that a fair approxima- 
tion is obtained using the simple 
hydrogenic formula 

n. = ^ (« a 2). 

Ground state 

A better approximation is 

^ Fig. 3. Energy level diagram for the Li 

T- np — p absorption spectrum. 

with fi^p ~ O.Oill and aimed perfect agreement is obtained with 
pi„P = 0.0471 - 0.0241/«2. 

3.2 The Li Emission Spectrum 

In addition to the principal os at least three other series may be 
observed in emission; the sharp and the diffuse series (recognized by the 
appearance of the lines) and the fundamental series with wave numbers 
close to those of the hydrogen Paschen series (»' -► » = 3). The wave 
numbers may be represented by the following approximate formulas; 
Sharp series 

On» — T (s) — . . jj , T[t) = 28683 cir~^, fitu — 0.40, 

(Ins) 


Continuum 



n — 2,3,4, . . . 
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Principal series 


R 




Diffuse series 


Ond = T(d) — 


_R 
(n — 


Fundamental senes 


Onl = T(f) — 




T(p) = 43487 cm-\ finp ^ 0.047. 

n = 2,3,4, , 

T ^d) = 28^83 cm“^, — 0.001 , 

n = 3,4,6, . . . 

r,y) = 12204 cm-i, fi„i = 0 000, 
n = 4,5,6, . . . 


2 5 2p 2 q 2p Hydrogen 

— — n = co 



Fig 4 The Li energy level diagram. The energy levels of H are shown on the right. 
The diagram shows the first three transitions of the principle series {np -► 2s), the sharp 
senes (ns— ►2p), the diffuse series (nd —*■ 2p) and the fundamental series (nf-*id). 

The corresponding energy level diagram is shown in Fig. 4. The diagram 
and the observed wave numbers are consistent with the relations 

T(p) = Tzi, T{s) = T(d) = Tip, T^d = Tid- 

In Fig. 4 we have four series of levels with spectroscopic labels s, p, d, 
and /. This classification of the observed levels might be expected to be a 
classification in terms of the quantum numbers 1. Using the fact that the 
quantiim defect decreases with increasing /, we obtain the following 
relation between spectroscopic labels and /-quantum numbers: 

/=0 1 2 3 

s p d f. 
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|e notation is continaed with 

/ = 4 6 6 7 
g h k. 

Sie quantum numbers nl are usually written ns,np,nd , ... for / = 0,1,2, .. . . 
j|»m the diagram (Fig. 4) we obtain the selection rule that all observed 
^es correspond to a change of ± 1 in 1. 

Our assignment of principal quantum numbers n agrees with theoretical 
itpectation for I = 1,2,3 the lowest p state being 2p, the lowest d state Sd 
Id the lowest / state 4/. There is, however, an apparent anomaly in that 
^e lowest s state is 2s and not Is. We say that Is is an excluded state for 
valence electron. 



5. The effective quantum number (n — /li) for the ground states of the Li uo- 
ctronic sequence The residual change ^ is 1 for Li, 2 for Be*^, 3 for . . . . The 
titum defects are plotted on a linear scale of Ijz It is seen that {n - //) tends to 

2 AS z tends to infinity 


.3 Ground State Quantum Numbers in the LI lso>Electronic Sequence 

The assignment of principal quantum number 2 for the lowest s state 
Li is confirmed by considering the iso-electrontc sequence Li, Be'*', B C+®. . 
ions with the same number of electrons but increasing nuclear charge. The 
rrespionding spectra are denoted by Li I, Be II, B III, C IV, . . . , the Roman 
jmerical being equal to the residual charge z. For the ground state we put 
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and plot the effective quantum number (n — as a function of 1/z (Fig. 6), 
As the nuclear charge increases the field approximates more closely to the 
Coulomb form and the quantum defect decreases. It is seen that the effective 
quantum number tends to 2 as z goes to infinity. 

3.4 Other Alkali Atoms 

Similar analyses may be made for the other alkalis.* The selection 
rules = ± 1 is found to hold but very weak lines are occasionally observed 
which violate the rule. Table I gives approximate quantum defects /ii„i 

TABLE I 

Quantum Defects for the Alkalis 


Series 


Atom s p d f S 


Li 

0.40 

(2) 

0.04 

(2) 

0.00 

(3) 

0.00 

(4) 



Na 

1.35 

(3) 

0.85 

(3) 

0.01 

(3) 

0.00 

(4) 

0.00 

(5) 

K 

2.19 

(4) 

1.71 

(4). 

0.25 

(3) 

0.00 

(4) 

0.00 

(5) 

Rb 

3.13 

(5) 

2.66 


1.34 

(4) 

0.01 

(4) 

0.00 

(5) 

Cs 

4.06 

(6) 

3.59 

(«) 

2.46 

(5) 

0.02 

(4) 

0.00 

(5) 


(assumed constant in each nl series) for the alkali atoms. It is seen that 
increases with Z and decreases with 1. Following each quantum defect 
we give in brackets the value of n for the lowest level in each series. 


3.5 Alkali Fine Structure 


All alkali levels except s levels are found to be split into two components, 
the splitting increasing rapidly with Z. We seek to explain this in terms 
of spin-orbit interaction. From (8) we have 

^sp = l(r)S-L (30) 

for the spin-orbit Hamiltonian, f(r) being 




_ 1 _ 

r dr 


(31) 


• Unambiguous identification of the various series depends on consideration of 
fine structure and of the Zeeman effect. For the assignment of principal quantum 
numbers of the heavier alkalis more reliance must be placed on theory. 
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The first step in the calculation of the spin-orbit energy is to introduce the 
total angular momentum 


J = S 4- L. 


From J* = (S 4- L)® we obtain 

S-L = i(J®- S®-L®). 

Anticipating results to be obtained in § 7 we take the allowed values 
of S • L to be 


[/(/4-1)-5{s4-1)-^(/4-1)] 

with s = i and ; = 1 ± The second step in the calculation of the spin- 
)rbit energy is to replace f (r) by the mean value f (r) dr. Combining 
;liese results the expression for the spin-orbit energy is 

mnii) = m + 1) - i -- i{i + i)]C(«i) (32) 


vith 


00 

C(»/) = ft®|p",(r)f(r)dr. (33) 

0 

The theory therefore predicts a doublet fine structure with separation 

dE{nl) = M{nli = 14-^)- AF{nlj = / - i) = ^(2/ f l)C(nl). (34) 

A difficulty arises in the case of s states. With 1 = 0, the only allowed value 
of j is 4- The expression for S • L is zero but the integral (33) is divergent.* 
A more exact treatment, using the Dirac relativistic theory (Condon and 
Shortley,® p. 130) shows that the definition (31) of $(r) should be modified 
for small r and that the integral for C(«s; then converges. There is therefore 
no splitting of s states but, according to the relativistic theory, there is a 
shift of s state energy levels. 

The predictions of theory are in agreement with observations. Observed 
radiative transitions between fine structure levels are found to satisfy the 
selection rules 


= 0, 4: 1 but not (; = 0) -► (/ = 0). 


• It may be recalled that Pniir) behaves as for small r and that ^(r), defined 
by (81), behaves as r~*; for / <= 0 the integrand of (88) therrfore behaves as r~^. 
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Taking Pm to be a hydrogenic function for nuclear charge z and v = — ze^/r 
one obtains (Condon emd Shortley,® p. 117) 


^nl) = 




nH{2l + l)(l+ 1) 


This gives for the term-value difference 


dE(nl) Roc^z* 
he nH(l 4- 1) 


(35) 


This agrees with experiment in that it predicts that dT^ should decrease 
with n and with I and should increase with increasing z. 

A quantitative check on the theory may be made® for the 2p splitting 
in the Li isoelectronic sequence. We replace z in (36) by Z^p defined by 
Pzp = RZlpj4:. This gives calculated values of ST^p which are compared 
with observed values in Table II. 


TABLE II 


Fine Structure of 2 p States in the 

• 

Li Isoelectronic Sequence 

j 

($r2p(cm”^) 

Observed 

Calculated 


Li 

0.338 

0 395 

Be'*' 

6.61 

6.39 

B+* 

34.4 

32.1 

c® 

107.4 

100.4 

N+« 

259.1 

243.1 

o+» 

533.8 

500.8 


It should be noted that (35) does not give agreement with observed fine 
structure in hydrogen. This is because other magnetic and relativistic 
corrections are of the same order as the spin-orbit energy. 


3.6 The Zeeman Effect 

For an alkali atom we continue to consider the model of a single electron 
moving in a central field. By (6) and (7) the magnetic moment of the atom 
will be 
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since J = L + S. If placed in a uniform magnetic field the atom will have 
an additional energy, 


AE{mag ) = - • H = + (J + S) (37) 

Choosing a coordinate system such that H is in the Oz direction, 

wheie |H| = From a strict quantum mechanical standpoint we should 
regard (37) as an additional operator to be included in the Hamiltonian. 
A perturbation theory treatment of the contribution will be discussed in 
§91 For the present we consider a more physical^ approach 



Fig 6 Coupling of S and L to give a resultant J In the absence of an external magnetic 
field J IS a constant vector and S and L precess around J due to spm-orbit coupling 
For the Zeeman effect (weak magnetic field* one considers only the components S and 
L of S and L which are parallel to J 


J will be a constant vector in the absence of an external field and may 
still be treated as a constant vector in the limit of a weak field. If the spin 
magnetic moment were not anomalous (§ 1 6.) the calculation would be 
very simple We would have AE = {eJf^l2mc)J, = assuming 

the allowed values of J, to be with m, = ;,(j — 1),. . ;). This result 
is not in agreement with experiment, the anomalous magnetic moment 
must be taken into account. We consider that J = S r is a constant 
vector, that S and L are constant in magnitude but that, due to spin-orbit 
coupling, S and L rotate around J (see Fig. 6a) We consider S to be the 
sum of two components, a component 5 parallel to J and a component S-*- 
perpendicular to J (Ffg. 6b). The interaction between S-^ and H gives a 
rapidly fluctuatipg contribution to the energy which is neglected (it being 
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assumed that S-‘- rotates many times around J during the course of an 
observation to determine the energy). The parallel component of S is 


S = 


(S-J)J 

p 


Considering only this component (37) gives 


AE 


2mc 




Since L® = (S — J)® = S® + /® — 2S • J we have 


AE{m2Lg.) = 




2mc 


1 + 


(s® + y® - L®) 

2/2 


/* 


and replacing S^,p,L^ by ^®i(i + + l),W{l + 1) and J, by 

(38) 


Zl£(mag.) = 


where 


gih) = 1 + 


[^(i+i) + ii;i(; + !)-/(/+!)] 
2 ;(/ + 1 ) 


(39) 


is the Lande g-f actor. These results agree with experiment for fields so weak 
that AE (mag.) is small compared with the spin-orbit energy AE{nl'i). 



Fig. 7. In the Paschen-Back effect it is assumed that the spin-orbit coupling between 
S and L has been broken down by a very large magnetic field. The vectors S and L 
precess independently about the direction Oz of the applied field. Only the components 
Sg and Lg are taken into account when calculating spin-orbit interactions. 


3.7 The Pasd)en>Back Effect 

We consider an external magnetic field so large that AE (mag.) is much 
greater than the spin-orbit energy. The coupling of S and L to give / is 
then completely broken down and J does not enter into the thecxy. Only 
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the components S, and L, of S and L will be constant, since the vectors 
S and L rotate around the magnetic field direction (Fig. 7). Replacing 
S, amd L, by and ftw, one obtains 

JF(mag.) = {mi + 2ms)fe. 

For the spin-orbit energy we consider the operator f(y)S' L (§ 3.6.). With 
the rotating vectors of Fig. 7 only need be considered, the mean values 
of and SyLy being zero. In the Paschen-Back limit the spin-orbit 
energy is therefore C{nl)m,m,. 


4. The Exclusion Principle and the Periodic Table 

% 

It has been seen that many properties of the alkali atoms may be understood 
m terms of a model of a single election moving in a central field. We may 
now ask . why is it that the model proves so satisfactory for these particular 
elements? We consider more generally how the entire structure, of the 
periodic table may be understood. In addition to the idea of the central 
field model we require the postulate of the Pauli principle. 

4.1 The Pauli Exclusion Principle 

This states that no two electrons can be in the same quantum state. We 
shall usually consider the quantum tates 

q){nlmims\Ts) = ^{m!\a)Yl„^{T){\^r)P,u{r)■ 

For a given nl there are 2(2/ -f 1) such states, corresponding to = I, 
(/ — 1). . .(— /) and Wj = ± J. It should be emphasized that, so far as 
the exclusion principle is concerned, there is no necessity to choose the 
particular set of .states* (p{nlmim^. Tht important point is that the functions 
q>{nlmimg) form a complete set in the sense that any other set of functions 
for the central field energy level nl could be expressed as a linear combination 
of the functions ip{nlmim,) and that the number of hnearly independent 
functions would always be 2(2/ -f- 1). 

A closed shell is said to exist when 2(2/ + 1) equivalent electrons occupy 
all the quantum states of a level nl. 

* We could, for exainple, choose functions vath angular momenta quantized in 
the Ox direction instead of in the Oz direction. 
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4.2 The Periodic Table 

We require the ideas on binding order developed in § 2.8 ; that, for example, 
an atomic Is electron will be the most tightly bound and that a 2s electron 
will be more tightly bound than a electron. 

For the first 36 elements of the periodic table we are led to the assignment 
of ground configurations shown in Table III. We start with the H Is ground 

<v 

TABLE III 
The Periodic Table 


H 

Is 

A1 

-3s*3^ 

Mn 

-3ii*4s* 

He 

Is* 

Si 

3/)® 

Fe 

- 3«P'4s* 

Li 

ls22s 

P 

3^» 

Co 

- 3rf’4s* 

Be 

-2s2 

S 


Ni 

-3rf*4s* 

B 

- 2s*2^ 

Cl 

3^» 

Cu 

-Sd^Hs 

C 

2/)* 

A 

—3p> 

Zn 

-3rfi®4s* 

N 

2/)» 

K 

3pHs 

Ga 

— 4s*4/> 

O 

2/)* 

Ca 

4s* 

Ge 

- 4/>* 

F 

2/)® 

Sc 

-3d4s^ 

As 

4^» 

Ne 


Ti 

-3<i*4s* 

Se 

4tp* 

Na 

2^‘3s 

V 

_a(l»4s* 

Br 

4jl>‘ 

Mg 

3s* 

Cr 

- 3i»4s 

Kr 

(D 

1 


state. In He we add a second Is electron and complete the Is® closed shell. 
The added electron in Li is then 2s. This explains immediately why the 
Is state is excluded for the Li valence electron. With Be we complete the 
2s® shell and start adding 2/> electrons from B to Ne, the closed 2p* shell 
being reached at Ne. With Na we have again an alkali atom, with a 3s 
electron outside of closed shells. We continue in the same way building up 
to argon with configuration ls®2s®2^*3s*3/)*. Many of the regularities of 
the periodic table, originally deduced from chemical properties of the 
elements, are immediately apparent. Thus the rare gases He, Ne and A 
have all their electrons in closed shells, and the halogens F and Cl have 
outer np^ configurations. 

To proceed with the periodic table beyond argon more appeal to ex- 
perimental evidence is necessary. Thus one might wonder whether a 4s or 
a Zd electron would be most tightly bound in K. Experiment shows that 
in fact it is 4s. Further complications arise in the bmlding up of the Zd shell. 
Thus vanadium, with outer configuration 3<i®4s®, is followed by chromium 
which has configuration 3<f®4s and not 3<i*4s*. 
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5. Symmetry Properties of Atomic Wave Functions 

S.1 Exchange Symmetry 

The Pauli principle was stated in terms of the approximation, based 
on the central field model, of assigning quantum numbers to each individual 
electron. We now show that the essential content of the exclusion principle 
may be restated in a different form which does not depend on the use of 
approximate models This form concerns the symmetry of the wave functions 
for interchange of electron coordinates 

Any function is said to be symmetric if /{x^.x^) = + f{x^.Xj) 

and to be antisymmetric if /(Xi,X 2 ) = — fix^.x^). Let 0(Xi,Xjj) be a solution 
of the Schrodinger equation 

{H — E)tl,{Xi,X2) = 0 (40) 

for a two-electron atom. We shall show that ^(Xi.Xg) must be either symmetric 
or antisymmetric The proof depends on the fact that the Hamiltonian 
H{Xi,X 2 ) is S5mmetric, this follows* from the fact that electrons are in- 
distinguishable particles. We first consider an energy E = E(, such that 
(40) has nondegenerate solutions 0 q. This means that if and ®re any 
two solutions of (H — £'j,)i/t = 0 then where « is a constant. 

It \m 11 be shown later that the ground state of the He atom is an example 
of such a nondegenerate state. H being symmetric, ^(((Xj.x^) will be a solution 
of {H — Eq)*/* = 0 if i/ro(Xi,X 2 ) is a solution, and therefore t/r^(x8,Xi) = ailtf^{x-^^,x^. 
But interchange of coordinates does not change the normalization of the 
function and therefore \a\^ — 1 and a — e'^ with b real. The effect of inter- 
changing coordinates is thus to multiply the function by a phase factor, 

MVx) = * 8 )- 

Interchanging twice we have 

^o(X2.Xi) = C‘Vo(XpX2) = <^’Vo(X2.Xl) 

so that = 1 and e”’ = ±1. This proves that ± 

for nondegenerate states. Now let us suppose that the atom is brought 
into some other state, which may belong to a degenerate energy level, by an 
external perturbation. Before the perturbation is turned on the complete 
time-dependent wave function will be ^^(Xi.Xj,/) = ®*P (•“ 


• The symmetry of H is obvious for the dectrostatic Hamiltonian in (9) 
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and during the transition the complete wave function will be a solution of the 
time-dependent Schrodinger equation 

But since H{x^,X2,t) is always a symmetric function of Xi,X2 any function 
0 which is originally symmetric will always rem^ symmetric, and any 
function which is originally antisymmetric will always remain antisymmetric. 
We may therefore conclude that all wave functions for many-electron systems 
must be either symmetric or antisymmetric for interchange of the coordinates of 
any pair of electrons. It is readily shown that the physical properties associ- 
ated with symmetric wave functions are different from those associated 
with antis5nnmetric wave functions, and since we do not observe different 
types of pairs of negative electrons it may be concluded that only symmetric, 
or antisymmetric, electron states occur in nature. The Pauli principle 
allows us to choose between these two possibilities. The requirement that 
H be S5mimetric imposes the condition that the central field potentials 
Vi,V2 be identical. A symmetrical solution for the two-electron central field 
problem is 

9’(«i|Xi)9’(«2|x2) + ^(«i|x2)9’(a2|xi) 

and an antisymmetric solution is 

9’{«i|Xi)9’(*2|X2) - 7’(«i|X2)?’(«2|*i)- (37) 

The antis)Tnmetric solution vanishes if = oi^. We therefore conclude 
that only antisymmetric electron states occur in nature. The Pauli principle 
is then satisfied automatically. 

Henceforth, following Condon and Shortley, we shall adopt the convention 
of using capital ^ only for antisymmetric functions. 

5.2 Amisymmetrical Functions for N Electrons 

Suppose that we are given a set of one-electron orbitals <)p(«i|Xi), 
^(oiglXg),. . .9)(a^|X;y,). We may then obtain the functions 

( 9>(«il^i) • • • 9’(ajvlXi) 

= ,, I ^(«il*2) • •9'(ajv(x2) (41) 

Vni 

I <p(ct.i\xN) 9 >(a 2 lxjv) • . . 9 >(aA/|xw) 

where A is written for the set of quantum numbers (01,02,. . .a^v) and X 
for the set of coordinates .Xy). Functions of the type ( 41 ) will be 
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termed D functions. Since the effect of interchanging any two rows is to 
multiply a determinant by — 1, a D function will be an antissrnimetiic 
function of the coordinates. 

Since a determinant vanishes if two columns are identical, D{A jX) = 0 
if a, = a, for any * # For D to be nonzero the quantum numbers A 
must therefore be consistent with the Pauli principle. The transformation 
9 ci(a,) -*■ 9 ?(<x,) + cq>{(x.j) leaves Z)(.<4jX) unchanged. Transformation of this typie 
may therefore be made in such a way that {a,|a,) = 0 for all i ^ j. We 
may also take the orbitals to be normalized. We then have 

(a,|a,) ^ 6,,. (42) 

In § 10.2 it will be shown that D(.4jX) will be normalized to unity when 
(42) is satisfied for all 


5.3 Parity 

A function /(rj.rj, . . . ) is said to be of even parity if /(r^.r^, . . . ) = 
+ /(— Ti. — Tg,. . .) and of odd parity if /(r^Tj,. . .) = —/(— rj, — r^,. . .). 
Since the Hamiltonian for an atom is of even parity it follow’s by an argument 
similar to that of § 6.1 that the wave function must be either of even or of 
odd parity. However, the Hamiltonian for an external perturbation of an 
atom may be of even or of odd parity (for example, an external constant 
electric field will be a perturbation of odd parity). We may therefore expect 
to find atomic states of even and of odd parity 
Any matrix element 


{<i\p\p) = \ X 

will be zero unless the entire integrand, ip* Pip^, is of even parity. Therefore, 
if P is of even parity will be zero if have different parities; 

if P is of odd parity (ajP!;®) will be zero if p* are of the same parity. 

The transformation r -*■ — r corresponds to 0 -► (ji — 0) and <p -*■ (n ip). 
From (20) and the definition of the associated Legendre polynomials^’ 
one may obtain 

Yi^fr} = (- r). 

Central field wave functions belonging to a configuration • .WjvIn 

will therefore be of even parity if (/i 4- fg + • • • + even, and of odd 
parity if (fj + /j + I . . + Ipi) is odd. The parity of atomic wave function 
may therefore be determined if it is possible to make a one*to-one 
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correspondence between the exact functions and the wave functions of a 
central field model. 


6. Perturbation Procedures 


6.1 The Central Field Model and the Exact Elecjcrostatic Hamiltonian 


Suppose that we have a central field Hamiltonian 






and that we have obtained solutions W{r) of the central field Schrodinger 
equation 

- EtyPir) = 0 . 

We take P to be antisymmetric for interchange of all coordinate pairs. 

We wish to estimate the energy levels Er for the exact electrostatic 
Hamiltonian 





We first calculate the matrix elements 


{r\H\r) = j p*{r)HP{r') dx. 

The required energy levels are then obtained on solving the secular equation 
(see Vol. I, Chapter 5, § 3.1.) 

detl(riHir')-£(5rr'| = 0, (45) 

that is, 

am am--- 

(21 ffjl) (2lffl2)-E (2|^|3)... =0. (46) 


Let £ = be a solution of (46). If (E^ — E^) is not too large one may 
obtain approximate solutions using perturbation theory. 

One must allow for the fact that the central field levels are usually 
degenerate; the central field energies depend only on the configuration 
and ioT a given coniiguiation ttvere wvii be a number oi bnearVy independent 
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functions ^{F). The first step in applying perturbation theory is to choose 
functions ^{F) to be such that 


{F\H\F') = 0 (47) 

for F ^ F' but F,F' belonging to the same configuration. Assuming (47) 
to be satisfied, first-order perturbation theory gives 


Er={F\H\F) 


and second-order perturbation theory gives 


Er = (r|/f |r) + 


\( F\H\F")\ ^ 
ff. {E"r-EU 


(48) 


(49) 


where the sum Z” is over all states F" belonging to^configurations different 
from the configuration of F. 

The condition (47) is that the matrix of H should be diagonal for all 
states within a given configuration. If we choose F to stand for the quantum 
numbers 


(60) 

this condition will not, in general, be satisfied. We may, however, choose 
states which are linear combinations of the states with representation (50) 
and we may do this in such a way that (47) will be satisfied. In order to 
develop a systematic procedure we require two theorems on commuting 
operators. 


6.2 Commuting Operators 

Let A be an operator with eigenvalues a, B an operator with eigenvalues 
b and let A and B commute: AB ~ BA = 0. 

Theorem I states that there exists a set of simultaneous eigenstates 
*/t(ab) of A and B. (Vol. I, Chapter 2, § 3.3.). 

Theorem II states that the matrix element (ajBja') is zero if a is not 
equal to xT. (This follows from (oi\AB — BAja') — (a — a'){a\B\a') being 
zero since AB = BA.) 

Suppose that we can find a set of functions ^{F) with 

F = 

where y specifies a configuration atid where ®re the eigenvalues 

of a set of commuting operators Ai,A^,. . ..A p all of which commute with 
H . Suppose luxfhetmoTe that no two states belonging to the same oon&gura- 
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tions have the same set of eigenvalues Aj.Oj,. . . It follows that the set of 
functions ^{F) will satisfy the condition (47). 

The operators Ai,A 2 Ap correspond to the constants of motion 

which would be introduced in the course of solving a problem in claissical 
dynamics. The most important of such operators are those for the total 
angular momenta. 


7. The Quantum Theory of Angular Momentum 

7.1 Angular Momentum Operators 

The classical orbital angular momentum of a particle is L = r x p, 
p being the linear momentum The Cartesian components of L are 

Lx — ypM ^Py 

Ly = zpx — xPx (62) 

Lx = xPy — yPx. 

The quantum mechanical orbital angular momentum operator is obtained 
on taking for p the operator p = — Using commutation relations of 

the type 

XPt — PxX = t%, Xpy — PyX = 0 , 

one obtains the commutation relations satisfied by the orbital angular 
momentum compionents, 

JLxI^y ^^yLx — 

LyLg I^gl^y hftLx 

Lgi^X %JiLyt 

The general definition of an angular momentum operator is that i is 
such an operator if the components of J satisfy 

JxJy JyJx — 

JyJs — JtJy — ( 63 ) 

/./* — JxJm == *»/y. 

Since the components JxJyJt do “of commute among themselves we cannot 
form simultaneous eigenfunctions of the components. Defining 

= + 


( 64 ) 



1- COMPT.EV ATniUrQ 


di 

it is readily shown that J* commutes with the components J^Jy and 
We may therefore obtain simultaneous eigenfunctions of J* and of any 
one component, conventionally chosen to be /,. Using only the commutation 
relations (63) it may be shown *■*•*•“ that the simultaneous eigenfunctions 
mlini) satisfv 

4- \)<p{im) (65) 

Jg(p{jm) — hm(p{jtn) ( 66 ) 

with / = . . and, for given 

= (67) 

With the more restricted definition (52) of orbital angular momentum we 

would have obtained j — I with / an integer. The definition of J in terms 
of commutation relations includes the case of spin angular momentum 
J = S, / = s = i, w = m, = ± 

7.2 The Operator /_ 


Introducing 

= tJy (68) 

we obtain from the commutation relations 

/,/_=.•_(/,-»). (69) 

Therefore, using (56), 

Jz[J- [/- 9’{;w)]. 

Since J _ commutes with J* we also have 

PU- = /_ p(p{iW, = »*;(;■ + i)[/- 

The equations satisfied by [/_ 9 ?(/wt)] are therefore identical with those 
satisfied by <p{j m — 1), and it follows that [/_ 9 ’(fw»)] must be propor- 
tional to q)(jtn —1), that is, 

/_ q>{jm) = jy{jm)(p{j m — 1). 

The proportionality constant may be obtained from the normalization 
condition J| 9 >(/ — l)|®<iT = 1. Xhis gives 


= [/- 9>{/w)]*/- vO*") 
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Since J is Hermitian we have* 

I [Jx»]*V = j 

and similar relations for and /,. Therefore 

|^(;w)l* = j <p*{im){J^ + xjy){jx - ijy)<p{i‘fn) dx. 

Using the commutation relations (63) one obtains 

(/* + *7y)(/* - */v) -=P-A + Mz 


and therefore 

\jr{]m)\^ = + 1) — w* + w] + »»)(; — w + 1) 

The phase of jV{]m) depends on the relative phases of the states <p{]in) for 
different values of m We adopt the conventional choice for which 

= h[{'j + m){'i — m 1 )]’/^ ( 60 ) 

It was this convention which led to the phase choice for the spherical 
harmonics defined by (20). 

7.3 Angular Momentum Coupling 

Let Jj.Jj be two commuting angular momenta, these could, for example, 
be the individual orbital angular momenta for two electrons, or they could 
be the orbital and spin angular momenta for a single electron The total 
angular momentum operator is defined by 

J = Ji + ^2' /* ~ /i* “I" /s* (®1) 

Using the commutation relations for the components of and /j, and the 
fact that JiJ^ commute it is readily shown that the components of J satisfy 
the commutation relations for an angular momentum operator. It is also 
readily shown that a set of commuting operators is provided by 
and These operators will therefore have simultaneous eigenfunctions 
where and m are the quantum numbers for and 

J.- 


• It should be noted that which does not correspond to an observable quantity, 
IS not Hermitian 
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Since the functions 


form a complete set, an expansion of the type 

^ {hiz»ti^\l\ym)<p{jij^mimi) (62) 

must exist. The coefficients ^.re termed vector-coupling, 

Wigner, or Clebsch-Gordan coefficients. 

Operating on (62) with J, = Ju + shows that the coefficients will 
be zero unless Wj -1- wtg = w. For given /j./g the largest value of is = /j 
and the largest value of Wg is Wg = /g. The largest value of m which can 
occur in therefore m — -j- /g. Since J is an angular momentum 

operator it folloAvs that, for each value of j, there must exist the (2/ -f 1) 
values of m given by (57). Therefore j = ]i + is the largest value of 
J which can occur. In the expansion of </»(jiJ 2 h + Izii + iz) there is only 
one term on the right-hand side. Making the conventional phase choice we 
have 


*Pihh1i hh 1i) — vihhhh)- 

For tn = /g -- 1 there are two functions on the right-hand side of 
(02), <p(iii 2 }ii 2 — 1) and <p{ ~ There are therefore two linearly 

independent functions ip with «* = /^ -|- /g — 1. One of these has 1 = Ji + it. 
and the other must have 7 = h -b />s — 1- Continuing a similar argument 
it may be shown that the allowed 'alues of j are 

i = (h + h)> ill + ii - 1). • • • |/i — hi (63) 

7.4 Calculation of Vector-Coupling Coefficients for = ^g = 1 
When the quantum numbers are understood we write 

We proceed to calculate the coupled eigenfunctions for h~h~ 
j = m = 2 we have ip{2 2) = (p{l 1). Operating with /_ = /i_ -h ft-, 
we have 


J- tp(jm) = Sv{jm)tfi{iin — 1) 

Ji - = ‘^(l»»i)9’(^ ~ 1*”*) 

ft — “ •^(lw*a)9P(*^ ***2 ^)' 
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Operating on ^(2 2) we have 


^(22)^(21) =^(11)^(01) +^(11)9^(10). 

From (60), ^(2 2) = 2h and ^(1 1) = V2 Therefore 

0(21) = p{9>(01) + 9^(10)}. . 

By continued operation with /_ all states 0(2m) may be obtained. 
Collecting results* we have 

m t//{2m) 

2 9)(11) 

1 (1/1/2) r9>(01) + 9»(10)] (64 a) 

0 (l/y6)[^(Tl) + 29 )( 00 ) + 9>(lT)] 

T (1/1/2) [,,(10) + 9,(01)] 

5 9>(TT). 

We now consider ; = 1. We know tha/ 0(11) must be a linear combination 
of 9,(01) and 9,(10), that is, 


0(11) = ^9,(01) + 69,(10). 

Since 0(11) should be orthogonal to 0(21) and should be normalized, we 
obtain a + 6 = 0 and |a|* + |6|* = 1. Therefore 

0(11) = («*«/|/2)[9,(01)- 9,(10)], 

the phcise d being arbitrary. The conventional choicef is to take e'^ = — 1. 
All states 0(lfn) may be obtained from 0(11) using the operator This 
gives 

tn 

1 (1/1/2K- 9-(01) + 9,(10)] 

0 (l/y2)C-9’(Tl) + 9>(lT)] (64 b) 

T (l/V2)[- 9,(10) + 9,(01)]. 


• We vmte I for — 1 etc. 

t Condon and Shortley,* p. 66; Edmonds,* p. 87, 
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Finally ^(00) is determined at it should 1 linear combina- 

tion of 9 ?(T ?»(00) and ^p(IT), that it be orthogonal to ^(20) and ^(10), 
and that it normalized. With the conventional phase choice we obtain 

0(00) = (1/1/3) [99(T1) - ^(00) 4- 9 >( 1 T)]. (64 c) 

7.5 Coupling Coefficients for 

It is left as an exercise for the reader to show that, for 

0(11) = 9>(H) 

0(10) = (l/y2) [ 9 )(i i) + 1)] (66 a) 

0(lT) = 

and 

0(00) = (l/j/2) [- ip{^ J) + <p{\l)]. (66 b) 

7.6 Properties of the Coupling Coefficients 

The method of § 7.4. may be generalized^ “ * and after some lengthy 
algebra an explicit expression for the coupling coefficients may be obtained. 
The explicit expression is cumbersome and will not be quoted. Condon 
and Shortley® give tables which are sufficient for most atomic structure 
applications. 

With the usual phase convention^ the coupling coefficients are real. 
From the fact that the coupled eigenfunctions (62) form a complete ortho- 
normal set one obtains the unitary relations 

2 (/l/2»«1^2|h/2/»«){/l/a"»l»»2|/lV'»»') = (66) 

m,mt 

The inverse of the transformation (62) 

^(/i;*Wl*»2) = 2 0l/2?»»|h;2»»»l»»2)^0l?2f»«) (67) 

tm 

where 

From (67) one obtains 

)m 
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7.7 Symmetry Properties of Coupled Eigenfunctions for — /, 

Consider the coupling of two spin angular momenta. With the representa- 
tion of § 2.6. for the individual spin functions we have, from (66 a and b), 

SMs *l>{hhSMs\ai.a^) 

11 <5(iK)<5(JK) 

10 {liy2)m\a,)d(i\o,) + a(i|(Ti)6(i|a2)] 

IT 

00 (l/y2)[- + 6{\\a,)d{^\a,)]. 

It is seen that is a symmetric function of 0 ^, 0 ^ for S = 1 

and an antisymmetric function for S = 0. 

Consider in the same way the coupling of two orbital angular momenta 
with = /g = 1. From the results of § 7.4. we obtain 

LMu ^(llIMilri.rg) 

22 yu(?i)y,i(?2) 

11 (l/l/2)[- «f yn(?i)no(?2)j 

00 (l/l/3)[yij(rjyi,(rg) - YMY,,(r,) + yu(r,)yii(rg)]. 

The functions ^(llLAf^l Fj, Tj) are seen to be symmetric for L = 2, anti- 
symmetric for L = 1, and symmetric for L = 0. 

These results may be shown to be special cases of a more general theorem : 
is symmetric if (2/i — /) is even, and is antisymmetric if (2/i — ;) 

is odd. 


7.8 Scalar Operators 

Let A be any operator and let / be an angular momentum operator. 
It may be shown®’*'* that the commutation relations satisfied by A and 
J define the behaviour of A when the coordinate system is rotated. An 
operator P is said to be a scalar if it commutes with J. By theorem I of 
§ 6.2. one may obtain simultaneous eigenfunctions tli{pjm) of J*,/, and a 
scalar P. Let ^ be a second scalar operator. By theorem II of § 6.2. the 
matrix elements (pjmlQlp'ftn') will be zero for {jtn) ^ H'm'). We now show* 
that {pi»t\Q\p'jm) is independent of m. 


• This proof IS given by Condon and Shortley,* p. 49. 
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We have 


Q4>(p'jm) = 2^ (Pifn\Q\p'im)tl,{pim) 


and therefore 

/_ Q*/>iP'i»t) = {PHQ\p’itn)J^{im)i(,{pim - 1). (69) 

p 

But 


J^'PiP'l^) — ^^(jfn)p{p'jm — 1 ) 

and therefore 


QJ~ *p{P'i»t) = 2^ ^Pi^ ~ 1 \Q\P'i*^ — — i)- (70) 

p 

Since J_Q — Q].., (69) and (70) are equal and equating coefficients of 
pipjm — 1) gives 

{Pim\Q\p'jm) = {pjm — \\Q\p'jm — 1). 

This completes the proof. 

In the absence of external fields the Hamiltonian for an atom will commute 
with the total angular momentum J and the energy will therefore not depend 
on the quantum number Mj. This tells us, in effect, that the energy does 
not depend on the orientation of the atom. 


8. Coupling Schemes for Electron Wave Functions 

8.1 Coupling Schemes for One*Electron Problems 

In order to illustrate the application of the ideas developed in the two 
preceding sections we consider the one-electron problem with Hamiltonian 

H = + Hsp + ^fmag. 

Where IT^ is a central field Hamiltonian, ^ f (r)S • L is the spin-orbit 
Hamiltonian and = {eHl2tnc){L, -f 2S,) is the Hamiltonian for interac- 
tion with an external magnetic fiefd. 

Consider first the case = 0. The fact that H commutes 

with 8*,S„L* and Z., provides a formal justification for the use of the 
simultaneous eigenfunctions 9 ?(«/#»;»n,). The fact that the energy d^iends 
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<Nin/ is a consequence of the theorem of § 7.8. Since H also commutes 
with 8*,L*,J* and J, we could equally well use the functions (p{nljmf). 

We now allow for and assuming that both are small compared 
with the energy differences between the unperturbed nl levels. We need 
therefore consider only those functions q) belonging to a given nl. It may 
be shown that commutes with S*,L®,J® and J, but does not commute 
with S, and L,. In order that the matrix of should be diagonal it is 
therefore necessary to use the functions <p{nljmj). Since S • L = — S® — L*) 

we obtain for the diagonal elements 

{nljmj\H^p\nlim,) = Jf;(; + 1 ) - + 1 ) - l(l + 1 )]CH 

in agreement with the results of § 3 5. Turning our attention to the external 
magnetic contribution, we find that commutes with L®,Z,,,S® and 5, 
but that it does not commute with J®. To obtain a diagonal matrix for 
■^mag is therefore necessary to use the functions <p(nlmim^) The diagonal 
elements are 


{nlmims\Hm»g\nlmims) — — (w/ + 2ms)h. 

Zfftc 

The position is thus seen to be that neither of the two representations, 
{nltnitn^ or {nlim^), will diagonalize the complete energy matrix 

In the weak field case (Zeeman effect, H^p) we use the representa- 

tion {nljntj) and neglect the off-diagonal elements of Use of second- 
order perturbation theory shows that the error will be proportional to the 
square of the neglected terms (compare § 6.1.). Calculation of the diagonal 
matrix elements gives* 

m*n,\H^\nlifn,) = -^[1 + 27 ( 7 + 1 ) 

in agreement with the result deduced by a physical argument in § 3.6. 

In the strong field case (Paschen-Back effect, ff^ag ^ -^sp) o*'® 
the functions ^^(n/w^Wj) and neglects the off-diagonal matrix elements 
of ffjp. It may be shownf that the diagonal elements of H^p are 

(nlm(m,\H,;p\nlm(m,) = tn,mi^{nl) 
in agreement with the result deduced in § 3.7. 


• This calculation is descnbed by Condon and Shortley,* p. 880, and by Edmonds,* 
p. 112. 


t Condon and Shortley,* p. 68. 
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For field strengths int«“rmediate between the limiting cases of the Zeeman 
effect and the Paschen-Back effect it is necessary to choose one or other 
of the two representations and to calculate the entire energy matrix including 
all off-diagonal elements. The energies are then obtained on solving the 
secular equation (compare (46)). 

8.2 Many-Electron Systems: LS and jj Coupling 
We introduce the total spin and total orbital angular momenta, 

s = ^ s.. l = 


One may show that the exact electrostatic Hamiltonian (44) commutes 
with L®,Z.,,S* and S,. We therefore introduce furittions W{ySLMsMj) 
where SM 5 are total spin quantum numbers and LMj^ are quantum numbers 
for the total orbital angular momentum The other quantum numbers 
needed to specify the states W are indicated by y , in many cases of practical 
importance the states will be completely specified if y stands for the configura- 
tion Denoting the electrostatic Hamiltonian by the matrix elements 

will be zero for {ShM^Mj) {S'L'M'sM'j) It may be shown that 
commutes with J® and J, where J = (S -1- L) is the total angular momentum. 
From the fact that {ySLMsMi\H^^y'SLMsMi) is independent of 
it follows that {ySL JMj\H^\y'SLJMj) ‘s independent of JMj. The quantum 
numbers SL are usually written where (2S -1-1) is the multiplicity 

(singlet, doublet, triplet,. . . for S = 0,|,1,. . .) A notation similar to that 
of § 3.2. is used for L, the capital letters S,P,D,F, . . . being used for L = 0, 
1,2,3,. . . Thus means 5 = 1, T = 1 and W means S = 0, L = 2. When 
the quantum number / is introduced wt mite we thus have 

®P, and iPg. 

A level or group of levels with quantum numbers is called a spectral 

term and the line or lines corresponding to transitions between two terms 
is called a muUipiet. 

The many electron spin-orbit Hamiltonian is 

% 

It may be shown that commutes with all J, = 8, -f L, and with J == 
but that it does not commute with 8 and L. One uses LS (Russell Saunders) 
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coupling when it may be assumed that the energy due to is small compared 
with the energy differences E{ySL) — E{yS'U) between spectral terms. 
The spin-orbit energy is taken to be {ySLJ\H^^\ySLJ), off-diagonal matrix 
elements {ySLJ\H^^\y'S'L'J') being neglected. 

When the spin-orbit energy is very large one uses functions 
- where /, is the quantum number for Jf. One then obtains 

a diagonal matrix for H^p with elements independent of JMj. With functions 

electrostatic energy matrix will not be diagonal. 
In the jj coupling approximation, one neglects the off-diagonal elements 
of the electrostatic Hamiltonian and considers only 

Wi/a* • • -InJ) 

The significance of these coupling schemes will be illustrated by various 
examples in later sections. 


9. The Helium Atom 

For He the spin-orbit energy is very small. We shall therefore be mainly 
concerned with the two-electron electrostatic Hamiltonian, 

^ (71) 

"n 

where 

and where Z = 2 for He. Atomic energy units are used. 

9.1 Separation of Space and Spin Coordinates 

An antisymmetric two-electron wave function may be written as the 
product of a spin function times a function of spatial coordinates; 

^(Xi.Xa) = (ri,rj) . (73) 

The total spin S is equal to 0 or 1. For S = 0 (singlet states) the spin function 
is antisymmetric (§ 7.7) and we must therefore choose the symmetric spatial 
function ^+(ri,r 2 ) = -|- while for S = 1 (triplet states) the spin 

function is S 5 rmmetric and we choose the antisynunetric spatial functions 

lA-(ri.r,) = - 0_(Pa,ri). 



I. COMPLEX ATOMS 


41 


9.2 The He Ground State 

In § 4.2. it was shown that the He ground state has a configuration Is*. 
Since the spins must be antiparallel, S = 0 A suitable spatial function 
is therefore 

= 9?(ls|rj)9?(ls|r8). 

For the energy, £(ls*) = one obtains 


where 


and where 


£(15*) = 2/(ls) + I Isis Isis 

'12 

J{nl) — 1 9 J*(«/|r)fl’i(r)^(M/|r) dx 


(74) 


ab ^^=11 9 ?{c|rj) 9 j(^f|r 2 ) dty^dx^ (76) 

'^12 J J >^12 

The contributions to the energy have an obvious interpietation, /(Is) 
represents the kinetic energy of an electron together with its potential 
energy in the field of the nucleus, and (Islsll/r^llsls) represents the energy 
of electrostatic interaction between the two electrons 


9.3 He Excited States 


We may expect that the most miportant excited configurations will 
be of the type ls«/ in which only one electron is excited For these the total 
orbital angular momentum is L — I and the problem of orbital angular 
momentum coupling does not arise, the introduction of total spin quantum 
numbers suffices to diagonalize the energy matrix within each Isn/ con- 
figuration. For «/ 9 ^ Is we may have both singlet and triplet spin states. 

Let us write the spatial functions as 




(76) 


and let P be any symmetric operator: P(rj,r 2 ) =P{T 2 ,Ti). We then have 






*{rv^»)P^±{h>h) ± 


ffl 
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Since a definite int^ral remains unchanged if one changes the labels on 
the integration variables, 

1 9’*(r2.ri)P0± (r^rj) dr = J dr. 

Using ^i(r 2 ,ri) = ± 0±(ri,r,) we obtain 

|0:(ri.r2)P^±(r,.r2)dT (77) 

= ]/2 1 9)*(ri,r,)P^±(ri,ra) = J 7>*(ri,r8)P[7’(ri.ra) ± ?’(ra,ri)] dr. 

We shall refer to 

j9»*(*‘i.»‘2)P9>(ri.ra) dr 

as a direct integral and to 

j95*(ri.ra)P9>(r2,ri) dr 

as an exchange integral. 

For ls«/ states of He we have 

(ls«/|ri,r2) = [9j(l5|r,)9?(«/|r2) ± 9»(ls|r2)9>(M/|ri)]. (78) 

Assuming the functions <p to be normalized it is seen from (78) that 
will be normalized to unity if 

J9>*(ls|r)9j(»/|r)dr = 0. (79) 

This condition will be satisfied automatically for / ^ 0. We consider the 
case of 1 = 0. It is readily shown that the function ^_(lsns) is unaltered 
if one makes the transformation fpi^ns) -* (p{ns) + y(ls). The condition (79) 
may therefore be imposed without imposing any additional restriction on 
the form of the function 0_(lsns). For t//^{lsns) this is no longer the case. 
For simplicity we shall only consider cases for which (79) is satisfied. This 
means that we impose an additional restriction on the form of the wave 
functions ^+(ls»s). 

With normalized functions the energy is 
j 9>*(lski)9»*(»l|r8)P'9’(ls|ri)9s(nl|r,) dr ± 
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When (79) is satisfied only the (l/f' 12 ) term in ff gives a nonzero contribution 
to the exchange integral. The energy is therefore 


/(Is) + I(ni^ + I Isnl 


^12 



(80) 


the + sign going with S = 0 and the - sign with S = 1. The exchange 
integral (IsM/jl/fjjl^^ls) has no classical analogue. It may be shown^ that 
this integral is positive. 


9.4 The He Energy Level Diagram 

The observed energy levels of He (Fig. 8) may be divided into two distinct 
groups originally termed para-helium and ortho-helium. The ground state 
belongs to the para-helium group. No radiative transitions occur between 
the two groups. The excited states give recognizable nl series essentially 
similar to the series observed in alkali spectra. For a given nl it is found 
that the ortho-helium levels are lower than the para-helium levels. 


’s ’p ’D Hydrogen 



This entire picture is in complete agreement with what the theory would 
lead one to except. We may identify para-helium with the singlet spm 
states and ortho-helium with the triplet states. The fact that the ground 
state belongs to the para-helium group is convincing evidence in favour 
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of this identification. For a given id the energy difference between triplet 
and singlet states is due to the exchange integral in (80) ; it is this which 
makes the triplet (ortho-helium) levels lower than the singlet (para-helium) 
levels. 

One interesting observation is that the term values for Isnp'^P levels 
are smaller than the corresponding hydrogen term values; this means that 
the effective charge Z„p in (28) will be less than unity and that the quantum 
defect (x^p (Eq. 29) will be negative. This cannot be explained 
in terms of a central field model (§ 2.8.) but may be explained if the exchange 
energy is sufficiently large. An approximate numerical calculation wiU be 
given in § 9.6. 

Observations with very high resolution show that the singlet terms 
have no fine structure and that the triplet terms (except Isws terms) are 
split into three fine structure levels. This agrees with theory. However, 
calculation of the spin-orbit energy does not give good detailed agreement 
with the observed triplet fine structure. The reason for this is that the 
spin-orbit energy is very small and is comparable with neglected relativistic 
effects and with other effects such as the interactions between the two spin 
magnetic moments. 

From the absence of radiative singlet-triplet transitions we may deduce 
the selection rule JS = 0. 


9.5 Reduction of Integrals 


We have expressed the energies in terms of integrals defined by (74), 
(75). In order to evaluate these integrals the first step is to carry out the 
integrations over the angular coordinates. For I{nl) we obtain immediately 


I{nl) = - 



l[l +\) 2Z 
“t" „ 


Phi^r) Ar. 


(81) 


For the reduction of {ab\ljr^\cd) we require the expansion 

^=2 yAW.>'8)^A(C0S to) 


where cd is the angle between ri,r 2 and where 

W < ^’a) 

('t < »'i) 


yA(»'i.»'a) = ] 






(82) 


( 88 ) 
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The integral 




Zi Mil Mo /oIMa^ 


IQ thpTpfnrp orivpn hv 


(84) 


" ^ (^l»tl^2»«2|PA(C0S(y)|Ziwl/2»«2)j^A(«l/W2^1^1^4) 


where 

(Lm.LmAPAcriS^ mWLm-i Limo^ (g5] 

= I I ^/,w,(ri)y/,tn,(r2)-PA(C0S i)Yi^'in^'{f 2 ) dv^ df2 

1 

Rx(abcd) = [ ( PJrr)P^{rMh.^ 2 )Pc(ri)PAr 2 ) dr^ (86; 

It may be mentioned straight away that the sum over A in (84) in practice 
rarely contains more than two or three nonzero terms; for ls«/ states ir 
He there is in fact only one nonzero term. 

From the definition f831 of v.fr,.ro) the integral Ri may be writter 

00 

Rx{abcd) = j Pa{r-dPc{r\)yK{PbPd\ri) dr (87 

where 

•■i °° 1 

V J p. p . 1 ,^) = I Pi,(r^Pi{ryi dr^ + r\ | P*(r,)Pd(y,) ^ dr^ (88 

An flltpmafivp pvnrpQQion for R* is obviousl 

00 

R^iabcd) = f Pb{r^P4{r»)yx{P»Pc\rt) dr 
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From the direct integrals we obtain radial integrals of the type Rxiabab) 
and from the exchange integrals we obtain Rx(abba). For these it is usual 
to introduce the special symbols 

Pxidb) = Rx(abab), Gx{ab) = Rx(abba). (89) 

In order to evaluate the angular integrals (8fi^ we require the spherical 
harmonic addition theorem,®’*’®’^® 

Pa (cos (xi) = ^ Ca* (fi)CA^(r 2 ) (90) 

with" 

A 

i^A.(?) (ai) 


From (85) and (90) we obtain 

{limxlzin^\Px\hm\l'2nh) = ^ (/i»nilCjJ,l4wl)(/2W2|CA;,|/2>«2) (92) 


with 


(lm\Cx^\l'm') = J y,t(r)CA4f)y,w(r) dr. (93) 

Since (/»»|Ca^|/'w') involves an integral 

2ji 

[ exp [t(— m (I + m')(p] dip 


it will vanish unless fi = m — m'. Condon and Shortley* (p. 178) tabulate 
c^{lm,l'*n') — (/»t|CA„_„/|/'w'). Racah’ obtains the expression 




{ 21 ' + 1 ) 
(21 + 1 ) 


1/2 


{rm\l'm){l'Xm’^\l'?dm) 


in terms of the vector coupling coefficients defined in § 7.3 


* Spherical harmonics with normalization (91) are used by Racah.^ This form 
is usually the most convenient when the spherical harmonics appear as operators rather 
than as eigenfunctions. 
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The integrals occuring for IsmI configurations may be evaluated using 
only the spherical harmonic orthonormality relation (22). One obtains 

{00|C;^|00) = 

(lm\Cf„\lm) = 1 


and hence 


ifiOlm\P)\Q(ilm) = dio 

(o«».|p,|;«oo) 

The complete electrostatic energy for IsmI configurations is therefore 

E (Ism/) = /(Is) + l{nl) + Fo(1sm/) ± ^ G,(lsnl). (94) 

9.6 Calculation of E{ls2p) 

In the region where the Is function is large we may expect the potential 
to be dominated by the nuclear potential Neglecting screening of the nucleus 
by the 2p electron we take the Is radial function to be a He"*" function, that is 

Pi,(r) = 2 

The 2p function will be large at much greater radial distances and we expect 
the nucleus to be effectively screened by the Is function (this may be justified 
by the fact that the effective charge ^2p is not far different from unity). 
For 2p we therefore use a hydrogen radial function 

P2p{r) = ( 1/2 

Substitution of these functions in (94) gives results shown in Table IV. 

TABLE IV 

Energy in Atomic Units (27.20 ev) 



Calculated • 

Observed 

Hels^ ip 

He ls2p *P 

-2.1222 
_ 2.1299 - 

— 2.1S32 “ 0*0094 
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The energy of He"*" is —2 atomic units. The calculated energy needed 
to remove a 2p electron from He ls2^*P is therefore 0.1222 atomic units which 
may be compared with the energy of 0.126 atomic units required to remove 
a 2p electron from hydrogen. The calculation therefore agrees with 
observation in giving a term value for He ls2^ which is less than that 
for H 2p. Had we neglected exchange terms in the calculation we would 
have obtained 0.1260 atomic units for the detachiJient energy which would 
have been greater than that for H 2p. 

The calculated singlet-triplet separations are seen to agree reasonably 
well with experiment. 

10. Closed Shells and One Electron Outside of Closed Shells 

We shall consider complex atom wave functions which may be built 
up from one-electron orbitals 95i(a,|Xj). The expressions for the total energy 
will contain integrals of three types. Firstly there will be integrals /(a,) 
for the kinetic energy, together with the potential energy in the field of 
the nucleus, of the electron with quantum numbers a,. Secondly there 
will be integrals (a,a,|l/ri 2 |«(«,) for the electrostatic interaction energy 
between electron pairs. And thirdl^ there will be exchange integrals 
(oqa,|l/ri2|a,«,). 

In the present section we consider the energies of closed shells and the 
interaction of an outer electron with closed shells. 

10.1 States Which May Be Represented in Terms of Single D Functions 

In § 6.2. we introduced the antisymmetric functions .0(.4|X) where X 
stands for the coordinates (Xi,X 2 , . . . x^^) and where A might specify the 
quantum numbers 

A = («i/iw,,»»,.,n2/2»t/,w,,, . . .nNlNfniNm,N)- 

For a closed shell = 0 and therefore S = L = 0. A closed 

shell may be represented by* a single D function, that for which N = U 
Wj/i = « 2^2 = • • • = and in which the quantum numbers take 

on all allowed values. 

For configurations containing one electron outside of closed 

shells one has S = s — \,L = V, Mg = and = wj. It may be seen 
that a single D function may also be used for configurations of this type. 

• In general it is necessary to employ linear combinations of D-functions in order 
to diagonalize the energy matrix vdthin a configuration. 
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It may be shown in a similar way that single D functions may also be used 
for configurations in which the number of electrons is one less than 

the number required to complete a closed shell. 

We first consider properties of states which may be represented by 
single D functions. 

10.2 The Normalization of D Functions 

From the definition of a determinant it follows that a D function defined 
by (41) is equal to 

|X) = (- 1)V(««1xi)9’(“s|x2)9’K|x3) ■ • • (96) 

where (q,s,t,. . .) is a permutation of the numbers (1,2,3*. . .),p is the parity 
of the permutation* and the sum is over all such permutations. Assuming 
that 

(a,|a,) = d„ (96) 

(see § 6.2) we show that D will be normalized to unity. Using (96) we 
have 

(A \A) = ( D*(A lX)/)(a|X) ^^X = ^ ^ (- l)^+^'(a,|a,')(a,|as')(a,|a,') . . . 

(97) 

where {q',s' ,t',. . .) is a permutation with parity />'. By (96) the summand of 
(97) is zero for {q,s,t, . . .) {q'.s'f. . . . ) and unity for {q,s,t, . . . ) = {q'.s'f, . . . ). 

The number of permutations P is iV! and therefore {A\A) = 1. 

10.3 Energies of States Represented by Single D Functions 
We consider the evaluation of 

{A \H\A) = J D*(A |X)iy£>(^|X) d\ 

with 

JV N 

Z' r 

I « 1 « 1 

* The numbers {q,s,t , . . .) may be permuted to the numbers (1,2,8, . . .) by successive 
interchanges of pairs of numbers. With given . . . ) the number of interchanges 

IS uniquely even or odd, p is even or odd according to whether the number of inter- 
changes is even or odd. 
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Since D*D is a sjmmetric function of the coordinates we have 

N 

1-1 

and using the expansion (95), 

^ Hi{x,) ^ ^ (- l)^+^'(a,|ffi|a,')(as|as')(«<k') . . . 

The summand vamshes unless {s,t,. . .) = {s'f,. . .) and therefore 

2,' Hi{x,) ^ TY j i ^ («9l^il««)(«s|«s)(«<l»<) • • ■ 

Since («,|a,)(flc<|ot|) . . . = 1 and since there are (N — 1)\ permutations of the 
{N — 1) numbers {s,t, . . . ) we obtain 

N 

hm \a] = Z K1»i W (»*) 

» =» 1 ^ =® 1 

In the sumf there are JivfiV — 1) terms. Using again the fact 

that D*D IS symmetnc we obtain 


and, by (96), 


h A- 


where 


) ~ 2{N — 2)1 ^ ^**** *«'«*' I 


(a<|a(')(a«la«')' 


(o^ ] Oj'Os') = ( ( 9»*(a,|Xi)9?*(a,lXj) ^ 9p(a«'l*i)9’(«»'l**) 

^12 / J J ^12 

In (99) the "Summand vanishes unless {q’ ,s' ,t' ,u ' , . . .) is equal to {q,s,t,u ,. . .) 
or to {s,q,t,it ,. . .). In the first case (— 1)^"^^' =4-1 and in the second 
(— = — 1. Therefore 

t It wiQ be recalled that the sum is over all pairs t,j, excluding t = ;> each pair 
being counted once only. 
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(a(|a()(flc»|a«). . . . 

Since there are (N — 2)! permutations of the (N — 2) numbers {t,u ,. . .) 
we obtain 


y» 1 \ 1 ^ 1 1 

^ = o^, Oja,/ — (o^, awe, 

the sum being over all values of q,s, with q ^ s. In terms of the sum in 
which each pair is counted once only we have 



A] = ^ 1(0^ ^ o^sj— (o^; 

^^12 ^12 


CtiOLg 


( 100 ) 


In this expression one may, if convenient, include q = s in the summation 
since, for q = s, the direct matnx element («,« 5 |l/ri 2 |«j«j) is equal to the 
exchange matrix element (a^a^l/rulaja,). 


10.4 Interaction Between an Electron and a Closed Shell 

The interaction energy between an electron and the closed 

shell is 


> 

“rs 


,n'l'mims nlmitnsn'l'ntitns] — 


( 101 ) 


'^12 


( nlmtmsn'l'fnimi j ) . 


'12 


/J 


this expression being obtained from (100). The sum over w, gives a factor 2 
in the expression for the direct matrix element while the exchange matrix 
element is zero unless m, = in[. The expression (101) is therefore equal to 

2’h( nlmfli'l'mi nlintn'l'mi ) — | nlmtn'l'mi ^ j ■ 

Using the expansion (83) for (l/rjj) this may now be written 

- gx(l*‘-*-^l')Gx{nlnr)] 


( 102 ) 
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where 

m, 

and 

g,(Z«+2/') = ^ (/m,/'m;iP,(cos 

mi 

the Pjt matrix elements being defined by (85) and F^.G^ being defined by 
(86) and (89). 

To evaluate the coefficients we may use the fact that /;i and gji do not 
depend on (§ 7.8.) ; the expressions for /;, and may therefore be summed 
over m'l and divided by (21' + 1). Putting Tj = Tj in the spherical harmonic 
addition theorem (90) and using the fact that P/(l) = 1 we have 

m, 


This tells us that a closed shell has a spherically symmetric charge distribu- 
tion. The expression for therefore becomes 


/a = 


2(2f -I- 1) 
(43i)^ 


if 


Pa(cos ft>) dfi dfg. 


Since the integrand now depends only on cos o) we may replace dr^ by 
2yt sin co doi and carry out the integration over dr^ to obtain a factor 
of 4n. Since 


we obtain 


I Px(cos (o)27i sin oidoi = 4n 6io 
0 


U(l*^+H') = 2(2/ -h 1) dAo. 


(103) 


Using the addition theorem (90) in the form 

Y*m"(r,)Yrm"{i 2 ) = ^ j Pr^(cos co) 


we obtain 


(2/' -h 1) Y!t,^{r^)Y!:„^.{iii)Px(cos ft>) i)y,«,(f,) df^ df, 


(21 + 1 ) ( 21 ' + 1 ) 


(21' -f 1) 4n 


4n 


11 


Pi(cos co)Px(cos eo)P/'(cos to) dfi df^. 
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Since the integrand again depends only on costo we have 

= 1 (2/ + l)Ciu> (104) 

where 


+1 


Ciu' = 


1 


P,{t)P,(t)Pr(t) dt 


(106) 


- 1 

It IS obvious that Cu^r is independent of the order of the numbers IXt' It 
may be shown that C,;,, is zero unless 


+ I'), 

(/ -(■ X V) = an even integer 
Some values of Cu^i are given m Table \ 


(106) 


TABLE V 

The Coefficient Cfu 


W 


A 




ss 

0 

2 

sp 

i 

2/3 

sd 

2 

2/5 

pp 

0 

2/3 


2 

4/15 

pd 

1 

4/15 


3 

6/35 

dd 

0 

2/5 


2 

4/35 


4 

4/35 


The final expression for the interaction energy between n/**'*"* and 
n’l' is 


(2/ + 1) 


2Ff,{nlnr) Cm>Gi{nlnT) 


(107) 
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10.S Interaction Between Two Closed Shells 

The interaction energy 

2(21 + \)(2V + 1) |2Fo(n/n7') -^2 Cm'G^(nlnT^ (108) 

between «/**■*"* and is obtained on multiplying (107) by 2(2/' + 1). 

10.6 The Energy of a Closed Shell 
The interaction energy 

(2/ + 1 )* |2Fo(n/«/) -^2^ Ciu'F,(nlnl) (109) 

for the electrons in the closed shell is obtained on putting («'/') = (nl) 

in (108) and dividing by 2 since each pair of electrons must be counted 
once only. It should be noted that Gx(nlnl) = F^inlnl). From (106) we 
have 

+1 

-1 

and we may therefore wnte (109) as 

j (4/ H- 2)(4/ + l)Fo(«/«/) - CiuF,{nlnl). (110) 

The coefficient ^(4/ + 2) (4/ + 1) of Ff^ is equal to the number of pairs which 
can be obtained with (4/ + 2) electrons. 

10.7 Energy Expressions for Na+ and Na 

As examples of the formulas obtained we consider the expressions for 
the energies of Na'*' and Na in terms of radial integrals. For the ls*2s*2^* 
configuration of Na"*" one obtains 

£(ls*2s*2p«) = 2/(ls) + 2/(2s) + 6/(2p) + 

Fo(lsls) + 12Fo(ls2^) - 2Gi(ls2/») + 

Fo(2s2s) + 12Fo(2s2^) - 2G^(2s2p) + 

4Fo(ls2s) - Go(ls2s) + 

16 Fo( 2 ^ 2 /»)- 1 f,( 2 ^ 2 ^). 


(Ill) 
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For the ls*2s^phU <x>nfiguration of neutral Na one usually neglects per- 
turbations of the Na"*" core by the nl valence electron. Let E(»l) 

be the energed required to remove the valence electron. This is equal 
to /(«/) plus the interaction energy between nl and the Na+ core One 
obtains 


E(nl) = I (nl) -f- 2Fo(lsn/) — ^ Gi(lsnl) -f- 

2Fo(2sn/) (2r^l) + (112) 

6Fo(2^nZ) - 1 2! Cx»Gx{2pnl). 


11. Two Electrons Outside of Closed Shells 

11.1 Allowed Values of SL 

With two electrons n^l^.n^^ outside of closed shells the values of S and 
L for the whole system are obtained on coupling the angular momenta 
of the electrons For two inequivalent electrons (nJi ^ nj,^ the 

exclusion principle imposes no restrictions on and we can 

have S = 0 or 1, and I, = (/^ -|- /,), (/^ + Zg — 1 ),. . . \li — Zjj. For two 
equivalent electrons (n^Zj = nj,^ the exclusion principle imposes the 
restriction fn^ntf^ ^ this will be seen to imply certain restrictions 

on the allowed values of SL. 

11.2 Interactions With Closed Shells 

The interaction energy between a closed shell and an electron n'V does 
not depend on tn'^'i. It follows that the expression for the interaction 
energy between n.J,.^^,n^^ and closed shells will not depend on* SL; thus 
for states nl*^^\lin^^L the interaction energy between nil^ and nZ^^* 
is obtained from (107) on replacing n'l' by n^li- In discussing energy 
differences between states the closed shells will be neglected. 


* The interaction energy itself may depend on SL if different radial functions 
are used for different values of SL. 
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11.3 Two-Electron Wave Functions 


As in § 9.1. an antisymmetric two-electron wave function may be written 
as the product of a spin function and a function of Ti.Fj; 

= 0(SAfs|(Ti.aa)0± (113) 

The symmetric function ^^(ri.ra) goes with the singlet spin state, and 
the antisymmetric function ^_(rj,r 2 ) with the triplet spin state. For two 
inequivalent electrons we have 




with 


(114) 


^(«iW2^Mi|ri.r2) = - P.M )-PnM X (115) 

and 

L\t y,T ^ (^l)l^^»»J,(^2)' (113) 

The function W is then readily shown to be normalized to unity if 

I PIa dr = ^ Pt.i, dr =1, | dr = 0. (117) 

For two equivalent electrons — *d) the function 

tjiinlnlLM i\T-y,r^ is symmetric for even L and antisymmetric for odd L 
(§ 7.7). The function 

W{nl^SLMsMi\x^,x^) = s\a^,ai)ilt{nlnlLM (118) 

is therefore automatically antisymmetric for (S -|- L) even, and symmetric 
for (S -|- L) odd. This function, formed by direct use of the vector coupling 
formulas, will be normalized if Pni is normalized. We conclude that, for 
two equivalent electrons, only even values of (S -f L) are allowed by the 
exclusion principle. Thus for the 2^* configuration the allowed values* 
of {SL) are and ^P. For a configuration such as 2pZp containing 

two inequivsdent f electrons the allowed values of (SL) would be '^S,^P,^D, 
*S,^P and *D. 


• For an alternative derivation*'* one could list the values of allowed 

by the exclusion principle and deduce the allowed values of SL by an obvious generaliza- 
tion of the argument leading to (03). 



1. COMPLEX ATOMS 


57 


11.4 The Electrostatic Energies: Theory 
For two inequivalent electrons the wave function may be writtenf 





(119) 


The radial functions will be assumed to satisfy (117). We consider the evalua- 
tion of 




with 

'12 


Since H is s 5 Tnmetric one obtains 

(— 1)^1 «A''‘(%^1^2^2-^I*‘1''^2)^^(”A”*^S^I^*’*’i) 

(see § 9.3.). Using the orthonormality relations (66) for the vector coupling 
coefficients one obtains for the direct matrix element of ^fi(ri) 


j ^•(ni/i« 2 ^ 2 Llri,r 2 )i/i(ri)«/rirti/in 2 / 2 Llri,r 2 ) dr — I{nili) 

where is defined by (74). Similarly, the direct matrix element of 

is I{n^ 2 ). That the exchange matrix elements of Hi(ri) and 
are zero follows from the orthogonality of the radial functions. It remains 
to evaluate the matrix elements of Using (115) and the expansion 

(83) for l|r ■^2 one obtains 




— tf/{n(iin^2\fi>^2) dT = 2^ 

1'l2 1 


( 120 ) 


and 


( ^*(nifi«jf2£lri,r2) — ^(«iW2^'l''2>^) 

^ ( 121 ) 


t Specification of the quantum numbers MsMi, is omitted when inessential. 
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where and G;i are defined by (89) and where 


hikW = 

fl 

1 ^•(fi/2L|fi.?j)PA(cos<u)^(fi/8L|?i,f j) dx^di^ 

(122) 

and 



sxW-) = j 

1 ^*(/i/2i|fi,f2)PA(cos (o)^{l/^\i^,x^)dXydx^. 

(123) 

The complete energy expression is therefore 

E{n^lyn^^L) = I{n^li) + I{n4^) + 

(124) 


2^ [Ukl^L)F,{nM4^) + (- 

Closed algebraic expressions for the coefficients and gxih^^) 

be obtained using tensor operator methods^"*. Some numerical values are 
given in Table VI. It may be noted that 

~ ~ ( (126) 
TABLE VI 

The Coefficients /;i and g ;^ 


ii '. 

L 

/o 

ft 

/« 

^0 


iz 

ft 

Si 

55 

S 

+1 

— 

— 

+1 

— 

— 

— 

— 

sp 

P 

+1 

— 

— 

— 

+ 1/3 

- 

- 

— 

sd 

D 

+1 

— 

— 

- 

- 

+ 1/5 

— 

— 

PP 

S 

+1 

+ 10/26 

— 

+1 

— 

f 10/26 

— 

— 


P 

+1 

- 6/26 

- 

-1 

— 

+ 6/26 

— 

— 


D 

+1 

+ 1/26 

— 

+ 1 

— 

+ 1/26 

— 

— 

pd 

P 

+1 

+ 7/36 

— 

— 

+ 1/16 

— 

f 63/246 

— 


D 

+1 

- 7/36 

- 

— 

- 3/16 

- 

+ 21/246 

— 


F 

+1 

. + 2/35 

— 

— 

+ 6/16 

— 

+ 3/246 

— 

dd 

S 

+i 

+ 14/49 

+ 126/441 

^+1 

— 

+ 14/49 

— 

+ 126/441 


P 

+1 

+ 7/49 

- 84/441 

-1 

— 

- 7/49 

— 

+ 86/441 


D 

+1 

- 8/49 

+ 36/441 

+ 1 

— 

- 3/49 

- 

+ 36/441 


F 

+1 

- 8/49 

- 9/441 

-1 

— 

+ 8/49 

- 

+ 9/441 


G 

+1 

+ 4/49 

+ 1/441 

+ 1 

— 

+ 4/49 

— 

+ 1/441 
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In fnractice one rarely obtains more than two or three nonzero terms 
in the sum over A. 

Using (118) for two equivalent electrons one obtains 

E{nl*SL) = 21{nl) fx{UL)Fx{nlnl) {(S + L) even). (126) 


11.5 The Electrostatic Energies; Comparison with Experiment 

The general pattern of predicted energy levels may be compared with 
experimental results without making detailed calculations of the wave 
functions. We consider the levels of carbon, for which the ground configura- 
tion is ls®2s®2/>®. 

For the ground configuration we expect to obtain the terms W 
and ^5 The energy expressions are 


SL 

E{2p^SL) 

IS 

10 ^ 




sp 



■where rs the part oi the etvergy which does rvot depend on SL and where 
Fj = F 2 ( 2 p 2 p) IS positive The three lowest energy levels of C may be 
identified* with the predicted levels and occur in the predicted order. 

Assuming that the same radial function may be used for each of the 
three terms we obtain for the predicted ratio of the separations 

E(2p»W)-E(2p^^S) 

E(2p^^P) - E(2p^W) 

The observed ratio is 1.13. Improved agreement should be possible with 
more complicated wave functions. 

For the 2pns levels of C we obtain 

E{2pns^ + ^P) = £o + ^^^-Gi(2/»ns). (12?) 


* Complete identificfttions depend on consideration of fine sftructuref the Zeeman 
effect, and selection rules. 
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The •P terms should therefore be lower than the singlets. This agrees with 
observation provided that n is not too large. The position for large n will 
be discussed in § 11.8. 

For 2pnp with n 2 the theory predicts six terms with energies. 

L E{2imp^+^L) 

0 £o + O. 4 OP 2 + (- l)s [+ Go +^.40G,] 

1 £0 - 0.20£a + (- 1)5 [- Go + 0.20Go] 

2 £0 + 0.04Fo + (- 1)5[+ Go + 0.04Go] 

Thus for each 2pnp configuration we have 6 observed energy levels 

and 4 unknown parameters 3 of which F2{2pnp),Gf,(2pnp), and G^{2pnp) 
should be positive. Determining the parameters for C 2pZp by making a 
least squares fit, we obtain Fj = 3706, G^ = 1393, and Gj = 586, all in cm“^. 
The energies calculated with these parameters are compared with observed 
energies in Table VII, the observed energies* being reckoned from the 
lowest term, 2pZp^P. It is seen that reasonable agreement is obtained. 

TABLE VII 

Energies in cm“^ for Carbon 2 p^p 


SL 

(Obs.) 

(Calc.) 

(Calc.) - (Obs.) 

15 

5118 

5169 

-i- 61 

ID 

3753 

3624 

- 129 

zp 

2517 

2594 

+ 77 

»S 

1886 

1915 

+ 29 

»D 

864 

792 

- 72 


0 

43 

4- 43 


11.6 The Spin-Orbit Energy in LS Coupling: Theory 
The spin-orbit Hamiltonian 

commutes with J = (8 -|- L) but doefe not commute with S and L separately. 
If the spin-orbit energy is small compared with the energy differences 

* We here consider the centres of gravity of the observed and terms: 
f 11.6 below. 


see 
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E{nfljn^^L) — E(njljnj^jS'L') between spectral terms one may neglect 
matrix elements 

( 1 ^ 6 ) 

with {SL) ^ {S'L'). The spin-orbit energy is then given by 

EtfifijliH^jSLJ) = (niljn^^LJ\Hap\nilin^jSLJ). (129) 

In the present section we consider the evaluation of this expression using 
a semiclassical argument: the same final result may be obtained lining 
tensor operator methods 

The problem is to calculate the mean value * Li) of Sj • when 
spin-orbit energy is very small. When spin-orbit energy is zero L = (Lj -f- Lj) 
is a constant vector but, due to electrostatic coupling between the two 
electrons, Lj and Lj rotate around L. As in the theory of the Zeeman effect 
{§ 3 6.) we therefore consider only the component of Lj in the direction 
of L. This component is = (L^ • L)L/I». In the same way we consider 
only the component 5^ of Sj in the direction of 8. Since Sj = Sj, ^ = |S. We 
then have 


5 ; (L,-L)(8-L) 

(Si lii) 

We may now substitute (Li • L) = Lj — 1|], (8 • L) = i[/® — S* — I*] 

and make the usual correlations, U ->■ L[L -j- 1)S*, L\ /^(/j -|- l)ft* etc. 
We obtain 




[L{L -f- 1) -I- + 1) — ISi + 1) ] 

41(1 -hi) 


X 


-2-r/(/ + i)-s(s+i)-i(i + i)j 

The matrix element of is therefore 

£sp{»iWa5i/) = f • i [/(/ + 1) - S(S + 1) - L{I + 1)1 (130) 

where 


f(«i/in^5^) 

I [1(1 4-1) -h 1,(1, -hi) - f,(f, + l)]C(Vi) -h [I(L -HI) -h ISt + 1) - h^h + l)]C(wA) l 

41(1 -fl) 


( 181 ) 



m 

and 
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CM = P^mr)P^(r) dr. (132) 

0 

From (130) weobtainthe Land^ interval rule, E(S{.f) — E(SLJ — 1) == CJ- 
the fine structure separation between adjacent lev^ is proportional to the 
larger J value. The LS coupling approximation will be valid when the 
fine structure separations satisfy the Lande rule and are small compared 
with the term separations E{SLJ) — E(S'L'J). 

The centre of gravity of a spectral term is defined by 


Ej(2J+\)E{SLJ) 
(2L + 1)(2S+1) ■ 


(133) 


One may easily show that 

(S + C) 

(2/ + l)[/(/ + 1) - S(5 + 1) - L{L + 1)] = 0. 

7 =| 5 -/.| 

In LS coupling the centre of gravity oi a term is therefore equal to the 
term energy calculated neglecting spin4)rbit interaction. 


11.7 The Spin-Orbit Energy in LS Coupling: Comparison with Experiment 

To test the Lande rule we may use observed energies to calculate C from 
C=[E{SLJ)-E(SLJ-l)]iJ. 

This should not depiend on /. Table VIII gives some results for nsnp^Pj 
levels. For Be the spin-orbit energy is not large compared with other spin 
and relativistic corrections and the observed levels do not agree closely with 
the Land6 rule. The results for Mg, Ca, and Sr are typical of a large number 
of cases for which good agreement with the Land6 rule is obtained. For 
Hg and other heavy systems the spin-orbit energy is large and departures 
from the Land6 rule are due to partial breakdown of LS coupling. It may 
be noted that Hg has 80 electrons with ground configuration 

ls*2s*2p«3s*3^«3dW4s*4/>«4di«4/W6sV®6<i^®6s». 

One may also test the expression (131) for With fj 1^ = 1 

one obtains 


C{*iiln^L) = i[C(«j/) -f- 
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TABLE VIII 

Thb Landj^ Interval Rule for mnp *Pj Lbvbls 



f = - »/>,] 

•p,] 

Be 2s2p 

0.68 

1.18 

Mg 353^ 

20.06 

20.35 

Ca 4is4p 

52.16 

52.94 

Sr 5s5p 

186 83 

192.11 

Hg 

1767 3 

2315.3 


In this case it is seen that ^ should not depend on L> For C 2/>3/> and 
^Dj one obtains m cm"*^ 

^ = [8p^ _ apj ^ 12.42 f - 3DJ = 10.60 

C = i [*Pa - *Pi] = 10 23 C = J [®i)3 - *^a] = H l^- 


11.8 Intermediate and ;; Coupling 

We consider the Spns senes of* Si ls*2s®2/)®3s*3/>ns. The LS coupling 
electrostatic energies are given by (127) and the LS coupling spin-orbit 
energies by (130) with ^(Zpns) = K(3/’' We may expect that the 3p orbital 
will be little perturbed by the ns orbital and that CC^P) will therefore be 
practically independent of n. The parameter Gi(3^«s), which determines 
the electrostatic energy separation [®P — ^P], will decrease rapidly with 
increasing n due to the two electrons being further apart. The LS coupling 
approximation, which assumes the ®P,^P separation to be large compared 
with the spin-orbit energy, will therefore certainly be invalid for large n. 

The observed Spns energies are plotted, relative to Spns^Pg, in Fig. 9. 
The levels are seen to converge to two limits. These correspond to the ns 
electron being removed and the Si"*" ion being left in the ^P*P^% level or 
the Bp*Pii 2 level. 

Off-diagonal matrix elements of the type (128) do not occur for / = 0 
or 7 = 2 since the only level with / = 0 is 'P® and the only levd with 
7 = 2 is “Pg. The assumption of 'LS coupling therefore introduces no 
approximation for these values of J. The [*Pg — ‘Pol separation for Zpns 


* We St rather than C because the experimental material is more omnplete. 
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;?li ^ Ifee — *Pij^ M Tl»t ^ 

*Pf,) separati<m is almost constant is then^om in good 

with theory. 

Th«re are two states with J — I, *Pi and The off-diagonal matrix 
elom^t (3/>»M^Pi|jffgp|3/>«s®Pi) is nonzero but is neglected in LS coupling. 
In jj coupling one introduces the quantum numbers /j for the 3p electron 
and /j for the ns electron. The states may then be labelled by the quantum 
numbers (/iJgly. These states are and (i.j),,. In jj coupling 

one neglects the off-diagonal matrix element of the electrostatic energy 
connecting the states and This will be a good approximation 

for large n. The jj coupling labels are indicated in Fig. 9. 



Fig. 9. The transition from LS to ;; coupling. The figure shows the structure of the 
Zpns, levels of Si for various values of n. 


For intermediate values of n neither LS nor jj coupling tvill provide good 
approximations. One must consider 7=1 wave functions of the type 
{a!P(3pnsiPj) + bP(3pns^Pj)}, the linear combination being chosen so as 
to diagonalize the complete energy matrix. The four levels depend on three 
parameters, Po»^i C. so a check on the theory may be obtained. Further 
details of intermediate coupling calculation for ps configurations are given 
by Condon and Shortley,* p. 271. 
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It has so far been assumed that the energy of an atomic level may 
calculated using wave functions belonging to a single configuration. Seconi^ 
order perturbation theory (see § 6.1.) suggests that this approximation may 
fail when nearly equal energies are obtained for two different configurations. 
One must then consider wave functions which are linear combinations of 
the wave functions W{r) and W(r") for the two configurations. Configuration 
interaction is said to be important when an appreciable admixture of these 
two functions occurs. A necessary condition for configuration interaction 
is that the matrix element {r\H\r'') should be nonzero (see (49)). This requires 
that the states W{r)fP{r”) should have the same parity (see § 6.6.) and the 
same value of /; in LS coupling it is also necessary that they should have 
the same values of S and L 

Configuration interactions in spectral series may often be detected by 
an anomalous variation of the quantum defect obtained from the Ritz 
formula (29). An example occurs in the senes of Ca. The levels 

4s8i and 4s9<i have energies close to the energy of Zd5s *2>. The whole 
of the 4tsnd^D series is perturbed, the perturbation being largest for 4s8<f 
and 9(f. 

Configuration interaction is discussed in some detail by White* (Chapter 
XIX) and by Condon and Shortley® (Chapter XV). 


12. Three Electrons Outside of Closed Shells 

Configurations containing 3 inequivalent electrons occur 

infrequently. We shall therefore consider only n-^n ^2 

12.1 Parent Terms 

The wave functions for n^nj^^ niay be constructed in the following 
manner. For (Sj + i-i) even the function !P(ni/fSi£iAf 5 iM^i|XiX 2 ) will be 
normalized and antis 3 Tnmetric. We form the coupled three-electron function 

Vr(nif?(Si£i)«j/^IMsMr.|Xi.Xj iXj) (134) 

= I 

(ftiliSiLiM siM LI 1 • 



^ will be nonnaiieed but will not be antisymmetric Itof infel 

of X, with Xi or x,. We now form t|ie antisymmetric function 

5P(Xi,X8,X3) = p: [0(Xi.X2 ;Xa) - ^(x^.x, ;Xj) + ^^(Xa.x, ;x,)]. (136) 


This will be normalized is orthogonal to 

It is seen that the quantum states of the configuration may be 

specified in terms of the quantum numbers n-J\{SiL-^nJ, 2 SLMsMi^. Thus 
we could have 


2/»*(«P)3/> 2S,*P,*r> *S*P*D 

2p^(W)3p ^P,^D,^F 

2/)*(iS)3/) 2P. 


Except for 2p^{}D)3p^F and 2p\^S)Zp^P these are all observed as 
excited states of nitrogen (ground configuration ls*2s*2/>®). The quantum 
numbers S-yL^ are said to specify the parent term of It is seen that 

a given set of quantum numbers SLMgMy^ is in some cases obtained from 
only one parent term but in other cases may be obtained from two or more 
different parent terms. Thus specification of a parent term may be required 
in order to specify a quantum state of niilnj, 2 . 

In order to obtain the electrostatic energies it is necessary to calculate 
the matrix elements 


(n/i(SiLy)n^2S^H\n/i(S'iL'i)n2l2SL). 

Although the off-diagonal matrix elements, (SyLy) ^ (S^Lj), may not be 
zero they may usually be neglected in a first approximation. The energy 
levels may then be specified in terms of the quantum numbers nill{SyLy)n^f^L. 

In the spectrum of nitrogen one would expect to observe spectral series 
converging to different spectral limits, some to the 2/>® ®P ground state of 
the ion and others to the 2/>® W and excited states. Fragments of such 
series have been observed in nitrogen and more complete developement of 
such series is observed in several members of the nitrogen iso-electronic 
sequence. 


12.2 Three Equivalent Electrons: Fractional Parentage Coefficients 

i 

As in the two-electron case the exclusion principle imposes restrictions 
on the values of SL which may occur in «/® configurations. In the previous 
section it was shown that the terms *S, *P, ^D, *P, ^S, *P and *D are allowed 
in the 2p*3p configuration. Of these only *P, *D and *S are allowed in 2p*. 



coiji <it(aaTSSis!0(»n 



which would be antisymmetric for interchange of but may not be 
antisymmetric for interchange of x, with Xj or x,. From (136) one could 
attempt to obtain an antisymmetric function using (135). One would find 
that for the disallowed values of SL the function obtained would be identi- 
cally zero. 

Let us consider the allowed W term of 2p®. Using (135) to antisymmetrize 
the function (136) one would obtain two functions, ¥^(2p*(*P)2p *P) and 
W{2p^{W)2p ®Z)) but one would find that these two functions would not 
be linearly independent and would not be normalized: one would be a 
constant multiple of the other. In consequence the Specification of parent 
terms, *P and W, would cease to have any meaning. This is an example 
of a general rule: for a group of equivalent electrons the only meaningful 
quantum numbers are those for the group as a whole. 

To obtain the normalized antisymmetric function lP(2/>**D|Xj,X2,X3) we 
may proceed as follows. The functions p{2p^(^P)2p ^DjXi.XjjXj) and 
tp{2p\^D)2pW\xi,x^,iL^) will each contain a part which is antisymmetric 
for interchange of Xg with Xj or Xj and a part which is symmetric for these 
interchanges. We may now find a linear combination of these two functions 
for which the symmetric parts cancel out. If we also take the combination 
to be normalized it may be written 


!P(2^3 *D|Xi,X 3,X3) = (p*(3P)p ^D)P(2p\^P)2p ^D\x„x^ -x,) + (137) 

(p^{W)p ®D)^(2p«(iD)2p»D|Xi,X3;x,). 


This gives the normalized antisymmetric 2p® function. The coefficients 
(^*(SiZ,i)pSI,|}p®SL) are known as fractional parentage coefficients. Inserting 
numerical values for the coefficients Eq. (137) may be written 




For the other 2^* terms one obtains 
!P(2p®*P) 


and 


= ^m\^S)2p *P) - ji^(2p*(®P)2p ‘i*)- ^ 


0(2p*(iD)2p*P) 


W(2p**S) = p\2p*{^P)2p*S). 


The evaluation of fractional parentage coefficients is discussed by Racah® 
and by Rose.® Once the coefficients are know the evaluation of matrix 
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elements is usually straightforward. We le<tve it as an exercise for the reader 
to show* that the expressions for the electrostatic energies are 

SL E(2p^ SL) 

E, 


* 2 ) 






We obtain the ratio 

[jp_2£>]_ 2 
[2£)_45] - 3 

The ratio observed for the 2p^ configuration in nitrogen is 0.500. 

Further complications anse when one conside’^s groups of three equivalent 
electrons with I > 1 The term values SL then no longer suffice to give a 
complete specification of states; for a given SL one may have two or more 
linearly independent functions. Other quantum numbers must then be 
introduced.^ 


13. The Calculation of Atomic Wave Functions 

In the preceeding sections we have concentrated attention on the form 
of the wave functions and on the expressions for the energy. Consideration 
of more complicated cases would introduce nothing new. Thus the treatment 
of configurations with four electrons outside of closed shells follows the 
same lines as those considered in § 12 for three electrons. 

If we wish to calculate numerical values for atomic energies a more 
detailed calculation of wave functions is necessary. It is this problem to 
which we now turn our attention. 

13.1 Variational Methods 

We seek approximate solutions of the Schrodinger equation 

— Eg)0g = 0, Eg being the lowest eigenvalue of ff. Let !P be any function 
satisfying 

= \^W*'Wdx (188) 

It may be noted that, when antisymmetric functions are used, the matrix of 
-f 18 equsl to the matrix of 3/r,g. 
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and define E as 

Then^ E ^ Eg. The function ^ could be of a specified analytical form 
containing parameters In order that E should be a good approx- 

imation to we choose the parameters to be such that E is as small as 
possible. A necessary condition* is 


^ = 0. l^i^n (140) 

(subject to the condition J = 1). More generally we may consider a variation 
dW of W and introduce 


dE==\^{^+ d^)*H{W + d^) dr - j dr. 

Then for small variations, neglecting quadratic terms in dW, 


(141) 


= j bW*H^ dr -I- 1 ^*HdW dr. 

When the integral A exists we have, by the Hermitian property of H, 

<5£: = J dr + j d^HW* dr (142) 

(Vol. I, Chapter 1, § 2.2). In place of (140) we have 

dE = 0 (all variations consistent with J = 1). (143) 

Removing the restriction that A should be constant we may define 


,J/I bW)dx-^W*Wdx 

= J 6^*^ dx -b j bT'P* dx. (144) 

When A is constant we have dA — Q and (143) may be written 

S(E — XA) = 0 (all such that ^ = 1) (146) 


* Use the expansion V == where (H — = 0- Then E = 

and, by (138), ■“ 1- ^ “ ** “ evident that E ^ Eg. 

* The condition (s that £ should be stationary for small variations of the parameters. 
We assume that the stationary condition corresponds to a minimum* 



70 


M. J. SEATON 


where A is a number. If we remove the condition that must be such that 
dJ a= 0, the equation 6{E — XJ) = 0 gives an equation for W which in- 
cludes the parameter X. For arbitrary X the solutions of this equation 
may be such that the integral A does not exist. In place of (145) we 
therefore take the condition 

d{E — XA) = 0 (all d}F, X such that A exists). (140) 

This is the method of Lagrange tmdhpliersM From (142) and (144) we 
obtain 

I dW*(H - X)Vdt -b I dW(H - X)W* dr = 0. (147) 

Since the real and imaginary parts of W may be varied independently, 
and dW* may be considered to be independent quantities. If (147) is 
to be satisfied for all variations we must have 

^dW*(H-XWdr and yW(H - X)W* dr = 0. (148) 

These equations can be satisfied fdlr all variations dW.dW* only if 
{H — X)^ = {H — X)'F* — 0 and the integral A will exist only if X is an 
eigenvalue of H. The conditions (146) for unrestricted variations is thus 
seen to be equivalent to the condition that W should be an eigenfunction 
of the Schrodinger equation. 

With functions W of prescribed functional form it may not be possible 
to solve this Schrodinger equation. In its place we may solve (146) for all 
dW consistent with the prescribed functional form. 

13.2 Simple Analytic Functions for He 

An approximate ground state function is p — A exp [— a^r^^ + >' 3 )]- 
With A = a^jn this is normalized for all a and the variational condition 
is {dEjda) = 0. One obtamsf a = 27/16 and £ = - (27/16)® = - 2.848 
atomic units. The observed energy is Eg — — 2.604 atomic units. 

We consider next the lowest triplet state, ls2s *S. A S 5 nnmetrized function 
of type (78) may be used together with analytic radial functions 

Pis = Are- Pis = Br{e- — Cre- v}. (149) 


t Details of the calculation are given by Hartree,^® p. 8S. 
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From (94) the energy expression is 

E = /(Is) + /(2s) + Fo(ls2s) - Go(ls2s) 

provided that 

CO 00 CO 

\^F\,dr=\, J/i/f=l, = 

0 0 0 

Using these conditions we may express A, B and C in terms of 01,03,0,. 
The variational condition is then {dEjda,) = 0 {i = 1,2,3). One obtains*^ 
Oi = 2.00, o, = 1.67, 03 = 0.61. The wave functions may then be used 
to calculate the energies of ls2s *S and of ls2s with the results shown in 
Table IX. 


TABLE IX 

Energies in Atomic Units (27 20 ev) 




Calculated 

Observed 

He 

1525 »S 

- 2.148 

- 2.146 


1525 ».S 

- 2,174 0.026 

-2.176 


It should be noted that the variational methods described in § 13.1, if 
applied without addional subsidiary conditions, automatically give approx- 
iniate ground state wave functions. In the He ls2s *S calculations we impose 
the condition that the spatial function should be antisymmetric. The 
variational method then gives an approximate wave function for the 
lowest triplet state. Improved radial functions of type (149) for ls2s 'S 
are obtained if the condition = 0 imposed but the 

condition is imposed that the complete wave function should be 
orthogonal to a ls*^S function. “ 

Further references to He vanational calculations are given by 
Hartree.^® 


13.3 The Hartree-Fock Kethod: General Theory 

We consider states which may be represented by single D-functions 
(§ 10.1) and write ♦ for the set of quantum numbers a, and f^{x) for 
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The variational method is used to determine the functions (p^. From § 10.3 
we obtain, in atomic units, 

£ = {(*■/ 

t IJ ^ ' 

where 






(160) 



kl 


= 11?’.* {^l)% (* 2 ) ‘^*2 


In the derivation of (150) it is assumed that 


<p* {x)(p,{x) dx = {i\j) = 6„ 


The condition = 0 must therefore pe imposed subject to the condition 
(t'l/) = d,y Generalizing the method of § 13.1 we impose the condition 




0 (A;, A,;) 


(151) 


for all variations of the orbitals We then have ^N{N + 1) parameters 
A,, which may be adjusted in order to satisfy the ^N{N + I) conditions 
(i|;) = d,j. For variation of g>*{xi) we have 


«5( 


ij 


Introducing - 


we have 


dl{i) = d<pt (Xi)^fi97,(xi) <fx, 

- = II (* 2 ) 9>*(Xi)9’/{x8) dx^ dx^ 

<5(t!/) =|%*(Xi)97,(Xi) dxy. 

= % (* 2 ) ^ Vii^) dx^ 

J ^12 

I <59?,* (Xi)v/i(Xi) 9 ?*(x,) <fxi. 
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dx. — 0 


For variation of tp* Eq. (161) therefore gives 
S E — ^ A„(»|;)| = j 695, [^i9P, + ^ {v„<pt — v,t(p,) — ^ Xji(p, I 

1 1 

For this to be satisfied for all variations dtp* we must have 

^ ^ — 0- (152) 

t 

These are the Hartree-Fock equations. 


13.4 The Hartree Self-Consistent Field 

%• 

If, in (162), we omit all r,, and for j we obtain 

Hi + 2^ v„ - A,.j (p, = 0. (163) 

These equations would have been obtained if we had applied the variational 
method to uns5mvmetrized functions ijs = <pi{Xi)(p 2 {x^ . . .(pif{Xff). They 
are the self-consistent field equations already obtained by a more physical 
argument in § 2.2. The A„, which are equal to the one-electron energies 
occurring in the central field model, must be adjusted to obtain solutions 
for which (t|t) exists. 

The complete equations (152), with the exchange terms v,,, were first 
obtained by Fock using a variational argument. 


13.5 The Hartree-Fock Radial Equations 

The equations (152) are not in a form suitable for numerical calculations. 
The practical procedure is to express the energy E in terms of integrals 
over radial functions. In obtaining the expression for E it is usually assumed 
that 


{nl\n'l) = J Pnt{r)Pn'i{r) dr = 6^'. (164) 

The variational expression is therefore 

E + ^2^en'tM{^\n'l) 

^ imfl 


d 


= 0 . 


(166) 
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From the expr^sion (111) for the energy of Na'‘'ls*2s*2^* the reader may 
obtain the equations* for Pu{f), P^(r) and Pgpir): 

+ U + 2yo(lsls) — eis,isJPis = — 2y0(ls2s)Ps, — 2y^{\s2p)Pip + eis^sP^, 


+ 2yo(2s2s) — eg*, 2 .^ 2 , 


= — 2yo(ls2s)Pu — 2yi{2s2p)P2p + 


^ ^ 4- « + 2yo(2/'2p) + — ya(2/»2/)) — eg/*, 2 ^ 


2#> 


= - -3 yx{n's2p)P„>, 

n' - 1,2 


where y^ («/»'/' |y) is defined by (88) and where 


u(r) = 2 


^-2 2^ yoin'sn’s) - 6y^{2p2p) 


»'=1,2 


For an nl valence electron of Na the#radial equation is 


i* l{l + 1) 


dr* 


u{r) — enl,nl 


Pfu — 


«'-= 1,2 


-ryi(n'sn/) + 


Pn's — 


L(2/+l)- 

3 2 Cixiyi{2pnl)P2p 4- diiBzp^npPip- 


TABLE X 

Na Valence-Electron Energies in Units of 13 60 ev 


nl 

Hartree 

equations 

Hartree-Fock 

equations 

Expenment 

is 

0.316 

0.360 

0 378 

ip 

0.178 

0.219 

0.223 

45 

0.128 

0.141 



0 088 

0 100 


* The denvation of these equations 

is descnbed fully by Hartree, 

p. 66. 
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The corresponding seli-consistent field equations are obtained on omitting 
all exchange terms y^inlnT) and with nl # «'/' and also afl terms 
yxifUnl) with A >0. 

Solutions of the equations have been obtained^* with the usual approx- 
imation of neglecting perturbation of the Na"^ core by the valence electron. 
Substitution of the solutions in the expression for the energy shows that 
equal to the energy required to remove the valence electron, measured 
in units of 13.60 ev. The calculated energies are compared with experimental 
energies in Table X. 


14. Radiative Transition Probabiiities 

14.1 Electric Dipole Radiation 

An atom in an excited state a may undergo a spontaneous radiative 
transition to a lower state b, the quantum emitted having energy 
hv = (E^ — EJ and wavelength X = cfv. For electric dipole radiation 
(Vol I, Chapter 8. § 6.1.4) the transition probability is 

A{a^b)=-^8(b.a) (166) 

where 

8(b.a) = e y (fc|r.|«) (157) 

It should be noted that S(h,a) = S(a,6). 

One is usually interested in transitions between two energy levels Let 
the upper level a have a number co„ of quantum states ^(a,) and let the lower 
level b have a number <uj of quantum states ^(h,). The numbers o>^, <Uj are 
the statistical weights of the two levels. Assuming equal population probabil- 
ities for the upper states, the tramsition probability is calculated on summing 
over all final states and averaging over all upper states. One obtains 

64jr* 1 . 


with 


8 ( 6 , «) * Z 


(168) 
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14.2 The Dipoie Monpent 

The vector — e{a\T\b) is the dipole moment for the transition.* By 
definition 

= l(blxla)j‘ -h l(dlyla)l‘ + ^(6jzla)j^ 

► 

and therefore 

|(6|r|«)|* = J|(6|* + iy\a)\^ + ||(6(Af - *y|a)|* + |(6|«|fl)|*. 

Using {x + iy) = r(sin {x — iy) = r(sin B)e~ and z = r cos 6, the 

expression (21) for the normalized spherical harmonic Yi,Cr) and the 
definition = (4?r/3)'^*yi^, one obtains 

i(*kio)r = 2’ i(‘K.„(r)i«)r. (159) 

14.3 Electric Quadrupole Radiation and Magnetic Dipole Radiation 

The expression for the electric dipole transition probability is obtained 
on neglecting the spatial variation of^the electric vector of the radiation 
field in the vicinity of the atom, and neglecting interactions between the 
atom and the magnetic vector of the radiation field When these approx- 
imations are not made one obtains finite probabilities for the emission of 
electric quadrupole radiation and magnetic dipole radiation. The quadrupole 
transition probability is 

QOjr* 

A,(a^b) = -^8,{b.a) (160) 

with 

(161) 

and the magnetic dipole transition probability is 

A„{a^b) = ^Ub,a) (162) 

with 

S».(M)= 2^"(6|L-H2Sla)'* (163) 

* For simplicity we here consider only one electron. 





Assuming^ thst S and will both be oi order unity when expressed 
in atomic units one sees that A^jA will be of order = 10-». One 

might assume that would be of order (2 x 137)-* when expressed in 
atomic units giving {AJA) ^ 10-® In practice wiU be a good deal 
smaller due to the operation of selection rules. Generally speaking and 
comparable order of magnitude and are smaller than dipole transi- 
tion probabilities by factors of order 10“®. It may happen, however, that 
the dipole transition probability vanishes identically and in such cases 
A^ and A„ may be of importance. 

14.4 Spin, Parity, and Configuration Selection Rules 

The operators in the electric dipole and quadrupole matrix elements 
do not operate on spin coordinates. From the orthondrmality of the total 
spin functions one obtains the selection rule 

AS = 0 (electric multipole transitions). (164) 

This rule does not apply to magnetic multipole transitions. 

The operator for electric dipole transitions is of odd parity. For 
a nonvanishing matrix element the initial and final atomic states must 
therefore have opposite parity (see § 6.3): the selection rule is 

(even parity) (odd parity) (electric dipole transitions). (165) 

For electric quadrupole and magnetic dipole transitions the rule is that the 
atomic parity does not change. 

Certain configuration selection rules may be deduced from the fact 
that all radiative matrix elements are of the type 

2^ (6!/(x,)|«). 

I 

With two-electron states 

^(aiOjlxj.Xj) = 9>(ailXi)9>(a2|Xij) 

one obtains 


2 {^i^ 2 l/(*) 1*1*2) = (/®i 1/1*1) (^fka) + (^il*i)(^«|/|* 2 )- ( 1 ®®) 

t 

Making the usual assumption that (;8,|oi,) is zero for cl^ we see that 
(166) will be zero if is not equal to and at the same time not equal 
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to Also, doe to the parity rule, the electric dipole matrix element will 
vanish if both /Si — 0 ^ and yff, = Therefore {fi^t\ti + Tat*!**) 
nonzero only if fii = and yffg # ocj or if fii 96 aj and yfig == « 2 - electric 

quadrupole and magnetic dipole transitions nonzero matrix elements may 
also occur for fii — «i and = Og. 

The above argument may be generalized to tl^p case of antisymmetric 
many-electron states. For electric dipole transitions the usual formulation 
of the rule is that only one-electron jumps occur; the initial and final con- 
figurations differ by the configuration of one-electron only. For electric 
quadrupole radiation the rules are that one-electron jumps or the configuration 
remains unchanged. For magnetic dipole radiation the rule is that the 
configuration does not change. 

14.5 The One-Electron Electric Dipole Moment 

We first evaluate («/>«|z|n7'w'). Putting z =s r cos d we have 
(nlm\ 2 \n’l'in') = {lm\cos Q\l'm'){nl\r\n'V) 

where 


(«/|r|»7') = j P„i(»')rP„'r(r) dr. (167) 

0 

The matrix element (/w|cos vanishes unless m = m'. We therefore 

consider 


{Im |cos B\l'm) = j Yil,{r) cos 6Yi>„{t) dr. (168) 

The recurrence relation^’ 

{21 + l)tPr{t) = {I + m)PT- ,{t) + {I -m+ l)Pr+i(0 (169) 


satisfied by associated Legendre polynomials gives the recurrence relation 


cos,e Yi„ = 


P — 


4/2-1 


1/2 


Yl-im -j- 


(/ + 1)2 _ ^2 


4(/ -I- 1)2 - 1 


1/8 


Y, 


+ l,m 


(170) 


satisfied by normalized spherical harmonies. Substitution of (170) in (168) 
gives the selection rule ri/ = i 1. For V — I — 1 one obtains 




4/2- 1 


1/2 


{Im |cos Q\l — Im) = 


(171) 
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( 21 4 - 1)(1 - /*)i/2^f = _ jf_+\ (172) 

The selection rules for («/»»|r|»V'w') are 

Jw = 0,±l and Al=±l. (173) 

The final expression obtained for 

B(nl,n'l — 1) = ^ \{nlfn\r\n’l — lw')|* 

mm* 

is 

S(n/.«7 - 1) = /Kw/lrlw'/ - 1)1*. ' (174) 

14.6 Selection Rules for 5. L, and / 

These rules may be deduced using the commutation relations* and 
matrix algebra or, what is effectively the same thing, using tensor operator 
methods.®’* We shall give the rules without proof. 

Electric dipole radiation 

JS = 0: Ji = 0, ±l(not0-0); J/ = 0, ± 1 (notO -^0). 

Electric quadrupole radiation 

As = Oj AL = 0, 1> i 2 (not 0~^0)j A J = 0. ~f~ 1. -t~ 2 

(notO -►0, i 1). 

Magnetic dipole radiation 

JS = 0; JT = 0; J/ = 0, i 1 (notO -*0). 

14.7 Relative Intensities 

The totality of lines in the transitions between levels ySL J, y’S'L'J' 
of two terms ySL, y'S'L' are said to constitute a multiplet. The relative 
intensities of these lines may be calculated if one assumes that the radial 
functions are independent of It may be shown* that 

%Si/.y'Si 7 ') - + W\LVjr ;lS)S(yS£,/Si') (176) 

* See Condon and Shortley,* p. 2S8. A straightforward proof of these relations may 
be obtained using (159) and standard tensor operator methods.^* 
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TABLE XI 

Exprbssioss^ for (2/ + 1)(2J' + l)W*(LL'JJ']\S) 


L' r 


(2/ + i)( 27 ' + i)»'»(LL7y':i5) 


U + 1)(5 + £ + / + 1)(5 + L+ J)(- S -f-L + /)(- 5 + L + y - 1) 
^ 4Z.(4L* - 1)7(7 + 1) 

(27 + 1)(S + z. + 7 + 1)(- S + L + 7)(5 - z. + 7 + 1)(S + L-J) 

■' 4L(4L* - 1)7(7 + 1) 

1 7(5 - L + 7 + 2)(5 - Z. + 7 + 1)(5 + L- JUS + L-J-1) 

■’ 4L(4L» - 1)7(7 + 1) 

_ ^ (7 + 1)(5 + L + 7 + 1)(- 5 + L + 7)(S - Z. + 7)(S + z, - 7 + 1) 

^ 4L(Z. + 1)(2L + 1)7(7 + 1) 

(27 + 1)[L(L + 1) + 7(7 + 1) - S[S + 1)] « 

^ 4L(L + 1)(2L + 1)7(7 4 1) 

^ + L + 7 + 2)(- s + 7 + 1)(S - L + 7 + 1)( S + L - 7) 

■4L(L + l)(2l + 1)7(7 + 1) 

“ Note that W*(LL'JJ’,\S) = W*(L’LJ' J -IS). 

where the functionf W^LL'J /' ;1S) is given in Table XL From the definition 
of it follows that 

Z ^ySLJ.y■SL■J■) - ^ySL.y'SL') (176) 

Z HySLJ.y'SUr) = iWSL.ySU) (177) 

and since Zji^J + 1) = (2S + 1){2L + 1) it follows that 

Z ^{YSLJ.y'SL'D = ^ySL,y'SL') (178) 

JJ' 

which is a special case of (158). Equations (176), (177) express the sum 
rules of Omstein, Burger and Dorgelo: the sum of the intensities of all 


t W{abcd\ef) is a Racah 





1. COMIOJSX ATOMS 


the lines of a mnltiplet which belong to the same initial or final level is 
proportional to the statistical weight {(2/ -f J) or (2/' -f 1)) of the initial 
or final level concerned. 

The predicted relative intensities agree with observations for many 
cases but there are occasional exceptions.* 

14.8 The Matrix Elements of the Dipole Length and of the Dipole Momentum 

We define R = Z'.r, and P = i7,p, with p, = — tSF,. Radiative transi- 
tions have been seen to depend on the dipole length matrix elements 
(F|R|T'')- For ^ classical simple harmonic oscillator. R(<) = the 

momentum is P = wR = mtcoR. Putting hco = {Ep — Ep>) we obtain 

(riPin = ^ (riRin. (179) 

A quantum mechanical proof of this relation is obtained using the commuta- 
tion relation! 

RP2 _ pan = 2iKP. 

Since H — (l/2w)P* 4- V this gives us 

th 

m 


and therefore 


(riR/f - HR\r') = {Er - Er){r\R\r) = — (r|p|r') 

fft 

which is equivalent to (179). 

It should be noted that the identity ^i79) may not be satisfied if approx- 
imate wave functions are used to calculate the matrix elements. 

14.9 The /-Sum Rule 

With N coordinates r, we obtain the commutation relation* 

R • P - P • R = ZihN. 


* See White* and Condon and Shortley.* p. 376. 

t This is readUy obtained from Pxt*i = 

* Again using x^Pxt — Pxi*% " 



CilOlkte diagonal matrix elemoit |r|R * P P * R|/) using the 
uraal expression for the matrix of the product of two operators (Vol. I, 
Chapter 1, £q. 16) and obtain 

(riB P-p Bin = 2! {(^i^n • (Hw - • (^'W) = 

Use of (179), together with (r'|P|r) = (r|P|r')* and (r'|R|r) = (r|R|r')*. 
gives 


( 180 ) 

r’ 

Fhe oscillator strength (or / value) for the F -*■ F' transition is defined 
to be 


nr'.r) = ^(Er-- ErMmn\^=);tJi^Er'- ErMr'.r)- ( 181 ) 

Fhe / sum rule is then 

ZR(F.r) = N. 

v 

For transitions between degenerate levels the / value is defined by 

/(«'.■■) = - (£.' - E,m<i',a) (182) 

ind the sum rule is 


/(«',!*) = AT. (183) 

«' 

[t should be noted that f(a',a) is a dimensionless number but that f{a',a) 
s not equal to f(a,a'). 

The / sum rule is of importance in connection with classical and quantum- 
mechanical dispersion theory. 

The sum' rule (183) refers to all transitions from a given level; it will 
not be satisfied unless all transitions involving inner (X-ray) electrons 
are taken into account. On the central field model one would obtain a sum 
of unity for all transitions involving only a valence electron. In practice 
one finds that the sum of / values for all valence-electron transitions is 
close to unity but is not necessarily exactly unity. 



Absolute tiiuis&tVoJi ptobaibilAlcs ure twjustcA in tsusiy pby^lSi^ mkt 
astropbysical problems. It is not always practicable to detenftW^ ex- 
perimentally the values required but in such cases calculeitioD of transition 
probabilities may be possible. It is, of course, desirable to compare measured 
and calculated values for as many cases as possible. 

Calculation of transition probabilities involves evaluation of the radial 
integrals {nl\r\n'l') (Eq. 167) These may be sensitive to the form of the 
radial functions P„i{r). Solution of the Hartree-Fock equations gives the 
following results for the first two principal series lines of Na: (Table XII). 


TABLE XII 




Hartree-Fock 

Experiment 

mp.zs) 


1.04 

1.02 ± 0.03 

n4p,2s) 


0.014 

0.014 


In other cases the Hartree-Fock method may not give such good results. 
In Ca, for example, allowance must be made for configuration interaction. 

For further information on transition probability calculations the papers 
of Bates and Damgaard“ and of Garstang“ may be consulted, 

14.11 Forbidden Lines 

“Forbidden” lines are those which violate the selection rules for electric 
dipole radiation. We consider a few typical examples. 

In the spectrum of Hg one of the strongest lines is 6s6^ -► 6s* *So. This 

violates the selection rule dS = 0; such lines are said to be inter cotnbination 
lines. The transition -* *So and *Po -*■ *So are not observed so there 
are no violations of the selection rules for J. It has already been seen in 
§ 11.7 that the *P levels are not in good agreement with the Land6 interval 
rule and that there are therefore appreciable departures from LS coupling. 
The wave function for the level labelled *Pi should be taken to be a linear 
combination of the LS coupling functions for 6s6^ *Pi and 6s6^ *P j. The 
amount of admixture of these two functipns may be deduced from the energy 
levels. The relative electric dipole transition probabilities for *Pi 
and »Pi *So, calculated with the admixed wave function, are in good 
agreement with observation. When intercombination lines occur due to 
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departures from LS coupling one that 5 is not a ‘*good” quantum 
number. 


In the spectrum of Na one observes very weak absorption lines cor- 
responding to s -*-d transitions. These are due to electric quadrupole radia- 
tion. The intensities of these lines are in 
satisfactory agl^ement with theory. 

Many lines observed in gaseous neb- 
ulae, in auroras, and in the night air- 
A 4363 glow are due to atomic transitions which 

involve no configuration change. For such 
transitions dipole radiation is rigorously 
forbidden by the parity rule. Figure 10 
A 5007 i \ 4959 shows the energy level diagram for the 

which are the strongest of all 
1:^1 J P) emission features in many nebulae. The 
O'*'* ion is iso-electronic with C and has 


Fig. 10. The forbidden lines in 
the configuration 0+*ls*2i*2^*. 
The transition -*■ ^D, is allowed 
for electnc quadrupole radiation. 
The transitions -► occur 
in consequence of departures from 
LS couplmg, ^Dj -► •Pj and 
-*■ *Pi being mainly due to 
magnetic dipole radiation. The 
transition -► *Po violates the 
magnetic dipole selection rule 
d/ » 0, ± 1 and has a much 
smaller probability. 


a 2p^ ground configuration with spectral 
terms and ^S. The transi- 

tiqh is allowed for eleqtric quadrupole ra- 
diation but the intercombination W -*• 
transition is forbidden in LS coupling for 
both electric quadrupole and magnetic 
dipole transitions. When allowance is 
made for departures from LS coupling 
for -► it turns out that the 

magnetic dipole transition probability 
is larger than the electric quadrupole 
probability. The best calculated transition 


probabilities®® are .4(^5 ^D) — 1.6 sec~^ and A{}D -*• ®P) = 0.028 sec"^; 


these may be compared with transition probabilities of order 10~* sec"^ for 


strong electric dipole lines. 
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Group theory is a branch of pure mathematics which can be applied to 
problems as diverse as the theory of equations and the structure of crystals. 
This is so because it can be developed with reference to purely abstract 
entities only, which can later on be Correlated with concrete ones, such as 
permutations of variables or symmetry operations. This is not, however, 
the course we shall take in this chapter, as we shall have in mind the applica- 
tions of group theory to quantum mechanics.* Therefore, we shall start 
by considering concrete entities so as to construct our group theoretical 
ideas around them. Since many of the applications of group theory to 
quantum mechanics are based on the properties of symmetry operations, 
we shall use these to provide a concrete background to our discussion. 


* A fuller account of these applications will be found in the references^"* at the 
end of this chapter, Wigner^ is still the most complete treatment available and much 
of it has been used in this chapter. Murnagham^ gives a more mathematical treatment, 
with some applications to quantum theory. General mathematical books on group 
theory are listed in referenccs.^^^ Speiser* is probably the most useful treatment 
available as a background for later applications to physics and chemistry. Chapters 
on applied group theory are included in the books listed in references. Burckhardt^* 
gives a group-theoretical account of space and point groups in cr 3 r 8 tals. Useful review 
articles are those of Eckart^^ (general afjiplications), Rosenthal and Murphy^* (molecular 
vibrations and a good general introduction to group theory), and Sponer and Teller^* 

(electronic spectra of molecules). Original sources, many of which are due to Wigner 
and Weyl, are listed in the books quoted. We just mention Bethe** as a pioneer applica- 
tion of group theory to the splitting of energy levels in crystal fields, and Mulliken**^ 
where the first applications were suggested to the theory of molecular structure. 
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We shall now consider examples of the types of problems we propose 
to treat by group theory. It is well-known that, in one dimension, the 
inversion operation x -*• — x permits us to classify functions in even and 
odd ones: 


even: s{x)=^g{-x). 

odd: u{x) == — u{— x). 

The interest of this classification is due to the fact that it is complete, which 
means that any arbitrary function /(x) of one variable can always be ex- 
pressed as a linear combination of even and odd functions. 

/w = K/w + /(- X)] mx) - /(- X)]. (2) 

The first and second square brackets in this expression are even and odd 
respectively under inversion This result shows that, in one dimension, 
even and odd functions are the basic ones on which all others are built. 

We shall extend these considerations to functions of more than one 
variable. The corresponding configuration spaces may now have S 3 mimetry 
operations other than inversion and we shall first aim at classifying functions 
in such spaces in symmetry types analogous to those given in one dimension 
by the relations (1). This will lead to the concept of irreducible representation 
(§ 1 .7 and § 3.2). Secondly, in a lalogy with Eq. (2), we shall obtain expansions 
of arbitrary functions in terms of those of the vanous symmetry types 
permitted in any given configuration .space (see § 6.3). 

The next question is why such considerations are developied. Many 
useful results will appear in the course of this chapter, but here a simple 
example will indicate the advantage of using symmetry considerations. If we 
limit ourselves again to functions of one variable it is well known that a 
definite integral of the form 


I g{x)u[x) = 0 


(3) 


vanishes whenever g{x) and u{x) are even and odd functions respectively. 
This is a most useful property, as matrix elements such as those that appear 
in perturbation problems are given by integrals similar to that in (3), so that 
the computations can be much simplified if simple cancellation properties, 
Such as (3), are found for more general integrals. Equation (3) will therefore 
be extended for functions belonging to the various s 3 nflmetry types of 
multidimensional spaces (see § 6.6). 
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To fulfill the programme just sketched we must first consider symmetry 
operations in some detail, which we do in § 1, where we shall not use any 
group theory but rather exploit the techniques for the representation of 
operators that are standard in quantum mechanics (see Vol. I, Chapter 1, 
§ 4). We shall proceed as far as possible along these lines and we shall find 
then that some important questions remain unanswjpred within the framework 
of the elementary techniques. The existence of these difficulties suggests 
that it is necessary to develop a more elaborate technique. This is provided 
by group theory, the elements of which are given in § 2. This is then used 
in further sections so as to solve the various problems proposed in this 
introduction and in § 1. 


1. Symmetry Operators and their Representation 

1.1 What is a Symmetry Operation? 

Suppose that we want to determine the energy of a state of the water 
molecule. There are in it two identical hydrogen atoms which, in order 
to write down the molecular Hamiltoq|ian, must be labelled in some manner, 
as for instance in Fig. 1(a). The energy cannot change if the hydrogen atoms 
are labelled in a different manner, as in Fig. 1(b). In going from (a) to (b) 
we have effected a covering operation of the system which substitutes every 
particle by an identical one, that is, a symmetry operation. In our example, 
this is a reflection on the yz plane (see Fig. 1). 


"O cT 

I 2 2 II 

(a) (b) (c) 




Fig. 1. Symmetry operations. The .?-axis is perpendicular to the plane of the figure. 


It is im^rtant to notice that, if our water molecule is in free space, 
its position can be changed in ahy manner without altering its energy. 
Hence, (c) and (b) on Fig. 1 are just identical arrangements. (In fact an 
observer sitting on the molecule in free space would not be able to discover 
any changes in going from (b) to (c).) This means that the change (a) -► (b) 
is the same as (a) -*• (c), so that our symmetry operation is nothing more than 
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a change of axes. It should be carefully noted that we always consider in 
this chapter symmetry operations as changes of axes. 

1.2 Degeneracy 

The property of degeneracy of the energy levels of physical systems 
is normally associated with the existence of some particular symmetry. 
We shall now illustrate this point. In going from (a) to (c) in Fig. 1. the 
energy levels of the water molecule cannot change because the energy is 
a scalar quantity. On the other hand, vectorial quantities, like the momentum, 
do change under changes of axes, so that different eigenvalues and eigen- 
functions will correspond to them in the different systems of axes. If a 
vectorial quantity commutes with the Hamiltonian (Vol. I, Chapter 2, 
§ 3 3) these various eigenfunctions will also be eigenfuflctions of the Hamil- 
tonian which, because this latter is invariant under the symmetry operation 
effected, correspond to the same value of the energy. Hence the energy 
level is degenerate. 

Consider as an example a free particle of mass tn moving from left to 
right in one dimension with an eigenvalue k of the momentum operator p. 
Its energy is £ = A*/2w, and the corresponding momentum eigenfunction 
is exp {2mkx) (Vol. I, see Chapter 4, § 1.1). If we change the x-axis into 
— X the value of the momentrm becomes — k, the energy is unchanged, and 
the new eigenfunction of p corresponding to the value — A is exp (— 2mkx). 
As p and H commute exp {2mkx) and exp (— 27iikx) are eigenfunctions 
of the Hamiltonian, and they correspond to the single value of the energy 
E = A®/2w. The origin of this degeneracy is the inversion symmetry of 
the free one-dimensional space on which the particle is moving. 

The above considerations indicate that the study of symmetry and 
hence that of group theory will play an important part in the treatment 
of degeneracy. Actually, several different eigenfunctions may correspond 
to the same eigenvalue just by chance, rather than on account of a symmetry 
property. This type of degeneracy is called accidental (see § 3.4). 

1.3 Symmetry Operations 

We shall consider some general properties of synunetry operations. 
When we change the axes x,y,z into^ x' ,y' ,z', the coordinates of a p>oint q 
are changed into new coordinates q'. We can wnte q ' s Rq, where R is 
the operator that represents the change of axes in question. The above is 
in fact its definition. It is clear that these operators can be applied on vectors 
as well as on pxunts. 
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Two symmetry operations, R and S, say, can always be compoimded. 
We use the symbol RS for the composite operation in which first S and 
secondly R are effected. This symbol must then be read from right to left 
and it is clear that it also expresses a S 3 nnmetry operation. 

Given a S 5 mimetry operation R of a. given system, there is always a 
S 5 nnmetry operation of the same system which, c^plied before or after if, 
cancels it out, i.e., that leaves the system exactly as it was before R was 
applied. This operation is denoted with the sjmibol R~^ and is called the 
reciprocal of R. The definition given can be stated in symbols as follows: 
RR-'^ = R~^ R = E, where E stemds for the identity operation which leaves 
the system undisturbed. 



Fig. 2. Rotation of axes. The .;-axis is perpendicular to the plane of the figure 


The interpretation of symmetry operations as changes of axes is some 
times called the passive interpretation, and its meaning will be clarified in 
Fig. 2. When we rotate the x-axis by a around the z-axis, the coordinates 
^ of a given point go into the new coordinates q’. The point itself, of course, 
remains fixed. Although we shall always consider the symmetry operations 
in the passive interpretation, it is often easier to visualize them by imagining 
that the points themselves (or the corresponding vectors), rather than the axes, 
are moved. This is the active interpretation of the symmetry operations (Fig. 
2 b). By comparing Fig. 2 (a) and (b) we see that if we want to move the 
original point q, so that its coordinates become q' we must rotate the point by 
the angle — «. In general an operation If on the axes can be visualized as 
an operation R~^ acting on the points of the space. We shall often do this. 

We shall now enumerate the* more important symmetry operations. 
Rotations are operations that leave only a point, or at most an axis, invariant. 
We shall be concerned with finite rotations for which the rotation angle can 
idways be expressed as 2nln (n integral). Then, the corresponding axis is 
an f»-fold one (binary, ternary, etc.) and we shall denote such rotations 
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with the symbol C^. Positive rotations are those which, on introducinf^^' 
(right or left-handed) system of axes x,y,z, with z in the direction of^he 
rotation axis, take the positive half of the x axis into the positive hal# of the 
y axis. Negative rotations are defined the other way round. The inversion 
operation i is the one that takes the axes x,y,z into — — y, and — z 

respectively. A reflection in a plane can always be described as the product of 
a binary rotation (rotation by n) around an axis perpendicular to the 
plane and the inversion (see Fig. 3). Reflections are represented with the 
symbol a. We see from the figure that a = iCg = Cgi. 



Fig. 3 Reflections x , point above the plane 
of the drawing, o, point below the plane of the 
drawing. The arrows indicate that we use the 
active interpretation, which does not introduce 
any difference here because cr*^ = a. The sym- 
metry plane is perpendicular to the plane of the 
figure and the rotation axis lies in the latter. 


Fig 4 An alternating axis (S^) 
y , point above the plane of the 
drawing ; o, point below the plane 
of the drawing. 5|, perpendicular 
to the plane of the figure, co- 
incides with the /ff-axis. 


Other important symmetry operations are the rotary reflections. As 
an example, we represent in Fig. 4 the''position of the four hydrogen atoms 
in the methane molecule CH 4 , which occupy the corners of a regular 
tetrahedron. To go from one of the hydrogen atoms to an equivalent one 
we rotate by 2n:/4 around the z-axis and reflect in the xy plane. In general, 
the rotary reflection S„ consists of a rotation by 27 fln about an axis, followed 
(or preceded) by a reflection on a plane perpendicular to it. The corresponding 
axis is called an alternating axis. 

Translations, glide reflections, and screw rotations are other symmetry 
operations which are important in crystals (see Burckhardt^®). 

Two symmetry operations may not commute, that is we may have 
RS ^ SR. As sm example, let us consider the symmetry operations of 
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the system represented in Fig. 5. The only symmetry operations in such 
a system are the identity E, two threefold rotations and C^, and three 
reflections and Oj. We see from the figure that (remember 

that this means Oj followed by ) whereas o’ 2 C^ = Ui- We shall find in 
§ 1.4 a general rule about the commutability of S 5 nnmetry operations. 



Fig. 6. The symmetry operations of the group Gg„ (see Table XI, p. 169). x, point 
below the plane of the drawing; o. point above the plane of the drawing. The latter 
is not a symmetry plane, neither are the full lines of the figure binary rotation axes. 
The small circles are not material points, (points that determine the symmetry of the 
system), but rather points in the space that are transformed under the symmetry opera- 
tions of the system. Notice that the result of is represented in the active interpreta- 
tion, so that the point given is moved in the direction corresponding to Cg" . This figure 
can be considered as a representation of the NH, molecule, with the N atom at the 
position of the central circle, and the three H atoms at the positions of the crosses. 

(See Fig. 8.) 


It will be useful to find the reciprocal of the product RS of two operations. 
By definition this must satisfy the relation {RS){RS)~^ = E which is full- 
filled by taking 

(i?S)-i = S-'^R-^, (4) 

because RSS~^R~^ — RR-^ = E. 

It is easy to see that the symmetry operators are linear. In fact, if u 
and V are any two vectors such that w = u -f v is their sum, it is clear that 
= i?(u v) = jRu -f- Ry. (That is, the sum of the transformed vectors 
is equal to the transform of their sum.) It is also clear that if c is a constant 
J?cu = ci?u. The two properties just illustrated are those that characterize 
linear operators. 


1.4 Representatives of Operators 

We shall now find an algebraic representation of general linear operators. 
The method which we shall follow could in principle be used to represent 
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the symmetry operators considered hitherto, but in practice these are always 
represented by the matriR of the transformation, defined in the conventional 
manner in terms of the coordinates rather than the unit vectors, as we shall 
do here. The definition which we shall give is in fact the same used to re* 
present the quantal operators in terms of matrices (see Vol. I, Chapter 1, 
§ 4) and will be useful to describe some more general symmetry operators 
to be defined in § 1.6. 

Let us consider a complete set of orthogonal unit vectors — 1,2,. . 

The orthonormality condition requires that the scalar product of any two 
vectors be zero and that of a vector by itself (that is, the length of the vector) 
be unity: = d,j(6„ = 1, 6,, = 0 when t ^j). In considering cases as 

general as possible where the vectors f can be complex, or identified with 
entities such as functions, we generalize the scalar {product which we now 
represent with the symbol (^,,fj) as follows: where dr is 

the volume element of the configuration space in which and considered 
now as functions, are defined. In this definition we take the complex conjugate 
of the first vector, so that (f,,|,), which is the length of the vector f, be 
always real, as it must, even when is complex. Given an operator S, 
we call Sf, the vector that results from operating with S on the unit vector f,.* 
As the form a complete set the vector Sf, must be expressible as a linear 
combination of them; 


Sf, = ^rD{S)r (5) 

where the coefficients in the linear expansion are denoted with D{S)„. 
They are put to the right of the unit vectors rather than to their left, so 
as to satisfy a further requirement to be specified below. 

Equation (6), applied for i = 1,2,. . .n, defines a matrix which we call 
the representative of the operator S. fact, if we denote the row vector of 
components with the symbol we have 

S<^| = a|Z>(S). (6) 

The matrix D{S) varies if we define it with respect to a different set of 
unit vectors, and it should properly be denoted with D^{S) to express this 
fact. However we shall use the full notation only when necessary (see § l.d). 
The row vector on which an operator is represented is called the basis 
of the representation. It should be noticed that the symbol | in (6) 
means the row vector <Sf|. 


* S$ here must be read as just one symbol, like i", say. 
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We must require from the matrix representatives that they satisfy 
a very important property, namely the conservation of the multipUcaiion 
rule. This means that the representative of the product of two operators 
R and S must be given by the product of their representatives, 

D{RS) = D{R)D{S). (7) 

In fact, we have for the operator R, just as in (5) 

R^r = SsD{R),r. ( 8 ) 

We now apply R on both sides of Eq. (6) and, on account of the linearity 
of the operator its right-hand side is expressed in terms of the vectors R^^. 
These are given by Eq. (8), so that we have 

i?Sf, = 2^ 2^ D(R)„D{SU = 2! [D(R)DiS) ]„, (9) 

where in the last step we use the standard definition of the matrix product. 
If we compare Eq. (9) with the definition of the representative D{RS) of 
the operator RS : /?Sf, = wife see that condition {7) is satisfied.* 

We can obtain a direct definition of the matrix elements of the 

representatives by exploiting the orthonormality property of the unit 
vectors f,: * f, dr = d,,. It is enough to multiply (6) by and integrate 

over dr. Then, 

= j f,* Sf. dr = (f„Sf.). (10) 

The above treatment is quite general and it can be applied straight 
away to the symmetry operators previously considered. In fact, we shall 
now go back to the symmetry operators to show that they are unitary. 
This property is the mathematical expression of the following requirement, 
that must be satisfied by the symmetry operators: they must not stretch 
or deform in any manner the space on which they act. It is easy to put this 
condition into mathematical terms — we must require that the scalar product 

* The first part of Eq. (9) could have been written as i?Sf, = E(Sf,) => £fS$,D{R)n. 
However, the matrix D{R) should now carry the label Dst(R), so that, to proceed with 
our proof, we would require an expression for Ds({.R) in terms of Df{R) (see § 1.6, Eq. 28). 
In fact, in the proof given in the text all the matrices are defined in the same basis. 
In other, formally similar, cases of matnx operations the bases are left floatmg and 
a modus operand! as the one just suggested is used. 
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of two vectors (on which lengths and angles depend) be invariant with 
respect to the symmetry operators, i.e. 

= R{U,) = 

If we now recall the definition of the adjoint F} of an operator R (see 
Vol. I, Chapter 1, § 3.2) as the operator that satisfies the condition 
(i?^f„f,) = (f..i?f,), we have ^ {R^RU,)- Therefore. (^„^,) 

= {R}R^^,^^), which requires that R'^R = E. This is the condition that 
defines the unitary operators. 

It will be useful to find a relation between the matrix representative 
D{R^) of the adioint of an operator and that of the operator itself. We 
shall find D{R^) = D(Ry, where the dagger, applied to a matrix, denotes 

the conjugate of its transpose, also called the adjoint matrix: D{R) —D(R)*. 

(Remember that Z)(R),, = D{R)j^, defines the transpose of a matrix, that 
is, the matrix in which the rows and columns of the original one have been 
interchanged). In fact, from (10), 

D{R% = (|..Rtf,) = (/?|,.f,). 

(The last step results from the definition of the adjoint of an operator). Now 

(f?^..^,) = = D{R); = 0t)* = D{R)l 

The meaning of the result just obtained is simple — the representative of 
the adjoint of an operator is the adjoint of the matrix representative of 
the same operator. 

It is often advantageous to reason in terms of the matrix representatives 
of the operators rather than of the operators themselves. As an example, 
let us consider the commutation properties of operators. If two operators 
commute, so must their matrix representatives, because of the conservation 
of the multiplication rule. The necessSCry and sufficient condition for two 
matrices to commute is that they have the same eigenvectors. 

Consider for instance a binary rotation around the z-axis, C^. To 
find its eigerivectors we notice that the unit vector in the z direction, t, 
is left invariant by that is, it is an eigenvector corresponding to the 
eigenvalue + 1. All the unit vectors in the xy plane p^pendicular to the 
2 -axis, are changed in sign by so that they all correspond to the eigen- 
value — 1. They form clearly a degenerate set, the degree of degeneracy 
of which is equal to 2, as we can find two independent unit vectors, x, and 
y, on which all others can be expressed. Summarizii^, the eigenvectors are 
z(l), x(— 1), and y(— 1), where we give the corresponding eigenvalues in 
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bradcets. Analogously, we find that the eigenvectors and eigenvalues of 
a rotation around x, Cj, are x(l), y(— 1), and z(— 1). Therefore Cg, and 
Cg, commute. In general, we can see from the above argument that any 
two binary rotations around perpendicular axes commute. 

The inversion operation i commutes with all operations, since its eigen- 
vectors, as those of the identity, are all the vectoili,^ of the space (whereas 
the corresponding eigenvalues are all equal to — 1). 

As we know, reflections are products of the inversion by binary rotations 
around axes perpendicular to the reflection planes. Hence, two reflections 
will commute if and only if their reflection planes are perpendicular. 

1.5 Symmetry Operators in the Function Space 

Consider a symmetry operation i? in a configuration space, so that the 
coordinates j of a point before the transformation take the value q' — Rq 
after it. Suppose now that we have defined a function in the configuration 
space considered (e.g., a temperature field in it). This function can be re- 
presented with the symbol f{q) in the original set of coordinates. When this 
is transformed under an operation R it must be clearly understood that 
the values of the function at each poinil of the space are left unaltered. 
(This is so because the transformations are changes of axes only, that do 
not drag the space with them and neither therefore functions defined in 
it.) The functional relation represented by / with respect to the coordinates 
q will however be changed to, say, /' with respect to the coordinates q'. 
(See the example below.) We can say that the transformation R in the 
configuration space inditces a transformation in the function space. We 

represent this induced operator in the function space with the symbol R. 
In the same manner that the relation q’ = Rq can be taken as the definition 
of the configuration space operator R, the relation /' = R/ is the definition 
of the operator R. 

As the quantity that defines the function at every point is left unaltered 
by the transformation, we have the relation 

/(?) = /'(?'). ( 11 ) 

that is 

m = Kf{Rq). (12) 

On appl 3 dng this relation to the point of coordinates R~^q, we obtain 

m)=f[R-^)- ( 13 ) 

This expression can be taken as our fundamental rule to relate a transforma- 

tion in the function space to its parent transformation in the configuration 
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space. It can be stated as follows : the value of the function Rf at the point 
q is equal to the value of the function / at the point R~^q.* 

The above considerations are of crucial importance in the study of the 
symmetry properties of functions, as these axe defined with relation to 
the function space operators just introduced. As an example of the use of 
Eq. (13) let us consider the well-known functions 

px = sin 6 cos (f>, (14) 

py — sin 6 sin <f>, (16) 

which are the angular part of the solutions of the Schrodinger equation 
for a central field system.^ We represent the function p^ in Fig. 6 (a). 





-►X 


(a) 


(b) 



Fig. 6 Transfonnation of px (a) under a rotation by w/2 


It IS clear that when we rotate the axes counterclockwise by ;r/2 (Fig. 6 b) 
the function goes into — Py. (The function py of course, has its positive 
lobe in the positive branch of the y-axis.) If we represent with C„n the 
rotation of axes effected, we can write the corresponding function transforma- 
tion as follows, C„i^x = “ Py can*^also obtain this result by using the 
expression (13), C„i^^ = sin 6 cos {C~ilp). The clockwise rotation C~^ 
changes <f> into ^ + nj2, so that = — sin 0 sin ^ = — py, just as 

before. 

* It IS important to remember that R/ should be read as one symbol, just m the 
same manner as f say, is understood as a single symbol. Accordingly R/g, read )ust 
as (fg)\ is the transform of fg under R, t^t is R/g « R/Rg. 

^ It should be noticed that these functions are just spbencal harmonics in real 

form, Px {Yi 4* yr^/V2, py^ — *(^1 — W 2 , so that the example considered 

in the text will also sewe as an introduction to the fact (§ h,5) that the spherical hamonics 
form bases for the representations of rotations. 
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A very important property of the operators in the function space is 
that they maintain the multiplication rule for the corresponding configuration 
space operators. That is, if 

RS = T. (16) 

then, 


RS=T, (17) 

where in every case a sans serif operator is related to the corresponding 
italic one by Eq. (13). To prove this result let us consider the function 
RS/(g) = R[S/(y)], because the operators must be applied from right to 
left. The last symbol, by (13), is the value of the function S/ at the point 
R~^q. Therefore RS/(^) = Sf{R~^q). On applying (13) again to the right- 
hand side of this expression, we have 


RSfiq) = f(S- ^R- V) = f{T- V) = Tf(q) 


which verifies (17). 


1.6 Representation of the Function Space Operators 

The method described in § 1.4 can be readily used to obtain representatives 
of the function space operators. It is enough to take as the unit "vectors” 
of the basis, functions <p^ that form a complete orthonormal set,^ so that 
f<p*<Pjdr = Then, Eq. (6) and (10) of § 1.4 take respectively the form 

^9; = ^ <PrD{R)rf, (18) 


jP(R)«; = j <P* ^<Pi = (9J»>l^9=’j)- (19) 

As an example, let us find a representative for the operator which 
corresponds to a rotation by a around an axis z, say. We shall use for our 
basis the functions p^, Py defined in § 1.5. Just as in the last section we have 

C-apx = sin B cos (C^ = sin 6 cos (^ -j- «) = px cos % — py sin «. 

Analogously, 

= p, sin v.-\-Py cos «. 

t A prescription vail be given m § 3.3 and § 6 to obtain sets of functions suitable 
as a basis. 
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These two equations can be written in matrix form* 


so that (cf. 6), 


^(t{pxtpy\ — (,pxtpy\ 


cos a 
— sin a 


sin a 
cos a 


D(Ca) = 


COS a 

sin a 

— sin a 

cos a 


( 20 ) 

( 21 ) 


As a further example we shall obtain the representative on the basis 


{Px*Py I ^ reflection a on a plane 
plane and <{> that of a point, 
which is transformed under the 
reflection into <f>' =or<^, as shown 
in Fig 7 

It IS clear from the figure 
that 

<l>* = (T<f) 

= ^ 4“ 2(0 — ^) = 20 — (f> 
Hence, 

apx == sin d cos (o”“^^) 

= sin 6 cos ((7<^) 

= sin d cos (20 — <f>) 

= px cos 20 + py sin 20. 

Analogously, 

(jpy = px sin 20 — Py cos 20 


Let 0 be the azimuth of the mirror 



7 Transformation of the azimuth of 
a point under a reflection. 


so that 


D{o)^ 


cos 20 '' 
sin 20 


sin 20 II 
cos 20 


( 22 ) 


We shall now show that the matrix representatives of the function 
space operators are unitary. That the operators themselves are unitary 
is obvious, from the unitary property of the configuration space operators 
{R^R = E), and the conservation of the multiplication rule, so that R^R =» E, 
From this relation we have Z){R^)D(R) = D{€) = 1 , where 1 is the unit 
matrix. Now, as shown in § 16 , D('R^) = n(R)^ so that I){R)^Z)(R) = 1 
and D(K) is unitary. 

Exactly as in § 1.4 we say that the functions 9), f<mn a basis for the 
representation of the operator R or also that they sp«K a representathn 



102 


S. L. ALTMANN 


Space of R. In this latter case we use a geometrical language in which the 
functions of the basis are identified with the unit vectors in terms of which 
all the vectors of a space can be given. 

Also as before, the matrices 2>(R) depend on the basis used and a complete 
notation for them should properly include a label for the basis used, as in 
D^(R). We shall presently use this complete notatipn as we want to find 
how the representative Dp(R) is transformed when we change the basis 
^95>| into another one Let us suppose that the functions of this new 

basis are derived from those of the old one by a transformation with an 
operator li, p = U9). Now, from (19), 

2>^(R)., == (^,.R0;) = (U9!.,RU9>,) = {9>.,UtRU95,) = Z?p(UtRU)„. 

Therefore, 

Z)^(R) = Z)^(UtRU) = Z)^(U)tZ)^(R)2>^(U), 

where we use the fact that = Dy(U)^. If U is also unitary, this 

expression can be written as follows; 

i),(R) = Dyj^iK) = D^(U)-ii)^(R)D,(U) (23) 

and this is called a similarity transforrr^tion, or a unitary transformation 
in matrix theory. It possesses the important property of preserving the 
original multiplication rule for the matrices Dp(R). In fact, if i)^(R)D^(S) 
= D^{J), then, 

D,{K) D,{S) = Z),(U)-iZ),(R) P^(U) D,(U)-iD,(S) Z)^(U) 

= P,(U)-ii),a')^.(U) = Z),(T). 

If we have two different, independent bases, <Ai,...A,|, 
we can form a third one by constructing the vector . . . ki.fii , . . . fi„\. 

This vector is called the direct sum of the two vectors given. It is clear 
that the representative D,{K) on this basis will have the form: 


I>,(R) = 


D,(K) 


In fact, a transform such as RA^ must be given as 


/ + m 


RA,= ^ WR),,= WR)m. 




r- 1 


Hence, = -DjtWr, for r ^ I and 2?,(R),y s* 0 for r > /. 
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The matrix D,(R) is called the direct sum of the matrices ^^(R) and 

The above considerations can clearly be extended to any number of 
bases. The corresponding representatives, or direct sum matrices, will be 
given as an array of matrices stuck along the diagonal. Such matrices 
will be called block-diagonal matrices* 

If we obtain a representative that is a block-diagonal matrix, it is clear 
that its basis separates out in two (or more) independent sub-bases and 
that each of the blocks of the representative is itself a representative. 

1.7 An Example: Introduction to the Reduction of Representations 

Let us consider the arrangement of particles sho^ in Fig. 8, which 
has exactly the same sjmimetry operations as that of Fig. 6, that is. 

To fix our ideas we can think of 
the figure as a representation of the 
ammonia molecule, the open circle 
being the N atom and the black 
ones the H atoms. To simplify our 
example we assume that the “N-H 
bonds” 1,2,3, form right angles one 
Math the other so that, as the ni- 
trogen ground state configuration is 
ls^2s'^2p,^2Py2p,, we can suppose that 
the three 2p orbitals lie in the or- 
thogonal directions 1,2,3, shoMoi in 
the figure. For convenience, we 
shall designate them with the symbolSs,^ii Pz and p^, and we shall first 
use them as a basis on which to obtain representatives for all the symmetry 
operations of the system. To do this, we first require a transformation 
table (Table I) where the functions R^,(t = 1,2,3) are given for all the 
operations R considered. The corresponding values of i are listed in the 
table in the intersection of the row corresponding to R with the column 
corresponding to P,. 

* More properly, it is convenient to deiine a suptntuOrix as a matrbt, the eleinents 
of which are themselves matrices. Hence a block-diagonal matrix is just a disganal 
supermatrix. It can be readily seen that the matrix multiplication rule is valid for 
supermstnces. 



Fig. 8. A perspective of the system 
represented m Fig. 5. 
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^ TABLE I 

'l^ANSFORMATION PROPERTIES OF THE FUNCTIONS p^ AND p^ 


Pi 


E 1 

CTi 1 

<Tj 3 

0-3 2 

3 

C- 2 


P2 


2 

3 

2 

1 

1 

3 


Ps 


3 

2 

1 

3 

2 

1 


In obtaining the table the following simple rule may be found useful* 
The transform R/ of a function / is the function that comes instead of / 
if the operation R is thought of as dragging the functions with it. It is also 
useful to note that Table I can be employed to obtain the multiplication rules 
of the operators, as an alternative to the graphical method of § 1 3. For 
instance, 

C+aa <123| = C+ <321| 4 <213| = cr, <123| (24) 

so that = (Jj, in agreement with the result of § 1.3 

We shall now obtain the representatives of the operators considered. 
We can use Eq. (19) for this purpose. For instance, 

= I P* <^iPi = I P* ^1 = 1, 

^(<yi)i2 = I Pi* f^ip2 = J P* Pi 

and so on. (We use here the results of Table I and the fact that fp,Pj dr d^.) 
We then obtain 


D(ai) = 


Often a more direct method is quicker. We can write: 

1 

<T,<123| = <132| = <123| 
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The matrix here, which is the representative sought (see Eq. is found 
by inspection on using the condition that its product with tfee vector 
of the basis must give the transform of the latter ({132| in the case 
above). 

We can obtain by either method all the representatives required and 
they are listed in Table II. 


TABLE II 

Representatives in the Basis 


E 


a* 






Cs' 


1 


1 


1 


1 


1 


1 

1 


1 


1 


1 


1 


1 

1 


1 


1 


1 


1 


1 


It is now easy to verify that the multiplication rule for the operators 
is preserved by their representatives. For instance, 


D(C+) D(as) = 

1 ' 

1 


1 

1 

— 

1 

1 


1 


1 


1 


D{o^). 


For convenience, we shall use a terminology that will be fully explained 
later on (§ 3.1) and shall refer to the set of matrices obtained as a representa- 
tion of the set of operators considered. Let us now find a second representa- 
tion, by using as the basis the functions (,'p,pj>y\ directed along the 
corresponding axes shown in Fig. 8. '■^e first notice that is left in- 
variant by all the operations of the set. Hence, on one side and p^.Py 
on the other, do not "mix” under any operation, so that all the matrix 
representatives must have the form: 

1 

a b 
t d 

We can obtain the 2x2 part of these matrices by usii^ the matrix (21) 
for the rotations and Cf and the matrix (22) for the reflections as 
and as. The corresponding matrices are listed in the Table 111. 
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TABLE III 

Representatives in the Basis ( j >^ xPy \ 


E a, a. 


<^8 


Cs" 


-1 


1 

T 

VJ 

2 


VE 

2 

1 

T 


1 l/s 

yi" 1 

”2” T 


1 j/a 

T 'T 

yr 1 
~2 2 


Vi 

2 


Vi 

2 

1 

T 


It can be easily verified again that D{C^)D{(jg) = 

We shall now consider again the meaning of the special structure shown 
by the matrices of Table III. They all have the same block-diagonal form 
(that is, they are 2x2 diagonal matnces which have a 1 x 1 and 2x2 
matrix as their diagonal elements). This is just an expression of the fact 
that the original basis {PJ>xPy\ separates out in two parts, each of which 
transforms independently under all the derations considered. These parts 
are themselves new bases and (P>xPy\> which each span a representation 
as shown in Table IV. 


TABLE IV 

Representatives in the Bases (^ p ,\ and (^ pxpy \ 


Basis E ai O’! 


0*3 C3 C3 


<Pm\ 

{P>iPy\ 


1 


1 


1 


1 


-1 


111 1 



We cam now summarize the steps in which the above result could have 
been obtained. We first use the basis and obtain the representation 

given in Table II. We now rotate the bases, under a transformation U that 
takes it to a new one {p^J>y\- (U is the rotation that takes the arrows 1,2,8 
in Fig, 8 into the axes x,x,y, respectivdy. Its actual form will be given 
in § 3.6). The matrices of Table II therefore undertake a unitary trans- 
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formation (see Eq. 23) which takes them into those listed in Table III. 
These new matrices turn out to have all the same block-diagonal form, 
which means that their basis separates out, or has been reduced, into two 
(or more) parts. We shall therefore say that we have accomplished the 
reduction of the representation of Table II. 

Let us now see what we have gained through the process of reduction. 
The matrix representatives give the symmetry behaviour of the functions 
of the basis. In some cases this symmetry behaviour can be considered 
as a typical one, in the sense that no other fxmctions can be derived from 
those considered that behave in a simpler manner. For instance an arbitrary 
function in one dimension will not in general have a typical behaviour, as 
it can be transformed (Eq. 2) into even and odd functions that transform 
in a simpler manner. In the same way, we can say'^hat the symmetry 
behaviour of the functions cannot be a typical one for a configuration 

space with the symmetry shown in Fig. 8, because they can be transformed 
into functions that transform in a simpler manner. In particular, p^ is 
invariant under all the possible operations, very much like the even functions 
in a one-dimensional space. However, py transform in a rather more 
complicated manner than we met in one dimension, and we are therefore 
faced with the following question. Is it possible to transform p^, py into 
functions such that the two-dimensional matrices of Table IV can be further 
reduced ? If this were the case, we would say that the new functions, rather 
than p^, py, offer a typical symmetry behaviour. 

We can now see fairly clearly which are the necessary steps for the 
classification of functions in symmetry types, as discussed in the introduction 
to this chapter. We must obtain representations for the set of all possiWe 
operations of the system, and reduce them repeatedly until further reduction 
is impossible. The functions that span the representations thus obtained, 
which are called irreducible represen^^ons, correspond to the various 
symmetry types of the system. 

The example just considered shows that we can go quite a long way in 
this process by the methods given in this section. However, it also shows 
that two fundamental problems remain unsolved: First, how to recognize 
when a representation, like the two-dimensional one in Table IV, cannot 
be further reduced. Secondly, assuming this problem solved, i.e., for instance 
that we already know that the two representations of Table IV are irreducible, 
how to make sure that the symmetry types thus obtained are all those 
that are possible. (We Could expect for instance, the existence of functions 
that do not transform under either of the two sets of matrices listed in 
Table IV.) 
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These two problems are clearly crucial in the theory of symmetry, and 
to solve them we shall have to make use of the techniques offered by group 
theory, the elements of which are discussed in the next section. 


2. Elements of Group Theor)|; 

In order to answer the questions proposed at the end of the last section 
we must investigate in more detail the structure of the set of operations consid- 
ered. This structure is given by the interrelations between the operators 
of the set, which were not considered at all in the last section, so that we 
may expect its analysis to lead to some progress in the right direction. 
To make the treatment of this section as general as possible the operators 
introduced in § 1 will be used only as examples. 

2.1 Group Properties 

If we examine the way in which the operators considered m the example 
of § 1.7 (listed in Table I) are interrelated, we shall soon discover that the 
essential characteristics of their relationslups are expressed by the following 
properties, which we shall now list for any set G of A entities . .G*. 

(1) There is a law of composition (called in general multifltcahon) between 
any two entities of the set, such that the result is always an element of 
the set. 


G,G, = G*, G* £ 6. 

(2) This law of composition is associative. 

G.(G,G*) = (G.G,)G*. 

(3) There is an element of 6, say G,, such that G,Gj = G,G„ = G, for 
all i. This element will always be denoted with the s 3 nnbol E, and is called 
the identity element. 

(4) To each element G^ of G there corresponds another element, say 
G^, such that G^G, = G,G^ = E. This element is called the inverse of G, 
and is denoted^ with the symbol G~*. 

A set that possesses all these properties is called a group. To give an 
example of a group whose elements are not operators, it is easy to show 
that the set of all integral numbers forms a group when the law of 
composition considered is the addition. On the other hand, this is no longer 
the case when the law of composition is the multiplication, as the product 
by zero has no inverse. 
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The group properties that we have discussed ensure that, when 
elements of a group are iterators, they establish a one-to-one correspondence 
between their operands (that is, the entities on which they apply) and the 
results of the operations. This means that if this latter cannot 

be obtained by acting with on a different operand a'. In fact, if this 
were the case = /?,a' so that could not have an inverse because 
then we would have = a', and as a ^ cl',R~^R^ E. Projections, 

for instance, are not one-to-one operations and hence have no inverse and 
cannot be group operations. 

The structure of a group is completely given by means of its multiplication 
table, where the products of any two elements of the group are given. As 
an example, we give in Table V the multiplication table of the group of 
operators of the exercise of § 17, which, in a nomenclature to be explained 
in § 6.2, is denoted with the symbol It should be noticed that in giving 
such a table it is necessary to specify the order in which the factors must 
be taken as, for instance, we do in the heading of Table V. 


TABLE V 

Multiplication Table of the Group C3„“ 



h 

ct 

Cs 


^8 


E 

ct 

E 

Cz 

C'z 

Cz 

Cz 

£' 

Ol 

o* 

(72 



Cz 

E 

ct 

o. 





O'* 


E 

Cz 

ct 

^2 

Ot 

Oi 

^8 

ct 

E 

Cz 


Oz 

o* 

"s 

Cz 

ct 

E 


“ The element it* = it, it, stands in the intersection of the row headed by it, 
and the column headed by Ry 


It will be seen in the course of this chapter that all the information that 
we require about a group can be obtained from its multiplication table, 
without any reference to the nature of the elements of the group. We had 
to consider the latter in obtaining the products of the group elements. 
On the other hand, we could imagine the elements E,C^_,C^ and 
given to us purely as symbols without any concrete meaning and their 
multiplication properties defined arbitrarily (but consistently) through 






110 


S. L. ALTMANN 


the multiplication Table V. This is possible because the multiplication 
table embodies all the group properties. A group defined in this way is 
called an abstract group. 


2.2 Some Definitions and Theorems 

An Abelian group is one for which any two elements commute, that is, 
Gfif — GjG, for all G^.Gj in 0. 

The order of a group is the number of its elements. If can be finite or 
infinite. 

A complex is any set of elements of a group. Complexes, as well as the 
groups themselves, are often represented with a notation due to Galois: 
H = .ff 1 4- 2 + • • • > where, of course, the addition sign is not used in 

the normal manner but just to indicate a juxtaposition of elements. 

A subgroup is a complex of elements of a group which is in itself a group. 
The necessary and sufficient condition for a complex to be a subgroup is 
that the product of any two elements of the complex belongs to it. Example: 
E C'^ in is a subgroup (see the multiplication table of Cg^, 

Table V). 

A rigM co-set is a complex formed b/ multiplying on the right all the 
elements of a subgroup H of G by an element of 6. Analogously we define 
a left co-set. A right co-set, say, is represented with the symbol: 
HG, = H^G, + H^G,+ .... 

Theorem 1. If G, eH the right co-set HG, is identical with H except at 
most for the order in which the elements are given. 

Proof. All the elements of HG, belong to H and their number is just the 
same as the order of H. Also, no two of them can be equal. For if 
H,G, = Hfi, then Hff = G„ so that = E, and hence = H,. 

Therefore HG, must contain all the elements of H. 

Theorem 2. The right (or left) co-sets HG„HG, of a subgroup are either 
identical or have no element in common. 


Proof. Assume that they have one element in common. 


Then 


H/;, = H,G,. 
HT^H^, = G,. 


Therefore 


HG,»=HHr^HrG,=*HG,. 
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In the last st^ we use the fact that H~^Hf belongs to H and that theor<»» 
1 can therefore be applied. 

Theorem 3. The order h' of a subgroup H is a divisor of the ordar h of 
the group. 

Proof. Let us form all the I different co-sets of H (see theorem 2), say 
HG^HGa, . . . HGi- They contain h'l different elements and every element of 
the group appears once and only once in them. Hence h'l = h, which proves 
the theorem. 

The quotient I = hfh', which is the number of times that the order 
of a subgroup is contained in the order of the group is called the index of 
the subgroup. 

Given an element G, belonging to a group 6 of finite order, the sequence 
G„Gf,Gf, ... is a sequence of elements of 6 and must be finite. For this 
to be the case we must have, for a certain n,G^ = E which means that the 
elements G„Gf, . . .G” repeat themselves periodically. The set G„Gf, . . .GJ* = E 
forms a subgroup and is called the period of the element G,. n is defined 
as the order of the given element. (Note that the order of an element must 
not be confused with the order of a group.) As the order of an element 
IS the order of the subgroup given by its period, it is (theorem 3 ) a divisor 
of the order of the group As an example, in the group C 3 „ the period of 
Ct is Ct, {Ct)^ = C3-, (C+)8 = E. That of is Oj, of = E. 

A group that consists of just one period is called cyclic. As all the elements 
of a cyclic group can be given as powers G\ of the generating element G„ 
the group is abelian: G'G‘ = G'"* * = G*G^. Any group of prime order must 
be cyclic, as the order of any element of it must be equal to the order of 
the group, so that the group is just made up of the period of one element. 

The product of two complexes H = -\r • • • + J = /i + 

/a + • • • + /« can be defined in twos,different ways. The most direct 
definition is 

H J = + Hi/g + ... ... +Hn/i+ffn/a+ ... 

This, however, is seldom used, and we shall call it the exceptional definition 
of the product of complexes. The standard one consists in taking in the 
right-hand side of the above expression each element once and only <mce. 
As an example, consider a group G of order h. GG is equal to hOt in the 
exceptional definition (see theorem 1)' and to G in the standard one. 

Given two groups G = G^ -f G 2 + ... + G* juid G' == G^ 4- Gj + • • • 
we say that they aie isomorphic if we can establish a one-to-one correspond- 
ence between the elements of G and those of G' such that the multiplication 
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rule is preserved. That is if G\<r^G^, G\*r^G^ and G,G, = G* then 

s=s G\. The group Cg^ for instance, is isomorphic with the group 
whose elements are the two-dimensional matrices listed in Table IV (§ 1.7). 
The combination law in this latter group is the multiplication rule for 
matrices. If the correspondence between the two groups given is not one- 
to-one, but the multiplication rule is still preserved, \we say that the two 
groups are homomorphic. Every group, for instance, is homomorphic to 
a group the elements of which are ail unit matrices (see for example the 
Table IV). 


2.3 Conjugation and Related Properties 

If A and B are elements of a group G we say that A is conjugate to 
B{A /-w B) if there is an element X e G such that 

A = X-^BX. 

The meaning of this definition is quite clear if we go from the above 
expression to the corresponding one for the representatives of the operators: 
D{A) = D{X)~W{B)D{X). This means (§ 1.6) that, if f denotes the basis 
corresponding to D{B),D{A) represents Ahe same operation, but in the 
basis X$. Conjugate operations are therefore identical operations, but 
performed in different systems of axes. As an example, notice that 
= of ^Cg Oi (cf. Table V, § 2.1). In fact, Cf is just the same 
operation as except that it is performed after reflection of the axes 
in the S5mimetry plane o^ (see Fig. 9 and remember that the positive sense 
of rotation is always that which takes x into y). 



Fig. 0. Relation between the conjugate operations €$ and Cg . 

It should be stressed that conjugation is a group property. That is, 
Cg and Cg, for instance, may be conjugate when considered as operations 
of a given group but not so when they are elements of a different one. In 
fact for the group Cg (see § 6.1) made up only of E, Cg and Cf the two rotations 
are no longer conjugate because, as the reflection planes do not belong to 
the group, there is no operation that takes one rotation into the other. 
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The conjugation relation satisfies the same conditions that characterize 
an equality, that is, it possesses the reflexive, S 5 nnmetric and transitive 
properties. The first one is obvious because A — E~^AE and hence A A. 
The proof of the symmetric property is simple and we shall leave it to the 
reader. An important consequence of this property is that we can now 
refer to two elements, A and B, as being conjugate among themselves. 

In order to prove the transitive property we must show that ii A B 
and B r^C then A In fact, we have A — X~'^BX and B = Y~'^CY 

so that A — X~^Y~'^CYX = {YX)~^CYX. Now, as Y and X belong to 
G, YX must also belong to G and hence A C. 

On account of the transitive pro|)erty of conjugation, all the elements 
of a group that are conjugate to a given one, A say, are conjugate among 
themselves. Such a set of elements is called a class The class to which 
A belongs is obtamed most easily by taking all the products G~^AG^ 
{t = 1,2, .. .A, h being the order of the group G). 

Let us find as an example the class to which the operation Oi of belongs. 

In accordance with our previous considerations we should expect to find 
and Og in it, because they are just the same operation as a^, except that 
the axes are rotated by Cg and respectively. In fact, 

E~^aiE = Ea^E = Oi 

{Cg )~^<TiCz = Cs OiCg = Og 
(Ca )~^o'iC3 = Cs OjCg = Cg 
Cfi ^ 

O 2 ^iO’2 ~ ~ ^3 

0*3 0’j<T3 = ~ ^2 

The most general notation for th® class to which A belongs is 

= Xfi~^AG^, where the summation sign is to be understood in the 
sense of the Galois notation (§ 2.2). If the group is abelian = £fi~^AG, 
== ^G,A *= £fA, so that the class corresponding to any element contains 
the given element only. 

An important property of a class is that of being invariant under con- 
jugation. This means that if we take the complex *= E,G~^AG^ and 
conjugate it under any element G, of *the group, Gj ^^ is still the same 
complex, except perhaps for the order. In fact, 

G," V,,G, = ^Gr'cr'^G.G,. 
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Gfif is alwa3rs an element of the group, say G^, and we can write == 

because we have in both cases the same elements, at most in different order. 
That is. 


y, Gj ^AGtGj = ^ Gk ^AGk = G, ^AGt = ■ 


If a subgroup N of G happens to be a sum of classes, it is also invariant 
under conjugation and it is called an invariant subgroup or normal divisor. 
Conversely, any subgroup that is invariant under conjugation must be a sum 
of classes. Given an invariant subgroup N and any element AT e G we have 
= N, so that NX = XN, which shows that the right and left co-sets 
of an invariant subgroup are identical 

As ai^ igxample, E + -1- = C3 (cf. § 6.1 for the notation) is an 

invariant subgroup of Cg„, which is clear, as it is the sum of two classes. 
The invariant property could also be quickly determined from the multi- 
plication table of the group (Table V, § 2.1) by noticing that the right and 
left co-sets of Cj are identical for all the elements of the group. In fact 
Cgtri = cTi -H ^2 + OiCj = Oi -I- 03 -H 02 so on. 

We shall now prove the following ij^teresting property; given an in- 
variant subgroup N of a group G of order h, the set of all its co-sets 
NG, = G,N, i = 1,2,. . .A, forms a group. (Notice how general the definition 
of a group can be: the elements of the group we are considering are them- 
selves sets.) This group is called the factor group of G with respect to N 
and it is denoted with the symbol G/N. We now prove that the four group 
postulates are satisfied for the factor group. In this proof we use the relation 
NN = N, which follows from the fact that N is a group and the standard 
definition of the product of complexes. 

(1) Existence of the product : NG,NG, = NNG,Gj = NG* e G/N. 

(2) Associative property: NG,(NG,NG*) = NG,GG* = (NG,NG,)NG*. 

(3) Identity: N is the identity element of G/N. In fact 

N(NG,) = (NG.)N = NNG, = NG.. 

(4) Inverse: NG.NG,"^ = NG.Gf ^N = NN = N = E. 

It should be noticed that an element of G may appear more than once 
in the factor group G/N = i^,NG,. For instance, for all G,eN, NG. = N. 
Also, some co-sets such as NG, and N(z, (G, and G, not in N) can be identical. 
It is often convenient to take G/N as the set of all different terms in the 
(Galois) sum X.NG,. The elements G, that appear in it are then called the 
CQ-’Set representaHves of the factor group. (Notice that the meaning of the 
word represoitative here is different from the one it has in the expression 
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"representative of an operator”,) As an example, the factor group Cj„/C^ 
is given by Cj + CgC^ + CgC" + C,ai + CjOj + Cjorj == Cs + (verify, 
by using Table V, § 2.1 that CjOj = Cgctg = CjOj). 

The last concept that we shall consider is that of the product of classes 
which will be found very useful later on. The product of two classes is just 
a product of complexes and, for future purposes, we shall here employ the 
exceptional definition of this product (see § 2.2). We shall now prove that 
the product of two classes ts a sum of classes. Let us consider two classes 
‘8’^ and given as follows: 

= -^1 + -^2 "I" • • • "b ^T, 

== + ^2 + • • • "f* 

To show that the product ^ ^ is a sumM)f classjp^^ire'must 

prove that every element X~'^AiB„X conjugate to AiB„ appears also 
in the sum (hence, if one element of a class belongs to the sum, the whole 
class appears in it). In fact, 

X-^AiB^X = X-^A,XX-'^B„X. 

X-'^AiX by definition belongs to and we can call it Af^. Analogously 
X~^B„X = B^. Hence X~^A,B„X = A^B^ which is one of the terms in 
the sum Zi„AiB„. 

As a result of the above theorem, we can write a product of two classes 
follows: 

^ ^B — <^AB,u"^Mi (26) 

M 

where we sum over all the classes of a group. The coefficient which 

gives the number of times the class M appears in the sum, can be different 
from unity because we use the exceptional definition of the product. The 
first two suffixes in it denote its dependence on the two classes that are 
multiplied. As an example, consider the class <Ti + 02 + which 

we shall denote now with the symbol 

= (<Tj ~|~ O2 “b ^8)(^1 "b O2 "I" 03) 

= + 0'j03 -j- 0'i0'3 “1“ + OjfJg -}“ 0303 -J- OgOi -|- <7303 -|- 0303 

= E + Cs -)- Cs -i- E Cs + Cs + Cs" + E 
= + 2«’c. 

where is the cl^ Cg + Cf. 3 and 2 here are the coefficients CjfQ„ 
above. 
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3. Representations 

We shall deal in this section with the representation of groups, for which 
an introduction was given in § 1. We shall now make full use of the methods 
of group theory so that we shall be able to provide an answer to the problems 
left unsolved at the end of § 1. 

3.1 Representations: Definitions 

We gave in § 1 the definition of the matrix representatives of operators 
and we used the term "representation” just as a collective noun for a set 
of representatives,- without a proper definition. This can now be provided. 
A representation of a group is a group of matrices homomorphic to it. This 
means that given the elements G, and of a group G we establish 
a correspondence between them and matrices D(Gj), D{G,Gj), 

respectively, not necessarily different, such that 

D{G,)D{G,) = Z)(G,G.). (27) 

These matrices, therefore, reproduce th^ multiplication table of the group 
G. A trivial example of a representation is obtained when the unit matrix 
is correlated with each element of the given group. On the other hand, when 
the correspondence established is one-to-one (isomorphism) the representation 
is called faithful. 

It should be noticed that the definition of a representation given here 
does not provide a technique to obtain one. For groups of operators, the 
representatives defined in § 1 in terms of a chosen basis satisfy (27) and form 
a representation, the matrices of which just give the transformation properties 
of the basis. However, although the ultimate purpose of much of the work 
done when using group theory is to study the transformation properties 
of a basis in this fashion, it is always possible and often most convenient 
to consider representations independently from their bcises. We shall in 
fact provide a manipulative technique to this effect. 

If we have a representation of a group G we can obtain another one 
by applying the same similarity transformation on each of its matrices. 
The transformed matrices still form a group and are homomorphic to G 
because the similarity transformation preserves tl^^ multiplication rule. 

Given two representations, we can obtain a tl^d one by forming the 
direct sum of the matrices of the representation. This means that we write 
2x2 block-*diagonal matrices, the diagonal elements of which are the 
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matrices that correspond to the same group element in each one of the 
two given representations. We must therefore show that if 

D^R)D^S) = D^T) (28) 

D^R)D^S) = D^T) (29) 

then; 


D\R) 

D\S) 

1 

D\T) 

D\R) 

D\S) 

1 

D^{T) 


The proof is immediate, because the ordinary matrix multiplication rule 
is valid for block-diagonal matrices (or more generally, for supermatrices). 
This proof can be readily extended for direct sums of any number of matrices. 
It is also straightforward to prove the converse result, namely that when 
a representation has the special block-diagonal form (30) in which the blocks 
in the same position in the diagonal have the same dimensionality, these 
blocks form a representation. The representation given splits therefore 
into as many representations as blocks. 

We have seen (§ 1.6) that the matrix representatives of a group of 
symmetry operators are unitary. This is not necessarily the case for 
other groups, but it can be proved (see Wigner,^ p. 81) that every representa- 
tion can be taken to unitary form by means of a similarity transformation. 
In what follows we shall always assume that this has been done, i.e., that 
our matrices are unitary 


3.2 Reduction of Representations 


If we apply a similarity transformation to all the matrices of a representa- 
tion and obtain a new one made up of matrices that have the same block- 
diagonal form, we say that the representation has been reduced. Thus defined, 
the reduction of a representation may look like a hopeless task, because 
findin g the appropriate similarity transformation is far from obvious. We 
shall give, however, a purely formal matrix method to carry out this task 
(§ 3.6). On the other hand, if we refer a given matrix representation to 
its basis it is much easier to see how.the problem could, at least in principle, 
be solved. y . 

In fact, suppose that we have a basis of functions 






(n) 


( 81 ) 
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and that they span a representation all the matrices of which have the form 

D^K) 


£>2(R) 


(32) 


D»{R) 

This means that the functions ff'i • • -fpt^ (t = !,...«) transform purely 
among themselves under all the operations of the group, i e., the transform 
is a Imear combination of the functions 99 ^*^ only (s = 1 , . . ./J This is 
expressed by saying that the functions with the same superscript in (31) 
build up (or span) an invariant subspace of the function space, i e , a space 
such that every vector in it is transformed under every operation of the 
group into another vector of the same space. (The word vector, of course, 
is used here in the most general sense.) 

In accordance with the above consii^erations, in order to reduce a 
representation we must transform its basis <p into a basis U 97 which splits 
up into invariant subspaces. The corresponding matrices undertake the 
similarity transformation Z>(U)~^Z)(R)i>(U) and take the form (32). It was 
in this manner that we proceeded in § 1.7 to go from the reducible representa- 
tion of Table II to that of Table III. 

It should be noticed that when a representation is reduced as above, 
the matrices i)‘(R) for all R and i= !,...« form n representations, as 
results from the theorem given at the end of § 3.1. 

3.3 The Basis of a Representation: Expansion of an Arbitrary Function 

We shall consider again the representations with reference to their bases. 
The latter were defined as complete orthonormal sets of functions and a 
technique should be given to obtain such sets. On doing this, we shall also 
be able to see how one of the problems set in the introduction to this chapter 
can in pnnciple be solved. This is that of the expansion of an arbitrary 
function in terms of functions that belong to the various possible symmetry 
types. The actual technique for the solution will be left until § 6 . 

Consider an arbitrary function p and form its transforms R,^ under 
all the operations R, of a group 6 of order h. For convenience, let us define 
p^ ««= R,-^. If the functions 

Pi,pt,. . .pk 


(83) 
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are not all linearly independent we can choose out of them a linearly in- 
dependent set 

( 3 ^) 

We can now show that this set spans a representation of the group. 
In fact, consider We can write R*R,„ = R< e G, so that 

— Ki*- This function belongs to the set (33) so that it is either one 
of the functions of the set (34) or a linear combination of them such as 




Clearly, the coefficients A„„ form a matrix J which is a representative 
of Rj^. Analogously the other representatives, and hence the representation, 
can be obtained. 

Suppose now that we can obtain a matrix U that reduces completely the 
representation spanned by the basis Therefore 

= 


where, as before, the superscript denotes the irreducible representation or 
symmetry type to which th'' function belongs. We can now write 

(35) 


If Ri is the identity operation, (f}^ — <f>, the function from which we started. 
Therefore Eq. (36) in its expanded form shows that the original func- 
tion <f» can be given as a linear combination of the functions 
that belong to the various irreducible representations of the group. The 
coefficients of this expansion are the elements of the first column of the 
matrix U~^. As we shall give in § 3.6 a method to find the matrix U that 
reduces the representation, the problem of expanding a function in terms of 
the functions of the various symmetry types can be considered as solved. 
A more direct method will be given in § 6. 

It should be noticed that the method given here to construct a basis 
for the representation of a group is in fact that implicitly used in § 1.7. The 
functions p^, Pj, p^ therein used can all be obtained from p^ (that takes 
the place of our p) as follows: ^p{— p\, — Px, = Pz, o^Px Pz, 

C^Px — pz. ^~Px = Pi (see Table I, § 1.7). From this set of linearly dependent 
functions we extract the functions px.P%4>t> which is the linearly independent 
set that we have used. 



120 


S. L. ALTliANN 


3.4 The Schrddinger Equation 

A very important case when the basic functions span a reduced re- 
presentation of the form (32) arises when the eigenfunctions of the Hamiltonian 
are used to form a basis. 

The Hamiltonian, and therefore the Schrbdinger f^equation is invariant 
under operations that can be broadly classified in two types. First, we must 
consider the transformations of the system of axes with respect to which 
the Hamiltonian is written. These are straightforward symmetry operations, 
considered in § 1 . 1 . Secondly, to write down the Hamiltonian we must label 
the various particles that make up the system. Since the energy and hence 
the Hamiltonian cannot change when the labels of identical particles are 
interchanged, the Hamiltonian is invariant under the permutation of identical 
particles, such as electrons. 

It is simple to show that the operations just considered form a group. 
This is called the group of the Schrbdinger equation. 

Let us go back to a basis of functions of the form (31). Assume now 
that the q)‘s are solutions of the Schrbdinger equation and that their super- 
scripts have been used to indicate the ^nergy eigenvalue to which they 
belong. Eigenfunctions that have the same superscript are degenerate and 
it is clear that they span an invariant subspace of the space of solutions 
of the Schrbdinger equation. This is so because, if R is an operation of the 
Schrbdinger group must be a function belonging to the same energy 
eigenvalue as since an operation of the Schrbdinger group cannot affect 
the energy. R 95 *’’ is therefore degenerate with the functions 
and must be expressible as a linear combination of them. Therefore, the 
representation spanned by the eigenfunctions of the Schrbdinger equation 
will have the block-diagonal form (32), each block corresponding to an 
energy eigenvalue. 

This result shows that to each eigenvalue of the energy there corresp>Gnds 
a representation of the Schrbdinger group. In most cases this representation 
is also irreducible, because otherwise we would have two independent sub- 
spaces, that is, two linearly independent sets of functions that belong to 
the same eigenvalue. Although this is possible, it is not the most common 
type of degeneracy and it is usually referred to as accidental degeneracy 
(see § 1 . 2 ). All other cases of degeneracy originate in some symmetry property 
of the system. 

Summarizing: each eigenvalue of the energy corresponds to an irreduc- 
ible representation of the Schrbdinger group, except for cases of accidental 
degeneracy. It is also clear that in every case a formal study of the 



2. GROUP THEORY 


121 


SchrSdinger group so as to find the number and dimensions of its irreducible 
representations will indicate the number of energy levels and their degree 
of degeneracy. This shows the p>ower of the group-theoretical methods in 
the treatment of degeneracy. 

3.5 A Criterion for Reducibility* 

We shall provide in this section a criterion to find when a given representa- 
tion is reducible, as well as a method of reducing it, when this is possible. 
These results arise from the following: 

Theorem 1. Given a matrix M that commutes with all the matrices 
of a representation, then: (1) if the representation is irreducible M 'must 
be a constant matrix (that is, a multiple of the unit matrix); (2) if M is 
nonconstant, the representation is reducible and the matrix U that diagonal- 
izes M is the matrix that reduces the representation. 

From the second part of the theorem we see that if there is no nonconstant 
matrix that commutes with a representation, this is irreducible. Hence, 
the following 

Corollary. If every matrix that commutes with all the matrices of a re- 
presentation is a constant matrix, the representation is irreducible. 

The proof of theorem 1 requires a general property of matrices which 
we shall demonstrate first. 

Theorem 2. Let £) be a diagonal supermatrix (see § 1.6), the elements 
of which are constant matrices. Ther every matrix S that commutes with 
it must be a diagonal supermatrix of the same structure (that is, if 1 ^, 12 , • . 
are the dimensions of the elements of D, these, in the same order, are also 
the dimensions of the elements of S). D and S have therefore the following 
forms: 



* The proofs in this and the next two sections follow very closely those given by 
Wigner.i 
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All elements in D that have the same superscript, i.e., that belong to 
the same '‘element’’ of the supermatrix (each element being a constant 
matrix) are identical. The suffix used is given to number the matrix 
elements, when necessary, in the normal manner. 

Particular cases of the above theorem are (1) S can be diagonal (in fact, two 
diagonal matrices always commute). (2) If . . . = /^ = 1 (i.e., 

all the diagonal elements of D are different) 5 must be diagonal. 

The proof of theorem 2 is as follows: The matrix equality 

SD = DS 

requires that of the corresponding matrix elements 

S.rDr,= 2^ D„Sr,. 


As D is diagonal, D,, # 0 only when r = j and Z),, ^ 0 only when r = i, 
so that 

Hence S^{Dj — Z),) = 0. (Notice that as we do not use here the superscript 
notation, D, and D,, are matrix elen/ents in the ordinary sense, i.e., 
they can be, for instance, two elements belonging to the same block in 
the diagonal). Therefore, if ^ D„ S,, = 0. Z), is different from £), for 
a matrix element such as the one marked with a dot in the matrix T> given 
above. It is therefore clear that the matrix S has the shape shown before, 
which proves the theorem. 

We can now prove theorem 1. We shall first show that it is enough to 
prove it for the case when Af is a Hermitian matrix. In fact, let us assume 
that an arbitrary matrix Af commutes with all the matrices of a representation 

D{R)M = MD{R). (36) 

for all R in 6. The adjoint of this equality is 

D(R)m^ = MW{RY. 

As the representation is unitary (Z)(if)^D(i?) = D{R)D{Rf = 1) we 
obtain, on multiplying each side on the left and on the right by D{R), 

MtD(/?) fc= D(/e)Mt. 

This shows that, if M commutes with the matrices of the representation 
so does M^. Therefore, the following two Hermitian matrices possess the 
same property 

ZTi = Af + Aft ATg = *(Af - Aft). 



2. GROUP THEORY 


128 


Since M = i{Hi — we have proved that any matrix that commutes 
with all the matrices of a representation can be expressed in terms of 
Hermitian matrices that satisfy the same condition. It is then enough to 
prove the theorem for an arbitrary Hermitian matrix. 

Consider now the matrix M in (36) to be Hermitian. Therefore, we can 
take it into diagonal form d with a unitary matrix U: d = U~^MU. 

Let us apply the same unitary transformation on the matrices of the 
representation. If we call U~^D{R)U — Dij{R), the invariance of the product 
under unitary transformations gives, from (36), 

Du{R) d = dDu{R) (37) 

for all R in tt. The matrix Di;(R) here takes the place of the matrix S in 
theorem 2 above. From this theorem, if M (and therefoje d) are not constant, 
Dij{R) must be a diagonal supermatrix (or block-diagonal matrix) which 
has the same structure as d. As this must be the case for all R, the representa- 
tion is reduced. This proves the second part of theorem 1. It is also clear 
that, for the representation to be irreducible, d must have only one block, 
i.e., it must be a constant matrix, and so must also M = 17 dU~^. This 
proves the first part of the theorem. 

Much of the usefulness of theorem 1 arises from the fact that it is easy to 
find a matrix that commutes with those of a representation : it is enough to 
form the sum of the matrices of a class. In fact, a class can be written 
as (Galois summation). As this is invariant under conjugation 

we have X{ZR) = {I!R)X for all A' in G. The matrix representatives 
preserve the algebraic rules, so that D(X){XD(R)) — {XD(R))D{X) for 
all X in G. (Ordinary summation here). 

As an example, consider the representation given in Table II (§ 1.7) for 
the group Cg,,. The sum of the matrices of the class formed by Cg and Cj'is: 


1 


1 ' 


1 1 

1 

+ 

1 

= 

1 1 

1 


1 


1 1 


Therefore, the representation is reducible. To reduce it we obtain the matrix 
that diagonalizes the matrix on the right of the above expression. (To do 
this it is sufficient to find the eigenvectors of this matrix and to normalize 
them so as to make the resulting matrix unitary.) This is 

1/V3 -Vj 0 ^ 

t7 = || l/j/3 1/1/6 -1/1/2 

1/V3 1/1/6 I/V2 
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It is now straightforward to verify that, when the matrices of Table II 
are transformed under a similarity with the matrix U, they take the reduced 
form given in Table III (§ 1.7). If we want to see whether the two-dimensional 
representation thus obtained (Table IV) is still further reducible, we apply 
our test again. The sum of the matrices D(Cg) and D{Cg) is 

-i iV3 -i -il/3 -1 

-i]/3 -i il/s -i -1 

and in fact we shall see in § 3.9 that the representation is irreducible. 

3.6 Schur’s Lemma* 

The theorem given in this section, due to Schur, will find an immediate 
application in the proof of the orthogonality relations given in § 3.7, which 
are the central point of representation theory. 

Consider two irreducible representations of a group G, the matrices 
of which, D^R) and D^R) (all R in G) are of dimension and Ig respectively. 
If there is a matrix M (of columns and /j rows) such that 

MD^R) = D\R)M. for all R in G, (39) 

then: ( 1 ) If l■^^ = Ig either M is the null matrix or a nonsingular one, in 
which latter case M has an inverse and the two representations D\R) and 
D\R) are equivalent. (2) If Af = 0 (the null matrix). 

Proof. We shall assume the representations to be unitary, D{R)^ 
= D{R~^), so that the adjoint of Eq. (39) is 

Di(iJ-i)Aft = MW^{R-^). (40) 

Multiply this expression by M on the left. 

MDi(i?-i)Mt = MMW\R-^). 

From (39) (remember that e G), 

I>*(ie-i)MJlf+ = MAftZ>2(/?-i), (all i?e G). (41) 

This shows that the (Hermitian) matrix MM^ commutes with all the matrices 
of the representation D® and therefore, from theorem 1 of § 3.6, MM^ = cl. 
Consider now the case l\ = I 2 ', there are two possibilities. 

1. 0 : 5 ^ 0 , therefore the determinant jclj = c *‘ :56 0. This means, from 
the relation MM^ = cl, 'that |Af | ^ 0 . Hence, M is nonsingular and we 

* The proofs in this section and the fcdlowing one are not essential in a first reading. 
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can multiply Eq. (39) on the left by M-i, so that D^{R) = M-W^R)M, 
and the two representations are equivalent. 

2. c = 0, then MM^ = 0. Hence = 0. The 

last sum is positive definite, so that we must have = 0 for all i,j. There- 
fore Af = 0. 

When ^ ^ 2 , we can always assume that < /g. so that a square matrix 
N can be formed by adding null columns to M. 

/g — -► 

0...0 
0...0 
M 

0 . . .0 

It can be seen at once that NN^ = MM^. Also |iV| = 0, hence 
\MM^\ = 0. Therefore |cl| = 0, so that c = 0. As before, M = 0. 


iV=/g 

I 

i 

i 


3.7 The Orthogonality Relations 


Consider two irreducible, nonequivalent (but perhaps identical) re- 
presentations of a group G. The elements of their matrix representatives 
satisfy a very important and simple orthogonality property, namely that 


y D'{R)lD^{R)u, = 





(42) 


where h is the order of G and /, and are the dimensions of the representations. 

Proof. We shall first form a matrix M that satisfies the relation 

D’{S)M == MD*{S) (43) 

for all 5 e G. In fact, define M = i:gD^{R)XD\R)-^ where X is an arbitrary 
matrix of rows and columns. 

D’{S)M = D^{S)Di(R)XD'{R)-^ 

R 

= Z Di{SR)XD^{,SR)-W'{S) 


= I ^Z>'(Sie)XZ)»(Si2)-*| D' 

USR) 


{S) 


= MJ>(S). 



126 


S. L. ALTMANN 


A matrix element of M is given by 

Mtr=2J 2 Di{R),,XMD^{R)rr\ 

kl R 

As the matrix X is arbitrary we make the convenierrj choice A*, = 0 except 
= 1. Therefore 

Mtr^ 2! D^{R)tj:)'{R)Z'^ = 2 mR)*Di{R)tu. (44) 


When t ^ j we can apply Schur's lemma to expression (43) This shows that 
either M = 0 or D‘ and are equivalent. As this latter alternative contra- 
dicts the hjqjothesis, M = 0 and from (44) 

2D'{R)*Di{R)tu = Q if (46) 


When t = j, expression (43) shows that M commutes with all the matrices 
of an irreducible representation and heiy:e, from theorem 1 of § 3.6 it must 
be a constant matrix 

Mt, = Cs^drt- (46) 

Here, bearing in mind (44), we call the diagonal element of M. 
To determine it we take / = r in the last expression and sum over t up 
to l^'. 

^tt ^ (47) 

t t 

On the other hand, from (44) 


2 Mu = 2 Z D*{R-%D^{R)tu = 2 )*» = hdu,. 

t R 

Therefore = (A//,)<5,„. 

Equation (46) can now be written as 


2 I>{R)*Df(R)u, 




(48) 


(49) 


On combining this equation with (46), Eq. (42) and the theorem are proved. 
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3.8 Consequences of the Orthogonality Relation 

The orthogonality relation (42) of § 3.7 acquires a more direct meaning 
when interpreted as follows. If we pick up from each matrix of a representa- 
tion an element belonging to a given row and column, we obtain a vector 
of dimension h, this being the order of the group. Equation (42) states 
that any two such vectors are orthogonal. As an example, consider the 
representations given in Table IV of § 1.7. Let us denote with 1 and 2 the 
first and second representation respectively listed in the table. Two of the 
vectors just described are, in the notation of (42): 

t = l, r :S = 1 (1,1,1, 1,1,1) 

; = 2 , t = \. s -2 (0,0,-i|/3.il/3:^*l/3,-iy3) 

Then 


2^ D\R)tiD\R)y, = 0 0 - I y3 + + il/3 - iy3 = 0 

R 

R 

as expected. 

If s^re the dimensions of the «, irreducible representations 

of a group, we can build up in the manner just described /f + + ... + 

A-dimensional vectors. As there are at most h orthogonal vectors in a space 
of h dimensions, we see that ^ h It can be proved that the equali+y 
sign holds: 

(60) 

j = i 

That is, the sum of the squares of the dimensions of the irreducible represertiaiions 
of a group is equal to its order. 

As an application of this result, consider again the group € 3 ^ for which 
we gave two representations in Table IV, § 1.7, of dimensions I and 2 re- 
spectively. We then have 1 ® -f 2 *.= 6 , whereas the order of the group 
is 6 . Therefore € 3 , must possess another one-dimensional represoitation. 
We thus answer the second question formulated at the end of § 1 . 

It should be noted that the main use of Eq. (60) is not the one just 
given, but that of finding the dimensions of the irreducible rqiresentations of 
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a group. This is so because there is a very simple rule to find the number 
of irreducible representations of a group. (See § 3.9.) This rule shows for 
instance that the group Og^ has three irreducible representations. Equation 
(60) then takes the form /f -1- = 6 and it is easy to find by trial 

and error that this is satisfied by = 1, /g = 1 and fg = 2. 

3.9 The Characters 

The matrix representatives permit us to obtain a certain degree of 
independence from the bases on which they are defined. In fact, once a 
representation is obtained, much useful manipulation can be carried out 
without a reference to the basis of the representation. However, the fact 
remains that the representation itself depends on the basis, so that whenever 
this is changed an unitary transformation is effected on the representation. 

To go one step further, so as to be able to dispense altogether with the 
basis of the representation, we must characterize this latter by a quantity 
that is invariant under a unitary transformation. Matrices possess two 
invariants under similarity transformations. They are the determinant 
of the matrix (product of its eigenvalues) and its trace (sum of the eigen- 
values). It is simple to prove that the trace of a matrix is invariant under 
a similarity transformation. The trace Tr (a) of a matrix a, is defined as 
the sum of its diagonal elements. 


Tr(.) = 2’ 


a 


H- 


Therefore, the trace of the product of two matrices does not depend on the 
order in which they are multiplied. 

Tr (a^) = 2! H H = Tr (yffa). 

I i] 1* j 

Now 


Tr(^-V) = Tr(yff-i^«) = Tr(a), (61) 

which proves the invariance property discussed. 

In representation theory the trace of a matrix representative of an 
element R of & group is called the character of this element, and we shall 
denote it with the symbol The set of characters of a representation 

is independent of the basis used. Also, (61) shows that the characters of 
all the elements of a class are identical. 
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As an example, it can be easily seen that the characters of the (equivalent) 
representations given in Tables II and III of § 1.7 are the same: 

E C?,C,- 

3 10 

Notice that the character of the identity is always equal to the dimension 
of the representation. 

The orthogonality property of the matrix elements of irreducible re- 
presentations results m an analogous one for the characters 


Z = (53) 

R 

(Notice that this expression is only valid when i and j are irreducible 
representations.) In fact, 

v = 1 

h 

X'(R) = 2" 

On multiplying out these two expressions and summing over all R, we obtain 


R fiv R 






.-1 


We use here the orthogonality relation (42) of § 3.7. It is often convenient 
to write Eq. (63) in the form 


= (64) 

where is the number of elements in the class “if. 

Relation (63) expresses the fact that, when the characters for all operations 
of a group are considered as forming an A-dimensional vector, these vectors 
are orthogonal. As an example, consider the two representations of Cj„ 
given in Table IV, § 1.7. We list the corresponding characters in Table VI. 
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TABLE VI 

Characters of the Representations of C3,; Given in Table IV* 


Representation E 3a 2Cg 

1 - dimensional 111 

2- dimensional 2 0 .. — 1 


* The numerals before the symbols for the operations are the number of elements 

in the class 

We shall prove later on in this section that the two-dimensional representa- 
tion given in Table VI is irreducible, so that Eq. (54) can be used We 
immediately verify that the characters of the two representations listed 
in Table VI are orthogonal; 

Ixlx2 + 3x2x04-2xlx(-l) = 0. 

The main use of the orthogonality relation of the characters arises in 
the solution of the following problem. We gave in Table II of § 1.7 a reducible 
representation of which we found we could reduce (by a similarity 
transformation explicitly given in §3 6)' into the two representations just 
listed. In practice we usually possess character tables for all the irreducible 
representations of a group (see § 3.10) and it is often important to be able 
to predict, without actually carrying out the process of reduction, how 
many times each irreducible representation of the group will be contained 
in a given, reducible one. We shall now see how this can be done. 

Suppose that we reduce a representation D{R). Its matrices will then 
take block-diagonal form D'{R), which can be written symbolically as 

D'{R) = (65) 

; 

Here the coefficient gives the number of times that the irreducible 
representation is contained in D. (Notice that the summation sign in 
(66) denotes a direct sum of matrices). As we go from D to D' through a 
similarity transformation, = z[-D(I?)]. Also, it is clear from (56) 

that for all operations i? in a class V we can write for the character x(^) 
of the reducible representation; 

xW - ““’x’W (“) 

; 

where ^(V) is the character of the class V in the jth irreducible representation. 
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We now multiply both sides of ( 66 ) by “P classes 

of the group and use the orthogonality condition (64). Then, 

J (57) 


which is the expression sought 

As an example of the use of this expression we obtain the number of 
times the two-dimensional representation of € 3 ^ (Table VI) is contained 
in the reducible one (see 62) 

i[l X 2 X 3 -h 3 X 0 X 1 -h 2 X (- 1) X 0] = 1, 

which agrees with the result obtained. In practice of course, we would 
use a character table independently obtained by the method given in the 
following section 

The orthogonality relation (64) yields a simple criterion for determining 
whether a given representation is irreducible or not. The necessary and 
sufftcient condition for a re-presentation to be irreducible is that its characters 
satisfy the relation That this condition is necessary 

results at once from (54). To show that it is sufficient, assume that the 
representation is reduced, so that 

“ Z «'vw- 

f 

Hence, 

rs 

Therefore, 

s, 

= 2J drs 2 («''’)*. 

rs r 

Therefore, if 

-if 

must be equal to unity. For this to happen, all the integers a"’' 
must cancel out, except one of them that must be equal to unity. Hence, 
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the representation is irreducible, which proves the sufficiency of the condition. 
We have, as an example, for the two-dimensional representation of Table 
VI: 1 X 2® -t- 3 X 0® -f 2 X (— ■ 1)® = 6 , which is the order of Cs^. Hence 
the representation is irreducible. This answers one of the questions formulated 
at the end of § 1 . 

The orthogonality relation of the characters haS another important 
consequence. We see from Eq. (64) that the normalized characters 
y ^ system of orthonormal vectors. If is the number 

of classes of the group these vectors are n-dimensional. Their number, 
on the other hand, is just that of the irreducible representations of the 
group, n,. The number of orthogonal vectors «, must be no larger than 
their dimensionality n, so that », ^ It can in fact be proved that the 

equality sign holds, i.e., that the number of irreducible representations of 
a group is equal to the number of its classes. In C 3 ,, for instance we have three 
classes and we must have three irreducible representations. This confirms our 
previous result (§ 3 . 8 ) and answers finally the second of the questions proposed 
at the end of § 1 . As shown in § 3.8, from the knowledge that the group 

admits three irreducible representatiqhs and the fact that the sum of 
the squares of their dimensions must be equal to the order of the group, 
we can infer that the dimensionalities of the irreducible representations 
of C3„ are 2, 1 , 1 . Therefore, we must still obtain one one-dimensional re- 
presentation, which we shall do in the next section. 

It will be useful for this purpose to bear in mind the following property 
of the characters. If the characters of a representation are real they are also 
integral. To prove this result it is enough to consider one matrix of a given 
class, which can be assumed, as we always do, to be unitary. Such a matrix 
can always be diagonalized, without altering its character. The diagonal 
elements are now the eigenvalues of the original matrix, the absolute value 
of which is equal to unity, because the matrix is unitary.* Therefore, if 
they are real they must be either -H 1 or — 1 so that the character must 
be an integer. 


_ 3.10 The Calculation of the Characters 

The calculation of the characters of all the irreducible representations 
of a group can be done by using the following theorem, due to Burnside: 

* For a unitary matrix XJ^U ^ 1. Therefore s E,U* t/,-, = 1. When 

the matrix is taken to diagonal form, the left-hand side of this equality will be reduced 
to — 1. Hence li;„| 1. 
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Suppose that two classes and of order and respectively 
are given, such that their product (§ 2.3) is 

cabm^m- ( 68 ) 

M 

Call xa — a) Xb= x{^b) characters that correspond, in the 
same irreducible representation, to the classes considered. Then, the following 
relation holds between these characters: 


L X^ L XB I X^ 

"A ^ CaB.M fiM 

Xe Xe ^ Xe 


(59) 


Here Xe> character of the identity operation, is just the dimension of 
the representation considered 

Prooj C all the matrix which is the sum of *all the matrices that 

correspond to the operations of *8’^ in the irreducible representation 
considered This matrix commutes with all those of the representation 
(see § 3.6) so that it must be a constant matrix (§ 3.5) • 


riA 


t 


C.< = 17,4 1 = 


nA 


Xe- 


(60) 


nA\\ 1 

Therefore, on taking representatives m (68), we have: 

CabmVm ( 61 ) 

M 

The constant 17^ can be easily determined. From (60): 

Tr (Cx) = XEnA- 

On the other hand, as is the sum of the matrices of the class, the 
character of which is Xa> we have: Tr (€,<) = H^Xa- Hence 17^ = HaXaIXe- 
On introducing this value in (61), Eq. (69) is proved. 

An example will show how the theorem is used to calculate the characters 
of irreducible representations. Again, we consider the group Cj„, which 
has the classes The number of elements in them is s= 1, 

Ac, = 2, hg = 3, respectively. The class products can be obtained from 
the multiplication table of the group as explained in § 2.3. 


— ^E 

(62) 

«’c.^c. = 2^f£ + «rc. 

(63) 


(64) 
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The numerical coefficients here are the c^b,m Eq. (68), We have seen 
that Cjp has one two-dimensional representation and two one-dimensional 
ones. We shall consider the latter. Equation (59) applied to the product 
of Eq. (63) gives 2xc, ‘ 2xc, = 2 + 2xc,, the solutions of which 
Xc, = 1* Xc,— ~^l^- ^he latter can be rejected as the characters 
cannot be fractionary numbers. Hence Xc,— 1- ^^ith this value, (66) 
gives 9^ = 3 6, hence = ± 1- As both these alternatives are possible, 

we shall have two one-dimensional representations, in both of which 
Xe — Xc, — ^ Table XX, where they are denoted with the conventional 
symbols and A 2 respectively, explained in Table XII, § 6.4). 

The characters of the two-dimensional representation will now be 
obtained. From (63) Xc, = ^ ^Xc, which gives Xc. = 2 or xc,= — 
We therefore find two representations. From (66) ; 9;f®/4 = 3 + 2xc,- 
When Xc, = 2 we have Xa — ±2; when Xc,= ~^ we get Xa = 0- There- 
fore, we have obtained the following three two-dimensional representations 

E 3o 2Cg 

2 2 2 

2 — 2/2 
2 0 - 1. 

We see at once, from the considerations related to the use of Eq. (67) of 
§ 3.9, that the first two representations listed are reducible, as their 
characters are twice the characters of the one-dimensional representations 
Ai and A 2 (see Table XX). The last representation is therefore the only 
irreducible one, and we list it in Table XX, which gives the characters of 
all the irreducible representations of Cs,,. We denote in the table the two- 
dimensional representation with the symbol E, (not to be confused with 
that for the identity operation), explained in Table XII, § 6.4. 

4. The Direct Product 

4.1 Direct Product of Groups 

We shall first consider the abstract definition of the direct product. We 
shall then be able to see, by considering examples of physical interest, 
that this is a concept of great importance in the application of group theory 
to quantum mechanics. 

Given two groups 

J = /i + /s + • • • + /r 

K = if j -+- K 2 + ... -i- Kf 



t. <aiOVP THBCHtY 


m 


the elements (< = 1,2,. . « = 1,2,. . .f) form a group L in the two 

follo>!ving cases, 

1. when J = K. 

2. when = K^f for all i and u. 

The group L is called the dtrec^ product of J and K and is denoted with 
the symbol L = J x K. The elements of L will often be denoted with a 
double suffix, 

The proof that L forms a group is obvious in the case 1. In the case 
2, we prove first that the product of any two elements of L belongs to L : 

= JtKJvKw = Now JJ„ e J, e K and therefore 

IS the product of an element of i by an element of K and belongs to L. The 
existence of the identity element is proved as follows. Call /j and K■^^ the 
identity elements of J and K respectively. Then*^ 

= Hence, the identity element of L is the product 

of those of J and K. The existence of the inverse is proved similarly and 
IS left to the reader 

The simplest physical case where the concept of the direct product 
arises appears when we have two noninteracting systems. These are in 
fact idealized systems often considered to set up the zero-order wave function 
in a perturbation calculation — particles at infinite separation, spin and 
orbital motions, etc Let us call (1) and (2) two such systems. If we are 
contemplating a perturbation calculation to make allowance for the weak 
interactions between them, we are interested in the composite system. If 
and /I**’ are the separate Hamiltonians of the systems 1 and 2 
respectively, that of the composite system (interaction neglected) is 
H = -f- Also, the total wave function is ^ where 

and are the wave functions of the systems 1 and 2 respectively. 
We shall now show that the Schrodinger group 6 of the composite syston 
is the direct product of the groups and 6*®* of the separate systems. 
In fact, if we apply any symmetry operation of on the system 1, 
the wave functions of the system 2 are left undisturbed, because the systems 
1 and 2 are not interacting. Therefore for all t, i.e., the 

operations of 6^^^ are all the identity operation with respect to the operands 
of system 2. Analogously for all /. The operations of the 

composite system are of the form Gj^^Gj**, and they operate on the total 
wave functions 

In the first step here we use the fact that R/g = R/Rg (see § 1.6). In the 
second step we apply the relations found above, and also the fact that 
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Qp0(2) always be expressed in terms of the wave functions of S3^tem 2, 

so that is still the identity with respect to this expression. In exactly 

the same manner we find that 

(67) 

Comparing (66) and (67) we find that G*^*G|®^ = G{®*Gj^* for all t 
and j. Hence the operations of the systems 1 and 2 commute in the 
manner required in the definition of the direct product and we can write 
G = X G<*>. 

The second example of direct product that we shall consider is essentially 
similar to the case just given, although the similarity is not immediately 
obvious. Let us consider the group of operations of the triangular prism, 
Dj* (see § 6.2), which is represented in Fig. 10. 




(b) 


Fig. 10. The operations of the triangular prism (b) shows the symmetry planes 

and axes on a section of the prism equidistant from the bases. 


The operations of Dg* can be classified in two sets. One is given by the 
operations that act on the xy-plane only and leave the at-axis invariant. 
These are just the familiar operations of Cg^ — identity E, two threefold 
rotations around z, and the three reflections in the lines perpendicular to 
the sides of the triangular base. These are essentially two-dimensional 
operations, in the sense that they can be fully defined in a plane, such as 
the xy one. The remaining operations, instead, can be considered to arise 
from the s5Tnmetry in the direction of the z-axis. They are a*, (the reflection 
in a plane perpendicular to the z-axis), two threefold rotary reflections 
,S^ around the z-axis, and three binary rotations Cj around axes 
perpendicular to the z-axis. 
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The symmetry operations of Dj^ can be listed as follows: 

E. Oh = Eok. 

Ct, St = CtoH, 

Czj — o^Okt 1 — 1»2,3. 

It is clear, from the considerations given at the end of § 1.4 that a* commutes 
with all the operations of Hence, if the group made up of the identity 
operation and is called C,, we can write 

Dsa = Csp X Cj 

A comparison with the example previously given can be easily made 
if we think of the operands of Cg^ as functions of x and y only, and those 
of Cj as functions of z. Our previous separate systems are now subspaces 
of the total configuration space. The lack of interaction between the two 
subsystems is now replaced by the entirely equivalent requirement that 
the operators of one subspace leave the other invariant. 

The rest of this section will be devoted to obtain the representations 
of the direct product in terms of those of the component groups. 

4.2 The Representation of the Direct Product: Direct Product of Vectors 

and Matrices 

Assume that we possess representations of the groups i and K on bases 
('ll and respectively; 


Jh = 2JuD{J)„r 

m 

(68) 

Kks = knD{KU. 

(69) 


n 


We want to obtain the representations of the direct product L = J x K 
of the two groups. We must first find an appropriate basis for the representa- 
tion. In the first of the examples given in the last section we saw that the 
operands of the direct product operators were just products of the operands 
of each of the component groups. As the functions of the basis must be 
chosen among the operands of the .corresponding groups we must expect 
an analogous property for the basis. We shall therefore see whether we 
can use in general the functions to form the required basis. We must 
write these functions as a row vector and we choose to do this as follows: 

^/| = (i\ki, hk ^, . . fjAj* . . . 1 = (li 
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This is defined as the direct product of the two vectors {j\ and (A|, 
X It is the vector obtained by replacing the components of 
the first vector by the product of them with the second vector. (Note that 
(i\ X <*l =7^ <*l X (;|.) The order for the components is such that 
the numerical suffixes tn,n, considered as a two-letter "word,” are arranged 
in dictionary order. This means that we first take the Vords with the lowest 
first "letter” and arrange them in the order in which the second "letter” 
increases; we then take the words with the second highest first letter 
and arrange them in the same order, and so on. 

The components of the vector ^/| can be most advantageously denoted 
with a double suffix 


IfS — 


The dictionary order of the double suffixes permits us to define a one- 
dimensional array with them, as is necessary to denote the components 
of a vector. 

A representative D{L) of L will now be defined by the condition 

Llrs^ 2. (70) 


Notice here that the doble suffix is used just as one unit. It is also clear 
that the rows and columns of D(L) will be denoted with double suffixes, 
arranged of course in dictionary order. We want to obtain in 

terms of the matrix elements of D{J) and D(K). In fact, as before, 

Llrs - JKjrks = JKjJKks = JirKK (71) 

On introducing (68) and (69) into (71) we obtain 


2 ’ ‘)mh»D{J)mrD{K)ns — ^2 (*^ 2 ) 

mn mn 


Comparison of (70) and (72) gives 

D{L)^,rs=^D(J)^D{K)ns. (73) 

A matrix defined in this manner is called the direct product (or Kronecker 
product) of the matrices given, and is denoted with the symbol 
D(L) — 0(7) X D{K). It is formed by substituting every matrix element 
of the first matrix by its product with the whole of the second matrix. As 
an example, we have, from (78), 
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1 

2 

1 

2 

3 


«18 1 

hi 

ht 

^18 


®28 X 2 

hi 

h2 

^23 


3 

hi 

hi 

^33 


11 

12 

13 

21 

22 

23 


'* 11^12 

* 11^18 

« 18*U 

<* 12^12 

« 18*18 

<* 11^21 

^ 11^22 

* 11^23 

« 12^81 

* 12^22 

* 12^28 

<* 11^31 

<* 11^32 

<* 11^83 

‘* 12^31 

<* 18^32 

'* 12*88 

<* 21^11 

<* 21^12 

<* 21^13 

« 22^11 

« 22^12 

'* 22*13 

^ 21^21 

* 21^22 

‘* 21^23 

<* 22^21 

% 

<* 22^22 

'* 22*23 

^ 21^31 

* 21^32 

« 21^33 

* 22^31 

« 22^32 

'* 22*83 


The bold figures in the above expression give the numbering of the 
rows and columns of the matnces. 

4.3 The Direct Product of Representations 

We have shown m the last section that a representation of the direct 
product of two groups is obtained by forming the direct product of the 
corresponding matrix representatives of each group (Notice that the ex- 
pression “direct product” is used here in two different meanings, namely 
for groups (§ 4.1) and for matrices (§ 4.2).) 

We shall now prove the converse theorem, namely that the direct product 
of two representations is always a representation of the direct product 
group. To do this we shall require the following identity, which combines 
the standard and the direct products of matrices. 

P={A X B){C X i)) = X BD. (74) 


Proof. 


P={Ax B){C x^)=-ACx BD. 
Z {A X B)„ ,mn (C X D) mn,M 

mn 

= mk^nl 

mn 

m n 

- {ACU{BD),i 
== (i4C X 
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which proves (74). Here we use in (75) and (78) the ordinary definition of 
the matrix product and in (76) and (79) that of the direct product of matrices. 

To prove the theorem, assume given three groups, J and K and their 
direct product L = J X K. As shown in § 4.1 

LfuLnw = Lxy, 


where 



= JtKu, 

~ JvKfD, 

= JxKy. (/. = JtU Ky = K,KJ). 


The representations of L must satisfy the condition 


D{U)D{LJ) = D{Lxy). (80) 

We want to prove that this is the case when 

Z)(Z.„„) = D\J„) X £>'(a:„). (81) 

In fact, 

D{Ltu)D{LJ) = (D«( 7 ,) X X D^{K^)). 

On applying the equality (74) we obtain 

D{L,„)D(Ly^) = D^(Jt)D*U.) X D^{,K,)Di{KJ), 
and from the definition of and Ky, 

D{Lt„)D{LJ) = DV.) X D^[Ky). 

From (81) the right-hand side of this expression is D{L,^y) which verifies 
the condition (80). This demonstrates the theorem. 

The proof above is valid in particular when J and K are the same group. 
It then shows that the direct product of any two representations of a given 
group is also a representation of the same group. (Remember that the direct 
product of a group by itself is just the same group.) This provides a second 
method to combine two representations of a group to get a third one, the 
other method being that of forming the direct sum of the two representations 
(see § 3.1), - 

When J and K are different groups it can further be proved that: (1) If 
D'{J) and D^K) are irreducible representations of J and K respectively, 
D{L) = D’(7) X D’(K) is also an irreducible representation of L = J x K. 
(2). All the irreducible representations of L are given by (81) if i and j 
are varied over all the irreducible representations of } and K. We leave 
the proof of these facts to the reader (see also Wigner,*^ Chapter X). 
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4.4 The Characters of the Direct Product Representation 

The characters of the representations of the direct products of twjp 
groups are just the product of the characters of the representations of tKife 
component groups. In fact, for a direct product representation that satisfies 
(73) we have 

X{L) = 2 ^ D(LU,rs = 2! li'UUDiiKU = xV)xm- (82) 

We shall show in a first example of the use of this expression how it 
simplifies the calculation of character tables. Let us consider Dg* = x C,. 
The character table of Cg^ was obtained in § 3.10 (see table XX). That of 
Cj can be obtained in the same manner, but as C, = £ + u* has only two 
classes and hence two one-dimensional irreducible representations, these 
can be immediately seen to be those given in Table VII. It is enough, for 
instance, to apply the orthogonality condition. (See Table XII, § 6.4 for 
the nomenclature for the irreducible representations used in the first 
column of Table VII and further below.) 


TABLE VH 

Character Table for the Group C, 








h 



(Th 





A' 



1 



1 





A" 



1 



-1 







TABLE VIII 






The 

Character 

Table of 


IN Relation 

to That of 


Csr 

E 

Sex,; 

2Cj 

®3/i 

E 

Say 

2C, 

(Th 

3 C 2 = 3or,|0’/i 

25>2 = 2C^cfjii 
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1 

1 


1 

1 

1 

1 

1 

1 





// 

Ay 

1 

1 

1 

-1 

-1 

-1 

^2 

1 


1 

/ 

A 2 

1 

-1 

1 

1 

-1 

I 





n 

A 2 

1 


1 

-1 

1 

--1 

E 

2 

0 

-1 

E' 

2 


-1 

2 

0 

‘-I 





E" 

2 

0 

-1 

-2 

0 

1 




/ 

Ag X 

// 

^ 2 

1 

1 

1 

-1 


-1 




E' X 

E" 

4 

0 

1 

-4 

0 

-1 
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From the character table of C, and £q. (82) it can be seen at once that 
each representation of € 3 ^ splits into two of D 33 , as it can be combined with 
either of the two representations of Cj. The results are shown in Table VIII. 

As a second example we apply (82) for the case J = K, i.e., for the 
direct product of two representations of the same gjroup. We give in the 
last two lines of Table VIII the characters of A'^ x Aj^Wd those of E' x F". 
It can be noticed from the table that the characters of A^ X A^' coincide 
with those of A”. Hence the representation A^ x A 2 must be equal to 
A^', except perhaps for a unitary transformation. We express this result 
by writing A 2 X A 2 = A'l'. On the other hand the representation given by 
E' X E" is clearly a reducible one and the number of times that each 
irreducible representation appears in it can be obtained from Eq. (57) of 
§ 3.9 or by inspection (looking for linear combinations of the characters 
of the irreducible representations that add up to those of the reducible 
one). We obtain 

E' X E'' = Ai + A'i + E”, (83) 

which means that the representations listed in the right appear once each 
in the reducible one of the left. The plys sign in (83) must be understood 
in the sense of a direct sum 

Direct products may have more than two factors. It is simple for instance 
to find the characters of E' x E” y A2 and by the same procedure used 
above we obtain 


E' xE" xA^=A\ + A^ + E'. (84) 

Relations such as (83) and (84) will be found important later on (see 
§ 5.6). Also the following theorem: 

The direct product of two representattons contains the totally symmetrical 
one if and only if the representations are conjugate. Here the totally 
symmetrical representation is that for which all its characters 
equal to unity and two representations are called conjugate when for all 
the classes ^h® number of times that the totally 

S3mimetrical representation is contained in the direct product of the re- 
presentations O’ and 1 is given by 
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(see (67), § 3.9). The last equality, which results from (63), § 3,9, shows 
that the condition that the representations be conjugate is a sufficient 
one for the direct product to contain the totally symmetrical representation. 
It is easy to prove, from the orthogonality of the characters, that it is also 
a necessary condition, but we leave this to the reader. 


5. Symmetry Properties of Functions 

5.1 Symmetry Adapted Functions 

Given a function of a basis that spans the tth irreducible representation 
of a group 6, we know that for all R 6 G 

<Pr^D>{KU. (86) 

We shall say that the function 9;*’* is transformed by or belongs to the sth 
column of the ith irreducible representation.* A function with this t5rpe 
of symmetry behaviour will be called a symmetry adapted function.^ 

Our mam problem in this section will be first, to generate symmetry 
adapted functions starting from arbitrary ones, and secondly, to expand 
arbitrary functions in terms of symmetry adapted functions. Both problems 
have already been solved in principle in § 3.3, but we shall give here a simple 
technique to achieve the desired results. 

It should first be noticed that Eq. (86) is not a practical one to check 
whether a given function belongs or not to a given column of a representation. 
This is so because the use of (86) involves the knowledge of all the functions 
95**’ of the basis (r = 1,2 ,. . /, being the dimension of the representation) 
which we shall call the partners of 9)***. We shall derive from (86) an expression 
that is free from this restriction. 

On multipl3dng both sides of (86) by Z>'(R),t aud adding over all R in G 
we obtain 

2! D^{R)*uK<pf^ = <pr^ 27 

r R 

which, on using the orthogonality condition (42), gives 

27 M” = 2^ 9^^ ^ ^ <5.; ^ (8«) 

R 

• Notice that this terminology differs from that used by Wigner.^ 

t An expression coined by Melvin.** 
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Hence, we obtain 

27 ^‘(R) * = T < = 1.2..../,, (87) 

We take the particular case < = s in (87), so as to have an expression 
that contains the function 9 ?*^* only: 

yj =^<p^:\ ( 88 ) 

‘t 

This is a convenient formula to test the symmetry properties of a given 
function. 


5.2 Formation of a Symmetry Adapted Function 

We shall now consider the following problem: given an arbitrary 
function <f>, to obtain from it a function that belongs to the <th column of 
the tth irreducible representation of a group. This is for instance what we 
did in a one-dimensional space when we derived from an arbitrary function 
f{x) the even combination f{x) -f /(— x^. 

Let us consider Eq (87) for this purpose We see from it that the operator 

R 

applied on a function that belongs to the sth column of the tth irreducible 
representation transforms it into a function that belongs to the rth column 
of the same representation. We shall see however that this operator is 
much more powerful, as it produces a symmetry adapted function of the 
t 5 q)e mentioned when acting on any arbitrary function <f>. Moreover, this 
is the case for any value of the suffix s (s = 1,2,. . .f,). Let us define a 
symmetrizing operator WJ, as follows 

(89) 

We want to prove that 

WU = ^ ^<f> = (90) 

R 

is a symmetry adapted function that satisfies £q. (85), that is, 




( 91 ) 
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where R* e 6 and the functions partners of ff m the basis, are given 
by a formula analogous to (90), that is, 9 ?*,’* 

On using the definition of 9 p[’* given by (90) the left-hand side of (91) 
can be written as follows 

= (92) 

where we use the fact that the operators R are linear. On the other hand, 
we can put I>,(R)* m the form 

D<(R),! = = yj D‘(K7^)tD'{K,K)* 


We have seen that Z)(R~^) = D{K)-^ Also, as D{R) is unitary, D(R)~^ 
= D{Ky = D{K)* Therefore D‘(K^X = ■D‘(Ra)w. hence 

D^R)* = y D'{R,UD‘{K,K):, 


On introducing this expression in (92) we have 





A v 

h ^ 


D'{R,R)* 



D'(Rk)ui 


(93) 


Z\\ 2 ( 9 ^) 

In the last step we use the fact that when we take all R e G, R and R^R 
define the same set, namely, the one formed by all the operations of the 
group G The term in the square bracket in (94) is just Wj,‘] <f> = so that 
(94) coincides with Eq (91), which proves the property under consideration 


5.3 The Projection Operators and the Expansion of a Function in Symmetry 

Adapted Functions 

We can write Eq ( 86 ) as follows 

= 9?!'* 6„ d (96) 

Tins equation expresses the fact that when the operator is applied 
on symmetry adapted functions, is the only one that is not annihilated, 
and it is transformed mto 



146 


S. L. ALTMANN 


To consider the way in which the symmetrizing operators are compounded 
notice that, in (96), we can write and where tft 

is an arbitrary function. Therefore 

= (96) 

so that 

= (97) 

Here d = 1,2,. . This expression is the law of composition of the 
symmetrizing operators and it shows that they are orthogonal. It also 
indicates the advantage of using those operators for which the two suffixes 
are identical, such as WJ,, because these are also idempotent. In fact, 
from (97) 

w;,w:,=w;,«5.,(5,„ (98) 

so that 

W;,W?, = (WL)2 = WJ,, (99) 

and this is the condition that defines an idempotent operator (m general, 
a Hermitian operator R is idempotent ^f = R). Also, from Eq. (95), 
these operators satisfy the condition 

( 100 ) 

This shows that W« leaves invariant the function and annihilates every 
other symmetry adapted function, so that it is an operator with eigenvalues 1 
(corresponding to 9?)’’) and 0 (corresponding to s ^ t or i ^ j) only. 
It should now be clear that the behaviour of the operators WJj is much 
simpler than that of the WJ„. In fact, they are analogous to geometrical 
projections, because when a system of orthogonal unit vectors u, 
(s = 1, 2 , . . ., «) is projected on one of them, u,, all the vectors are anni- 
hilated except u„ which is left invariant. It can easily be seen that this 
behaviour is a consequence of the idempotency condition, which explains 
why it is customary to refer to idempotent operators as projection 
operators. 

When Wj, is applied on an arbitrary function (p, the function 9?)'* is 
obtained, and this can be considered as one of the components of <p in the 
representation space. When j varies over all the irreducible representations 
of the group and t takes in each case all the values compatible with the 
dimension of the representation, a basis (97^'’! is obtained that spans a 
completely reduced representation of the group. 



2. GROTTP THEORY 


147 


The projection operators permit us to expand an arbitrary ftmction 
in terms of functions of the possible symmetry t 5 T)es (s 5 mimetry adapted 
functions) of the group. We have shown in fact (§ 3.3) that it is always 
possible to write an arbitrary function as a sum of symmetry adapted 
functions: 

= ( 101 ) 

This expansion is formally similar to that of a vector in its components. 
To make this expansion practicable we must of course be able to find these 
components. If we operate on both sides of (101) with WJ<, and apply Eq. 
(100), we have 



II 

-o- 

(102) 


so that we can write 

<!> 

(103) 


which IS the 

also that the 
set, so that 

desired expansion 
operators form 

This shows 
a complete 

A''"' 

b 'O', 


1- 

(104) 

Fig 11 A triangular 


molecule 


5.4 An Example 

We shall consider as an example a triangular molecule, say Hj (see Fig. 11;. 
The symmetry group of this molecule is Dg*. Suppose that the hydrogen 
atoms are in their ground states (Is) and ''all a, b, c respectively their wave 
functions. The functions Is are invariant under the operation a,,. Also, 
we have seen that x Cj (C, = E + a*). As o* can be taken to be 

the identity with respect to the functions considered, all the results will 
be the same if Cg^ rather than Dg* is employed. 

We shall take a as the arbitrary function from which to obtain s}Tnmetry 
adapted ones. As the symmetrizing operators involve the transforms of 
a under all the operations of the grou^), we list them in the first column 
of Table IX. In the successive columns we list the matrix elements of the 
irreducible representations of the group, as obtained from Table IV (re- 
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presentations and E) and Table XX (representation A 2 ). These will be 
used in forming the operators W‘^. 

TABLE IX 

Data to Form Projection Operators for the Group C 3 ,, 

R Ra D^W*i f^(R)8*2 

Eal 1100 1 



b 

1 

-1 

1 

0 

0 

-1 

<^2 

a 

1 

-1 

-i 

j± 

2 

2 


O^s 

c 

1 

-1 

-i 

2 

K 

2 

i 

ct 

c 

1 

1 

-i 

2 

_EE 

2 

-i 

C3 

h 

1 

1 


2 

yj 

2 

-i 


operators 

W;, are 

obtained at once 

from the table 


Wt{a = 

i(« + ^» 

+ « + 

c + c + b)-. 

= l{a + b-Jrc) 

(105) 

= 

i{a-b 

— a — 

c c -|- 6) = 

= 0 

(106) 

Wfia = 

|(a + b 

- ia- 


= hb-c) 

(107) 

Wf2a = 


— a — 

b) 


(108) 

II 


-a) 



(109) 

II 





(110) 


It results, from (107) and (108) that Wfg* = — VsWfja, also from 
(109) and (110) that J Vs Wfga This is as expected, on account 

of the nature of the second suffix of the symmetnzing operators. (The 
constant factors, of course, do not affect the symmetry of the functions. 
They cannot be expected to be the same for the symmetnzing and projection 
operators, as for the former the exp^msion (103) is not valid.) The results 
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f 

obtained with the projection operators (cf. 106, 107 and 110 are summarized 
below. 


= Ha + b + c) 

ai=i(2c-a-b) (111) 

«2 = i(a — ft). 

We see that 

a'*’ + Ui a 2 = a (112) 

as expected, because this equation is the expansion of a in its components 
or symmetry adapted functions (cf. 101). 

It should be noted that the numerical coefficients in (111) have been 
kept only to obtain the correct check in (112). In practice, an expression 
like the latter is very seldom needed, whereas the interest is centred in 
the symmetry adapted functions. Hence, the numerical coefficients of 
the latter are irrelevant and in fact they are usually replaced by appropriate 
normalization coefficients. 

The method used in the treatment of this example can also be considered 
as a general one to reduce a representation. In fact, the functions a'*', af, 
can be readily seen to span a representation identical with the one given in 
Table III of § 1.7. By using the method given in § 3.9 (formula 57), and 
the character table of Cg^, it can be seen that this representation must reduce 
into Ai + E. The functions given in (111), in fact, span this reduced re- 
presentation and this explains why the ‘‘component” of a in the Ag irreducible 
representation turned out to be null 

5.5 Functions That Belong to a Representation 

The use of the operators W/, requjyes a complete knowledge of the 
irreducible representation /. As these are not as easily accessible as the char- 
acter tables, the technique discussed in the present section is most often 
used. 

We shall say that a function belongs to the /th irreducible representation 
of a group G if it is given by a linear combination of all the symmetry 
adapted functions of this representation of the form 




( 113 ) 
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.m 

v 

where the cj are arbitrary coefficients. Expression (113) can be written as 
follows, in terms of any given function 

(114) 

r 

where we have introduced the operator* 

V^= XV^ir. 


This can be given explicitly, on introducing the definition of the projection 
operator, 


V> = A V 

R 


r=-^2 '’zwr- 


(116) 


In the last step we use the definition of the character. A function <f>’ that 
belongs to the representation j is given by 


= = ^ y xW*H- (116) 

R 

As an example of the use of these d()erators we shall consider the one 
given in § 6.4. We give in the first three columns of Table X the transforms 
of the functions a, b and c defined in § 5.4, and in the following ones the 
characters of the representations of €3^. 


TABLE X 

Data to Form the Operators for Cjp 


R 

Ra 

Rb 

Rc 




E 

a 

b 

c 

1 

1 

2 


b 

a 

^1 




(T, 

a 

c 

*> 

1 

-1 

0 


c 

b 

«J 




Cs 

c 

a 

^1 

1 






1 

1 1 

1 

-1 

Ca - 

b 

c 


1 




• It should be noticed that in (114) we have dropped the coefficients cl because, 
as explained in § 6.4, they can be included in the arbitrary coefficients implicit in the 
combinations W^. 
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We list in Table X the transforms of all the functions of the set given 
under all the operations of the group because if we take only one function 
in the place of tf> in Eq. (116) we shall get only one function that belongs 
to the representation considered. If this latter is degenerate, we must obtain 
more than one function belonging to it, so as to be able to derive from 
them the right number of independent symmetry adapted functions 
Therefore, we must use (lid) for a number of the functions of the set given 
equal at least to the dimension of the representation. 

We find, dispensing now with the numerical coefficients of the combina- 
tions, 


= a 4- ft c (117) 

= 0 (118) 

-2a-b-c (119) 

ft^ ^2b-a-c (120) 

= 2c — a — b (121) 


The first two results agree with those found in § 5.4 (see 111). On the other 
hand, we get three, rather than two functions that belong to E. It is clear 
that the method used here does not guarantee the linear independence of 
the functions obtained, and in fact + ft^ + c* = 0, so that they are 
not linearly independent. Therefore, we could strike out any one of the 
three functions (119), (120), and (121), and use the remaining two only. 
Often, however, as is the case here, we can do better On account of the 
definition of a^', b^ and c*‘, linear combinations of them that belong to different 
columns of the irreducible representation E could, in principle, be formed. 
We shall see how this can be done without using the full representatiwx 
of C3„. 

As the three reflections <Ti, ctb, a.,, do not commute we cannot reduce 
simultaneously the three matrix representatives to diagonal form. However, 
any one of them can be independently diagonalized. As the diagonal matrix 
obtaiiied must be unitary and of null trace {x{a) = 0) it must be 

1 

- 1 

With reference to the basis of the representation, this means that one of 
the functions of it will be symmetrical,' and the other antisymmetrical with 
respect to the particular reflection considered. This can be any one of the 
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operations in the class and we take it to be We notice that (121) is 
already symmetrical with respect to Oi, so that it must be our af. The 
antisymmetric combination of (119) and (120) is = S(a — b). 

This must be our af- The results can be seen to agree with those of last 
section, except of course for a numerical factor. 

5.6 Orthogonality Properties of FurH^tions 

We shall prove that two functions that belong to different irreducible 
representations or to different columns of the same one are orthogonal. 
As before, we shall use the notation (/,g) = J/*g dr. Because of the unitary 
character of the operators R, we have = (R<^j*\R<^f*), so that 

' m n 

= y D^i^CD’(RU{cl>^\4>n) ( 122 ) 

mn 

We now sum both sides of (122) over aU the operations R of the group 6 
(order h) and apply the orthogonality Conditions for the matrix elements 
of the irreducible representations. We then obtain 

ft 

As the right-hand side of this expression vanishes if either i ^ j or s t, 
the theorem is proved. 

It is instructive to obtain this important result in a different way. Consider 
an integral 

' = ^Mdq (123) 

where the variables q are defined in a multidimensional space Q of given 
symmetry 6._ The operations R of 6 are covering operations of this space. 


* We get agreement in this way with the results obtained by the more detailed 
method of § 6.4 but, had say, been the chosen reflection, the results obtained would 
have been equally correct, although different from those of last section, as they would 
correspond to a representation equivalent to but not identical with that used in it. 
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We can always change variable in (123) without changing the value of the 
integral, and we shall do so by applying the operation R-^ e G on the 
variable g. 

/= I f{R-^q)d{R--^q). (124) 

R- Ifl 

We have (cf. Eq. 13, § 1.6) d{R~^q) = Kdq and, as it is the same thing 
to apply an operation R on the differential or the operation R on the volume 
of integration we can write 

1= J /(^"M /(^~V) ^^9 = J •^/(9) dq. (126) 

RR - ^ " 

The function f{q) can always be expressed as a linear combination of func- 
tions belong to the rth column of the /th irreducible representa- 

tion of G. Correspondingly I, as given by (126) will split up into terms 
that we can denote with I\^\ each containing R/t'H?) the integrand. On 
writing 

we have 

I\ = 2! D^{K),,^f^\q)dq. (126) 

We now add up over all the elements of the group. The left-hand side of 
(126) is multiplied by h, the order of the group, and we obtain 

= 2' (27 I dq. (127) 

Unless j denotes the totally symmetrical representation the summation 
over R in (127) vanishes, as follows from the orthogonality condition (49) 
when all the matrix elements i5‘(l^) 3^® taken as equal to the unity, which 
is the case when they correspond to the totally symmetrical representation. 
It is clear from (127) that the only term I\ different from zero will be that 
in which j corresponds to the totally symmetrical representation. 

We have therefore shown that tHfe necessary and sufficient condition' 
for an integral such as (123) to be different from zero is that the representation 
generated by its integrand contains the totally symmetrical representation. 
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It is quite clear that this result agrees with the criterion given at the beginning 
of this section for integrals of the type f/*g dr, because we have seen (§ 4.4) 
that the necessary and sufficient condition for the direct product of the 
representations spanned by f* and g to contain the totally symmetrical 
representation is that f* and g belong to conjugate representations (and 
hence / and g to the same one). 

The rules given in this section have many important consequences. 
Our first example will be concerned with transition selection rules. Consider 
a transition probability integral in a system with symmetry Dj*. of the 
form I = dr, where the superscripts denote the representation 

to which the wave function belongs. It can be seen (cf. § 6.6 and Table 
XXIII) that z belongs to the representation of so that in order to 
find the symmetry of the integrand we must form the direct product 
E' X E” X A'^. This (cf. Eq. 84, § 4.4) contains the totally S 5 mimetrical 
representation .4^ so that I 

Sometimes it is desirable to consider the above problem in a slightly 
more general form. We have an integral such as dr, where a is 

X, y, or z, and we want to determine for which of these vectors it is different 
from zero. We form the direct product E' x E” = A'^ A- E” (cf. 
Eq. 83). We must now find a vector x, v or z that belongs to either of the 
three last mentioned representations (ir this is the case its' direct product 
byE' X E" will contain the totally symmetrical representation since E' x E" 
and the vector considered will have one representation in common, see 
§ 4.4). We see from Table XXIII that zeA'^ and x, yeE', so that the 
integral with a = z is the only one that does not vanish. 

An example of much practical importance is the factorization of secidar 
determinants. The matrix elements of these are of the form lf*Hg dr. As 
the Hamiltonian belongs always to the totally symmetrical representation 
of the group of the Schrodinger equation (this is in fact the definition of 
this group) it will never alter the S3mtimetry of the direct product of f* by 
g, and hence it is enough to consider these functions only; that is, the matrix 
elements will be different from zero only when / and g belong to the same 
column of the same irreducible representation. To take full advantage of 
this fact it is convenient, before setting up the secular determinant, to 
transform the original functions into symmetry adapted ones, by the methods 
given before. If we obtain only functions that belong to the various irreducible 
representations of the group, the secular determinant will be made up of 
diagonal blocks, each one corresponding to one representation. These 
blocks will have the dimension of the corresponding representation. If we 
go further and obtain functions belonging to the individual columns of 
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the irreducibl|e representations, the secular determinant will be fully diag- 
onalized, unless a particular representation appears more than once in it. 

6. Some Important Groups 

We shall discuss in this section the properties of the groups that are of 
more importance in physical apphcations These, as already mentioned 
in § 3.4, are the point groups and the piermutation groups 

The point groups, of which we have considered a number of examples in 
this chapter, arise in systems of points that have certain symmetry elements. 
The corresponding sjnnmetry operations are such that they cover the set 
of points into itself, and it is clear that they form a group. These groups 
appear mainly in the study of molecules and, as we have seen, the corre- 
sponding group theory permits us to classify the energy levels in them. 

The point groups are essentially rotation groups* in the sense that the 
operations of them are either simple rotations (also called proper rotations) 
or products of them by the inversion operation (as in the case of reflections, 
see § 1 3) They are also important m crystals, although here they are only 
a part of the whole group of the covenng operations of the system, which 
IS called a space group. In fact, if the crystal is supposed to be an infinite 
one, translations (i e , operations that add a constant to the coordinates 
of every point of the space) appear as covenng operations of it. The trans- 
lations form a subgroup,^ as the product of any two translations is also 
a translation. It is also easy to understand that the conjugate of a translation 
must also be a translation. The reason behind this result* is that one cannot 

* Rotations are operations that leave jusi, one point (or an axis) of a body invariant 
If the rotation angle can take any value, as for instance in the rotation around the 
axis of a cylinder, the group is a continuous one, i e , a group of infinite order the 
elements of which can be numbered with a continuous parameter We are concerned 
here with subgroups of the infinite rotation group, namely those for which the rotal&on 
angles can take finite values only 

^ This IS one of infinite order, which wou*d make its treatment very difficult On 
the other hand, if the crystal is supposed to be finite, the translation operations cease 
to be symmetry operations of the lattice To circumvent this difficulty the lattice is 
conceived as infinite (so that translations are symmetry operations), through a periodic 
repetition of the finite volume of the real crystal The periodicity means that when 
the whole of the crystal occupies the second period, its position is identical with that 
it had in the first period The particular translation that effects this result becomes 
then equal to the identity^ operation and it can be readily seen that the translation 
group becomes a finite one, and in fact cychc (or rather, the direct product of cyclic 
groups). This useful procedure was introduced by Born and von K4rm&n. 

^ See Burckhardt^* for a rigorous discussion, as well as for the detailed theory 
of space groups. 
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expect a change in the coordinates system to transform a translation operation 
into a rotation (cf. the meaning of conjugate operations explained in § 2,3). 
Hence the translation group is an invariant subgroup of the space group. 
We shall only give the main results of the theory of the space groups. Not 
all possible point groups are such that they can leave a translation group 
invariant: the only rotation axes permitted are binary, ternary, four- 
and sixfold. (Regular pentagons, for instance, cannpt be joined together 
into a lattice.) It then follows that the point groups that can be appropriately 
combined with translation groups are no more than 32. These are called 
the crystallographic point groups. Also, there are only fourteen different 
types of translation groups, which are called the Bravais lattices. By combining 
each of them with all the point groups that are compatible with a given 
lattice, 230 space groups can be formed m three dimensions. 

The permutation groups appear in the treatment of many-particle systems 
and as such are of great importance in atomic and nuclear physics. To 
write down the Hamiltonian of a system of n identical particles, we must 
first label them 1,2,3, Let us denote the corresponding expression 
of the Hamiltonian with /f(l,2, , . .,n). As the particles are identical, we 
can relabel them in a different order, such as 2,1,3,. , .n, and this will not 
introduce any changes in the observab^ quantities of the system, and 
therefore neither in the Hamiltonian H(l,2,3, ...,»)= H(2, 1,3, .. ,,«). 
Hence, this is invariant under the n ! permutations of the n identical particles 
of the system. These symmetry operations will be considered in § 6.7, whereas 
in the next and following sections we shall discuss the properties of the 
point groups. 

6.1 Cyclic Groups 

The simplest possible point groups are the cyclic groups. They are 
generated by the rotations around an axis. A rotation axis is said to be of 
order n when a rotation around it by 27ijn is a covering operation of the 
system of points given. Call C„„ a rotation by 2nmln and C„ = a 
rotation by 2jtln. Then because C„ „ is equivalent to applying 

the rotation C„ m times. Also C" = £ (rotation by 2n). Hence, the » rotations 
around an «-fold axis form a cyclic group of order n. Such a group is denoted 
with the symbol C„. 

The powers of a rotary reflection S„ (rotation by 2jiln followed by the 
reflection o’* on a plane perpendicular to the rotation axis) can also generate 
a cyclic group. When n is even this is a group of order n and it is called 
S„, When n is odd the order of the group is 2n, and the resulting group 
can be expressed as a direct product C„ x C,. This is so because 5^ = (oaCJ* 
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— latter is equal to E when n is even (so thB.t n is tbs 

order of the group) and equal to when » is odd (so that — E, 

and 2« is the order of the group) 

Some further relations can be found for the groups S, (» even). First, 
it is clear that Sj = i, so that Sj = C,. Also, is equal to Cj if «/2 is 
even, or to Sj = i if »/2 is odd. In this latter case it can be readily seen 
that all the operations of Sjj„ (« odd) are either operations of C„ or products 
of them by t, that is S 2 ,j = C„ x C, (« odd) These results are used in Table XI. 

We shall now consider the actual geometry of a cyclic group. To have 
an «-fold axis we must have n identical figures symmetrically disposed 
in a plane perpendicular to the given axis If these figures were just points 
(or spheres) we would have higher symmetry than the purely cyclic one; 
the plane that contains the n points, for instance would be a symmetry 
plane To destroy all symmetry, except the cyclic one, we must start from 
the original set of n points and add to them suitable ornaments, that is 
other points that restrict the symmetry of each of the n figures and therefore 
that of the whole system This is clear in Fig 12, where we illustrate the 
groups Cj and Sj 



Fig 12 Groups C* and Sj(C,). x, point above the plane of the drawing, O, point 
below the plane of the drawing, (a) and (b) represent both the group Cj, (b) being a 
perspective of the projection (a) 


As the cyclic groups are abelian (§ 2.2) each element forms a class by 
itself, so that the order of the group, «, >ay, is equal to the number of its 
classes. Hence, the number of irreducible representation is also n. Since the 
sum of the squares of the dimensions of the n irreducible representations 
must be equal to n, all the representations must be one-dimensional. The 
irreducible representations themselves can be most easily obtained by the 
following argument. 

Consider a cyclic group R,R^,R^,. . .,R’* = E. We can use the notation 
R" ~ R„, so that R^R^ = IV‘R'' = Rf^^" = R^+^. Therefore, the matrix 
representatives must satisfy the condition 

D>‘{Ru)D^(Rv) = D*{Ru+v). 
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which is the case when 

(128) 

Here /* is a variable that depends on the irreducible representation considered 
and carries the suffix k (which denotes the representation) as a reminder 
of this fact. The factor 2jt/n in the exponent is not essential and in fact 
various other factors or none at all are often used. We include it because 
if R„ is a rotation as defined before, {27tln)m ^s the rotation angle 
(for which we shall use the symbol rj) and turns out to have a particularly 
simple form with this factor. In fact, can be further specified from the 
condition J5*(J?„) = D'‘{E) = 1. As D’‘{R„) = txp {j.j^2n),j^ must be an 
integer: ji,= 1,2, .. . . We shall also see that + n gives the same re- 
presentation as 

Therefore can take only the n values 1,2, ...,». This is in agreement 
with our previous result, as these n values will correspond to the n possible 
irreducible representations. These are denoted with the index k that goes 
from 1 to «, so that we can just take = k. Summarizing, 

D*(i?«) «’*'■'». k,m = 1,2,/ • r„= — m (129) 

I n 

Examples of the use of this expression can be found in Table XVII. 

The representations of direct products of cyclic groups eure very easily 
obtained from (129). A direct product representation will be denoted by 
the multiple index . . . Then 

!)*>*••• {R„,R „,. . .) = exp*(V«. + + •••)• 

It is convenient to define two vectors as follows : k = -4- ^ 2^2 + • • • 

+ • • • . where k, and are unit vectors chosen so 

that: K, ‘Tj = d,j. Then the vector k itself can be chosen to define the 
direct product representation and this is given as 

Z)'‘(i?„) = (130) 

can usually be given a direct meaning in the configuration space (this 
is the case for instance for the translation group of a crystal, when r,* cor- 
responds just to a three-dimensional translation) whereas k is a vector 
defined in the so-called reciprocal space. 

6.2 The Dihedral and Related Groups 

The dihedral groups result when extra S3nnmetry operations are added 
to those of the cyclic groups. They possess a principal rotation axis, ie., 
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one of higher order than any of the others of the group, and binary axes 
perpendicular to it. Related to the dihedral groups there are others 
that possess reflection planes through the principal axis. Before we show 
how these groups arise, we shall give their nomenclature, in Table XI, 
in a notation due to Schonflies. 


TABLE XI 

Cyclic, Dihedral and Related Groups® 


Group 

Characteristic symmetry elements 

Crystallographic 
point groups 


n-fold axis only 

Ci,C2,C3,C4,Cg 

S„ 

n-fold alternating axis only 

8*(C.).S«.8,(C8i) . 


n-fold axis, 

reflection plane i to it (a^) 

ClA.C2*.C8*,C4*,CftA 

I'm) 

n-fold axis, ^ 

n reflection planes through it (a^,) 



n-fold axis, 

/ // 

n binary axes j. to it (called C 2 ,C 2 , . . • ) 

D„D„D„D, 

i*»rf 

As for 

reflection planes bisecting angles between binary 
axes (cr^) 



As for D„, 



reflection plane _l to principal axis 

® When the principal axis is placed vertically the a* plane is horizontal and the 
planes are vertical, which explains the use of the suffixes h and v. The suffix d stands 
for ' 'diagonal.” 


jgr 

' X \ 

\ 

I 

' X / / 

Fig. 13. Groups related to Cg. Key x, point above the plane of the .drawing; 
O, point below the plane of the drawing. Broken circle: the plane of the figure is 
not a symmetry plane. Full circle: the plane of the figure is a symmetry plane 

(oa). e t, binary axis. , reflection plane perpendicular to the plane of the 

drawing. These conventions are standard for diagrams of this type, called siereographic 
projections (see Eyring, Walter and Kimball^® for diagrams for all groups). 

We can now see how these groups can be derived, which we do in Fig. 13' 
where, as an example we give all the groups related to Cj and the dihedral 
group Dg. 
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The ssonmetry of Cg can first be increased in two ways: we can add a 
symmetry plane (T*(C 2 a) or we can add a vertical symmetry plane (o„j, say). 
In this latter case (group CgJ another symmetry plane {a„^) appears per- 
pendicular to the first one, as it is clear from the figure. This also results 
from the following argument. C^, multiplied by a„y must also be a symmetry 
operation of the group. As and i commutes with all the symmetry 

operations, = iC^y = cr„,. 

Analogously, on adding a binary axis perpendicular to we also introduce 
another, orthogonal both to it and to Cg,. This is the case in the group Dg. 
In its turn, the symmetry of Dg can be increased in two ways: we can add 
two diagonal planes, as in Dg^, or we can add reflection symmetry with 
respect to the plane of the figure, as in Dg* 

Notice that in Dg^ the principal axis (r) is also a fourfold alternating 
axis. If a similar drawing is done for Dg^ it will be seen that the principal 
axis is now a sixfold alternating one. This is why D,^ groups do not appear 
as crystallographic point groups when « > 3, (cf. Table XI) because axes 
of order higher than six are not permitted for them. 

It is useful to notice that the groups and can be derived from 
the dihedral group Dg through an isomorphism. In fact, Dg = £ -1- Cg, -(- 
C^x + Cgj, and C^jO^y = Cg,. If we substitute tCg, = Oy and iC^y = Ox for 
Cg, and Cgy in Dg, we obtain an isomorphic group, because iC^xiC^y = C^xC^y 
= Cg,. This group is Cg^. On the other hand, if we correlate Cgy^-^o* 

= zCg,, we have = itC^x = C^,, so that we also maintain the isomorphism. 
The group thus generated is can also be expressed in terms of Dg 

as a direct product: Dg* = Dg x C,. The remaining group of those given 
in Fig. 13, namely Dg,^ is related in the same manner not to Dg but rather 
to Dj, with which it is isomorphic. This could be expected because of the 
presence of the fourfold alternating axis. 

The above considerations can also be applied to the other dihedral 
and related groups. This is so because the isomorphism discussed above 
results from the following general argument. The rotations around the 
principal axis of a dihedral group form an invariant subgroup of it. In fact, 
they clearly form a group. This is an invariant one because the binary 
rotations perpendicular to the principal axis leave the latter invariant, so that 
the conjugates of the principal rotations under the secondary ones are 
still principal rotations. (A more detailed proof of this fact can also be 
given.) If n is the order of the principal axis this is also the order of the 
invariant subgroup. The order of the dihedral group is 2n, as there are 
H binary rotations. Hence, the index of the invariant subgroup C„ of D^ 
is 2, which means that it has two distinct co-sets only. That is, the factor 
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group DJC„ = 4- where Cg is any one of the secondary binary 

rotations. This means that the elements of D„ either belong to C„ or have 
the form C^Cg, where C, e C^. We shall now show that the product of any 
two elements of the co-set C^Cg always belongs to C„. In fact, in the product 
^^.CgCjCg the last three factors are the conjugate of under Cg (because 
the reciprocal of a binary rotation is the same binary rotation). Therefore 
€ ^n> so that 6 C„, which proves the proposition 

just enunciated. For brevity, call C, the elements of D„ that belong to 
C„ and H, those that belong to the co-set C„C 2 (the latter are just the n 
secondary binary rotations). To establish an isomorphism, we notice that 

CrC, = C,eCn, (131) 

= C„ e C„, (.132) 

C,Hs = C,C,C 2 = CtC't = Ht. (133) 

Hence, we can obtain an isomorphism by establishing the correspondence 

Cr<r-^Cr for all C,eCn, 
for all HueC„C 2 

In fact, (131) is maintained. Also, 

Hu^v ^ ^ 4”"^ ^fe>, 

which shows that (132) is kept. Finally, from (133) 

C,Hs C,tH^ — iCfHf = iHt > Ht. 

It is clear that we can substitute a,, (which commutes with all the operations 
of the dihedral groups) for t in the above Brief consideration shows, however, 
that the group obtained is the same as before. 

A second way to generate an isomorphism with a dihedral group is in 
a sense the converse of the above one. We start by establishing the correspond- 
ence: 

Cr<-*Cr {r even), 

Cr<-*tCr or (rodd). 

The group thus generated is still an invariant subgroup, with an alternating 
axis. If we form the co-sets of it with Cg as before, we can see at once that 
we obtain a group isomorphic with the original one. As an example, the 
invariant subgroup of D, is E,Cg ,Cg .Cg.Cg ,C^ . We take the operation 
<T* to generate the isomorphism, so that the corresponding subgroup is 
£,S|,C^,t,C^,Sir and the group generated by this and its co-set with Cg 
is Dgrf. When the operation i is used'instead of o* the invariant sul^oup 
is E.Si,C^,a^,Cf,S^ (because, tC^ = 55 "^). The group thus generated is 
Dgj, also isomorphic with Dg. 
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6.3 Th« Cubic Groups 

The group of all the symmetry operations of a regular tetrahedron is 
called in the Schdnflies notation and that of a regular cube 0*. By adding 
ornaments to these figures, exactly as we did before, the full symmetry 
can be reduced, as shown in Fig. 14. 



T 


T/, 


O 


Fig. 14. The cubic groups. 


T contains just the subgroup of thfe pure rotations of the regular 
tetrahedron, i.e., the three binary axes (perpendicular to the faces of the cube 
drawn in the figure) and the four ternary axes along the diagonals of the cube. 
The diagonal symmetry planes of the tetrahedron dissappear, as well as 
the fourfold rotary reflections around the axis perpendicular to the faces 
of the cube. results from adding just the inversion operation to those 
of T, that is, T* = T x C,. It should be noticed that it has not cubic symmetry 
yet, as the C^ axes are missing. Now, however, as in the full cube but 
in contrast to the tetrahedron, the planes parallel to the bases of the 
cube and midway between them are symmetry planes. This is as ex- 
pected, as they are given by the products of the binary rotations of T by 
the inversion. 0 is the subgroup of the pure rotations of the full cubic group 
0* and therefore contains the characteristic system of three fourfold axes. 
The S 5 mimetry planes dissappear because there is no inversion S 3 unmetry. 
The full cubic group 0* is given by the direct product 0* = 0 x C,. 


6.4 The Representations of the Point Groups 

The characters of the irreducible representations of the point groups 
can be obtained by the method given in § 3.10, which we have already 
applied to C^. The character tables for the crystallographic point groups 
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are given in the tables at the end of this chapter 7). The notation used 
in them to designate the irreducible representations is one due to Placzeck 
and Mulliken (see Mulliken*^) and it is summarized m Table XII. 

The representations themselves can be obtained by the method given 
in § 1. A more general method has been discussed by Altmann** and they 
are listed in full by Seitz 

TABLE XII 

Notation f6r the Irreducible Representations of Point Groups 


Property represented 


Symbol 

Meaning 

Degeneracy of representation 

A,B 

Non degenerate 



E 

Double degenerate 



T 

Triple degenerate 



G 

Fourfold degenerate 



H 

Fivefold degenerate 

Symmetry with respect to the 

A 

Symmetrical 

principal axis 


B 

Antisymmetrical 

Symmetry with respect 

to 

Suffix g 

Symmetrical (in German gerade) 

inversion 


Suffix u 

Used with 

Antisymmetrical (in German ungerade) 



any of the 



above 




symbols 


Symmetry with lespect to 

(Th 

Prime ' 

Double 

Symmetrical 



prime " 
Used with 

Antisymmetrical 



any of the 



above 

symbols 


Symmetry with respect to the 

Suffix 1 

The most symmetrical of the A ox B 

secondary binary axes 


Suffixes 2,3 
Used with 

representations 

Other A ox B representations 



symbols 

A ox B 


Transformation properties 

of 

Suffix 1 

Representation to which there belongs the 

the spherical harmonics 



sphencal harmonic with m « 1 

(see § 6 5) 


Suffix 2 

Representation to which there belongs the 


sphencal harmonic with m » 2 


Used with 
symbol E 
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6.5 The Bases for the Representations of the Point Groups: Transformation 
Properties of the Spherical Harmonics 

All the operations of the point groups can be expressed in terms of 
pure rotations multiplied at most by the inversion. It is enough for this 
purpose to use relations such as 

a = fCg, S3 = 

We shall therefore consider first the pure rotations and shall take into 
account at a later stage the effect of the inversion operation. 

The spherical harmonics are the natural functions to use to form bases 
to represent rotations. This is so because the spherical harmonics form a 
complete set of functions of position on the surface of the unit sphere. This 
means that an arbitrary function of position on the unit sphere, subject to 
some simple continuity conditions, can always be represented as a series 
of terms in spherical harmonics. The transform RY^(d,<^) of a spherical 
harmonic under a rotation R will clearly be a function of position 

on the unit sphere and as such given by a linear combination of spherical 
harmonics. Short consideration shows also that the rotated spherical harmonic 
must be one of the same order I as the original one. Therefore, 

•T I 

RYr{d,<f>) = Yf'{0.^)D{R)„ (134) 

-i 

and the coefficients D{R)„>^ form as before a matrix representative D{R) 
of dimension 2/ + 1. The corresponding representation is not, in general, 
irreducible and we want now to find which are the irreducible representations 
into which it reduces. This problem is solved by means of the standard 
technique described in § 3.9 ; the characters of the reducible representation 
are obtained for all the classes of the group, and from these, and the tabulated 
characters of the irreducible representations, the number of times that each 
irreducible representation is contained in the reducible one can be deduced 
(formula 67 of § 3.9). 

To obtain the characters for the reducible representation, let us first 
consider a rotation R(a) by a around the polar axis (z) of the spherical 
harmonics. As, leaving aside a normalization factor, 

YT{e,<f,) = PT (cos e)<!"»^ 

we have 

R(a) Yr'(0.^) = YT'{6,<i> + a) = Pr'(cos (136) 
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On using this result for all the values m' = - 1 ,.. , + i, we obtain 


Z)[R(a)] 


e-iicL 

l)a 


fiUoL 

so that the character x\<^) i ‘5 

+ 1 

-"1“ 

-2/+ 1, 

(notice that the summation is just that of a geometric progression) 

Now let us consider rotations around an axis that does not coincide 
with the polar one {z) Such rotations will have to be considered always 
m forming a representation of a point group because, m order to write down 
the spherical harmonics, coordinate axes must first be chosen and they 
must be the same for all the operations of the group For instance, if in 
a dihedral group the polar axis is chosen to coincide with the pnncipal 
one, the secondary binary rotations are around axes that are perpendic- 
ular to z To have the representation in full, a more elaborate formula 
than (135) will be required (see Wigner*) Formula (136) is still valid, 
however, to obtain the character This is so because we know that the 
characters are invariant under a urnt.-ry transformation, so that the polar 
axis can always be rotated so as to coincide with that of the particular rota- 
tion considered 

The last step to make the treatment quite general is the introduction 
of the inversion symmetry, for which we must consider the transformation 
properties of the spherical harmonics under it These are very simple because 
as the spherical harmonic of order I is i homogeneous polynomial in x, y 
and z of order I, it must be invariant under inversion if I is even, and must 
be multiplied by — 1 if / is odd That is, 

tYnd.<f>) = (- iyYT{e,<t>) 

Therefore, for the operations that contain the inversion, expression (136) for 
the character must be multiplied by (— 1)^ 

We consider as an example the grpup The values of a are 0 for £, 
27t/3 for Cj and 2jr/2 ior = tCj. The characters required are obtained 
very easily and are listed in Table XIII. 


«#0, 

(136) 

a 0 
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TABLE XIII 

Characters of the (2/ + 1)-Dimensiomal Representations of C3,, 


/ 

E 

2C, 


0 

1 

1 

1 

1 

3 

0 

1 

2 

5 

-1 

1 

3 

7 

1 

1 

On using the characters given in Table XIII, the character table for 

(Table XX) and formula (67) of § 3.9, we obtain the number of times that 

each irreducible representation is contained in the reducible one. These 

numbers are listed in Table XIV, which we call the parMion table of the 

spherical harmonics. 





TABLE XIV 


Partition 

Table of the 

Spherical Harmonics for C3„ 

/ 


, ^2 

E 





0 

1 



1 

1 


1 

2 

1 


2 

3 

2 

1 

2 


To extend this table from the line 1 = 3 onwards, it is enough to use this 
rule; take the line / — 3 and add to it as many units as the dimension of 
the corresponding irreducible representation. Its proof is very simple (see 
also Altmann*®). 

The results obtained in Table XIV, first given in a classical paper by 
Bethe,** are of physical importance for the following reason. Consider, 
say, a nitrogen atom which has the ground state configuration ls*2s*2^®. 
The three 2p states are degenerate in the free atom. Suppose now that 
the nitrogen atom is placed in a field of Cgj, symmetry, as it happens when 
it is surrounded by the three hydrogen atoms of the ammonia molecule. Table 
XIV shows that now two of the p states {I = 1) belong to the representation 
E, and the other one to Xj. As there corresponds one energy eigenvalue 
to each irreducible representation, we conclude that the triply degenerate level 
corresponding to the p orbitals of the free atom splits up in the field in 
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two levek, one single and one double degenerate. Similar considerations 
are crucial in the theory of metal complexes. 

It is useful to notice that the result just obtained agrees with the observa- 
tion made in § 1.7 that the representation spanned by the spherical harmonics 
in real form P^,fy and splits up into two, one spanned by and the other, 
double degenerate, by and py In fact, the results of the partition table 
combined with the use of the technique employed in § 1.7 permits us to 
determine not only how the spherical harmonics separate among the rep- 
resentations but also which are the spherical harmonics that correspond 
to each representation. These S 3 nnmetry assignments of the spherical 
harmonics are very useful in a variety of fields — molecular structure (hybrids, 
crystal field theory, etc.), molecular vibrations, solid state (expansion of 
the wave function in the cellular method), etc. 

We shall discuss in full another example of a symmetry assignment 
of a spherical harmonic, now of order 2. We see from Yable XIV that the 
five harmonics of order 2 are distributed as follows: one in A^, amd two 
double degenerate pairs in £. We first take one of these five harmonics, 
for simplicity given in real form as (see, eg. Table XVI). This 

transforms just as — y®. The transformation properties of x and y are 
exactly those of p^ and Py discussed m § 1 7 and given m matrix form in 
Table IV We hst explicitly the transforms of x and y in the second and 
third column of Table XV From these, the transforms of x* — y* can be 
readily worked out and are gi% en in the fourth column of the table. As we 
see that the transforms of x^ — y* are given in terms of itself and the 
spherical harmonic xy, we expect thk latter to be the partner of x* — y* 
in a double degenerate representation ; — y®,*y would then be one of the 

two degenerate pairs belonging to E. To confirm this we find the transforms 
of xy in the fifth column of the table. We could now write down explicitly 
the matrix representation constructed on the basis — y^,xy\. It is 
enough for our purposes, however, to determine the corresponding characters. 
It is easy to see, by imagining the matrices written in full, that the chsu'acters 
are the sums of the coefficient of (*® — y*) in the x® — y* column plus the 
coefficient of xy in the xy column. They are listed in the last column of 
the table and they coincide with those of the representation E (Table XX). 
Therefore the basis — y*.*y| spans the representation E. 

We can proceed in the same manner to find the remaining symmetry 
assignments of the spherical harmonics given in Table XX for the group 
Cg^. This method, however, becomes* prohibitively difficult for the higher 
order spherical harmonics. The symmetry assignments given in the tables 
at the end of this chapter have therefore been obtained by a more general 
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method (Altmann^®). In obtaining and using these symmetry assignments 
it must be remembered that they depend crucially on the position of the 
axes chosen with respect to the symmetry elements of the group. 

TABLE XV 

Symmetry assignment of — y*, xy for € 3 ^ 


R 

E 


X 

X 

X 


y 

y 

-y 




r* — V® 


^2 _ y 2 


xy 
xy 
— xy 


1/3 1/3 n/- 1/3 

— \x — ^ y - AT + iy - — y*) + |/ 3Ary _ y*) + ^xy 

ik A 4 


x(R) 

2 

0 

0 




w.. ys 


^ iy — ^(x^ — y^) — ]/3-rv — -1^ {x^ — y^) + \xy 
2 4 


^3 


cr 


— ix — i-—y L X — iy — i(x^ - y*) + ^3Ary — — (a* — y*) — ixy —1 

2 2 4 

Vs yj ./- |/r 

— \x +'—y -l—x—ly- - y*) - ^ ixy (a* - y*) - ixy — 1 

^ 4 


6.6 Transformation Properties of Rotations 

It is often useful, as for instance in the study of vibrational spectra, 
to possess the transformation properties of rotations around the coordinate 
axes x,y,z under the operations of a group. This is simple, if we use the 
representation of a rotation by a vector. A rotation is represented by a 
vector in the direction of the positive half of the 2 :-axis (rotation axis) 
when the rotation is positive (see § 1.3) and in the opposite direction 
when the rotation is negative (Fig. 15). It is important to be aware 

of the fact that such a vector is not a genuine one 
but rather a pseudovector, the transformation prop- 
erties of which are not identical with those of ordinary 
vectors. In fact whereas a vector such as R, in the fig- 
ure would appear to be invariant under a reflection in 
the plane yz, the rotation vector R, is inverted (which 
coincides with the fact that the rotation considered 
goes from a positive one — i.e., a rotation that takes 
the positive half of the x-axis into the positive half 
of the y-axis — into a negative one when x -*■ — x). 
All this is quite clear when the proper definition of the rotation vector as a 
vector product is used. Then R, = x x y and similarly for the other 



Fig. 16. RepFesen- 
tation of a rotation 
by a vector. 
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vectors. When we reflect on the yz plane, x -*■ — x and y -*■ y so that 
we see at once that B, — R,. 

The crucial difference between vector products and ordinary 
vectors is that, whereas ordinary vectors change sign when the inversion 
operation is effected on the coordinate axes, these pseudo vectors are in- 
variant. This is clear from the above definition for as a vector product. 
We obtain therefore the following simple rule. The rotations R;,,Ry, and 
R, transform exactly like x,y, and z respectively under all pure rotations. 
The transformation matrices of x, y, and z must be multiplied by — 1 to 
give the transformation of R^.Rj, and R, respectively, under the operations 
that can be expressed as a pure rotation times the inversion. As we know 
how to find the transformation properties of x, y, and z we ran obtain at 
once those for the rotations, (cf. Tables XVII— XXIV). 


6.7 The Symmetric Group 


The n! permutations of n objects clearly form a group. This is called 
the symmetric group. As an example, consider the permutations of three 
objects 1,2,3. A permutation that replaces 1 by 3, 3 by 1, and leaves 2 
invariant will be denoted with the symbol 


Pi = 


12 3 
,3 2 1 

The product of two such p> rmutations is obviously another permutation. 
For instance, consider 

12 3 
3 1 2 




Then, 




2 

2 


2 

1 


= P,. 


(Notice that the permutations must be ipplied from the right to the left. 
The opposite convention is used by some authors.) 

We have met these permutations before, as one way of expressing the 
operations of From Table I of § 1.7 we can see that P^^Og, Pg^-^C^ 
and Pg^-^Og. Hence, the last equation just corresponds to the equality 
C+Og = Cg (cf. Eq. 24 of § 1.7). 

Every permutation can be expressed as a product of permutations that 
involve separate elements and which *are called cycles. For instance. 



/I 2 3 
\3 2 1 



2 

2 
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These cycles must be selected so that they cannot be further decomposed 
in this manner. Some permutations are such that they contain only one 
cycle and, accordingly, are called cyclic permutatums. Such is the case 
with Pj (notice that this, in fact, corresponds to the rotation in CgJ). 

A convenient notation for a cycle is 


{abc. . .z) 


abc. . .z 
bed. . .a 


We can write: Pi = (1 3)(2), Pj = (1 3 2). 

We shall now consider the classes of the symmetric group. In our previous 
nomenclature, the first row of the original symbol for a permutation can 
be considered as the basis on which the permutation is applied. Consider 
now the permutation 


^^4= 3 ==(2 3)(1) 


The symmetric group will always include a permutation such that 1 
2 -► 1, 3 -*• 3. When this is effected on the basis 1,2,3, P 4 goes into 


2 1 
2 3 



= ■Pi- 


2 , 


As P 4 goes over into Pi by transforming the basis under an operation of 
the group, P 4 and Pi must belong to the same class. (In fact. Pi and P 4 
correspond respectively to the operations Og and of C 3 „, which belong to 
the same class.) It is easy to convince oneself that a transformation of 
this type is possible if and only if the two permutations have cycles of the 
same length. Hence, permutations that have cycles of the same length belong 
to the same class. 

The length of the cycles of a permutation of n elements is given by 
a partition of the number n in a sum of integers. Hence, the number 
of classes of the group of permutations of order n! will be the number of 
such partitions of the number n. For instance, in the example considered, 
n = 3 and ' 


3= 1 + 1 + 1 
= 2 + 1 
= 8 
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SO that we shall have three classes. This agrees with our previous result for 

c,„. 

Every permutation can be written as a product of cycles of length 2, 
which are called transpositions. 

1 2 3 

A permutation is called even or odd when the number of transpositions in 
which it is expressed is even or odd respectively. 

The product of two even permutations is clearly an even permutation. 
Hence, the even permutations form a subgroup of order «!/2 of the symmetric 
group of order n\, which is called the alternating group. This is an invariant 
subgroup of the symmetric group, because under either left or right multi- 
plication by any odd permutation it must give the setoof n!/2 odd permuta- 
tions, so that the right and left co-sets of the alternating group are equal. 

The even permutations of the symmetric group of order 3 ! are the identity 
(1) (2) (3), Pg — (J32), and Pj = (123). That they form an invariant sub- 
group agrees with the fact that they correspond to the operations E, Cg" 
and respectively which form an invariant subgroup of Csp- 

The fact that the symmetric group possesses an invariant subgroup 
of index 2 has an immediate consequence on the form of its irreducible 
representations. In fact, repiesent by ^4, and P, an even and odd permuta- 
tion respectively (*,/ = 1,2,. . .,«!/2). We have — P*, and = Af. 
Suppose now that we have a represent ition such that D{A^)D{BJ) = D{Bn), 
and D(B^)D{B^) = D{A^). We can see at once that, if we multiply the 
matrices D{B) by — 1 the multiplication rules are still preserved. We 
obtain in this manner a new representation called the associate representoHon 
of the original one. 


7. Tables of Characters for the Point Groups 

We give in this section tables of characters for all the crystallographic 
point groups. They include the symmetry assignments of the spherical 
harmonics, which are given, for all except the cubic groups, by the values 
of I and tn (all I and m) that are permitted in each representation. To facilitate 
the identification, the lower order Spherical harmonics, corresponding to 
/ = I, 2, and 9 ip, d and f functions respectively) are explicitly given in 
the tables, in cartesian coordinates. The p functions, tlMi.t is, py, and 
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are therefore given as x, y, and z respectively, and their transformation 
properties coincide with those for the corresponding coordinates x, y, and z. 
The rotations Ry and R, are assigned as shown in § 6.6. No general rule 
can be given for the values of I and m that are permitted in the cubic 
groups and the p, d, and / functions only are listed. Full tables up to 
1 — 6 are given by Altmann.*® Symmetry assignments for the icosahedral 
group are given by Cohan.*® Prior to the tables vi(e give a summary of 
the formulas for the spherical harmonics and some notes. 


7.1 Formulas for the Spherical Harmonics 
The normalized spherical harmonics are 

yr(9,« - p? (cos «)<- 


4:71 j {I + \m \) ! 

Unnormalized spherical harmonics are often used 


(137) 


= PJ" (cos (138) 

The spherical harmonics can be expressed in real form as follows: 

yr’‘(M = (yr+ 

yr’(9,*) = - .{yr - Yrm= y(\^) I ~ pr(cos e) si„ 

(140) 

'”) = Pr(cos 0) cos m<f> (141) 

= - i*(^r - '”) = PT(cos 0) sin m<f> (142) 

The lower order spherical harmonics (/ = 1, 2, 3) are expressed in cartesian 
coordinates in Table XVI. 

The symbols given in the first column correspond to the unnormalized 
spherical harmonics defined in (141) and (142). If the expressions given in 
the second column are multiplied by the factor N derived from the last 
one, the normalized spherical harmonics defined in (139) and (140) are 
obtained. The symbol given in the third column is used in the tables to 
denote normalized or unnormalized functions indifferently, except for the 
cubic groups where they can be identified with the unnormalized functions 
only. 
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TABLE XVI 

The p , d , AND / Functions 


Sphencal 

harmonic 

Expression in 
Cartesian coordinates 

Symbol used in 
the tables 



X 

X 



y 

y 

31471 

< 

z 

z 

31271 


i(3z* - 1) 

z^ 

51271 


^ZX 

zx 

511271 


^yz 

yz 

511271 


3(^* - y*) 

x'^ — y* 

5/4871 



xy 

5/4871 


- Zz) 

A 

7/271 


- x) 

B 

7/2471 

cg/Y 

|(5^*y - y) 

C 

7/247r 


15(4r*z - y^z) 

D 

7/24071 


^Oxyz 

L 

7/24071 

^Y 

15(;r® — ^y^x) 

F 

7/144071 


\6{Zx^y - y3) 

(j 

7/144071 


7.2 Notes to the Tables 

Dtsposthon of the tables. The first row of the tables gives the name of 
the point group, in the notation of Taole XI, § 6 2, followed by the opera- 
tions of it denoted by the symbols explained in § 1 3 and Table XI. Only 
one element of each class is listed and the number of elements in the class 
is denoted by a numeral that precedes the s3mibol of the element 

The first, second, and third columns of the tables give the symmetrv 
assignments for the /, d, and p functions, which are denoted with the symbols 
given in Table XVI, respectively The s functions are not listed as they 
always belong to the totally symmetrical representation. When two or 
three harmonics are given inside a bracket, they form a basis for a doubly 
or a triply degenerate representation. The third column g[ives also the 
symmetry properties of the rotations R^, Ry, R, around the x,y, z axes 
(see § 6.6). 

The symbols in the fourth column name the irreducible representations 
in the notation of Table XTI, § 6.4. * (The letters A, B,E used in tlw first 
column of the tables should not be confused with the same letters that 
appear in the fourth column as names of the irreducible representations). 
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The columns of the tables that follow after the last class of the group 
give the symmetry assignments of the spherical harmonics of all orders, 
as explained below. 

Axes. A right-handed system of axes is always used. 

When the identification of the spherical harmonics would otherwise be 
ambiguous, the axes are oriented with respect to the symmetry elements 
of the group, as indicated in a footnote to the corresponding table. 

When nothing is stated about the axes, it is enough to take z in the 
direction of the principal rotation axis. 

Notation for I and m. If a is the number in brackets printed in the tables 
underneath m, the latter is given mod a, i.e., the values m ± «, w ± 2a, 
w ± 3a,. . ., can be used. The symbol (-|- a) means that the plus sign only 
can be used in the above succession (we say that m is given mod {-f- a)). 

I is given mod (-}- 2) throughout the tables. 

When no value of I is given in a table or part of it, it means that there 
is no restriction on the value of I to be used in the spherical harmonics. 

Form of the Spherical Harmonics. The values I and m of the spherical 
harmonics in imaginary form (Eq. 137 and 138) are given in the corresponding 
columns. In the one-dimensional representations of the dihedral and related 
groups the spherical harmonics appeeiy as combinations Yf -|- Yf “ or 
Y]" ~ Yf”, so that they can be expressed in real form (Eqs. 139—142) and 
the corresponding superscripts (that is, the <f> dependence of the harmonics) 
are given in the column headed <f>. In the degenerate representations of 
the dihedral and related groups, the spherical harmonics appear in 
complex form, but Y^ and always come together (for example, 

in the representation E of Dg we have Yj and Yj" this latter corresponding 
to w = 2 — 3 = — 1) so that they can be converted into a degenerate 
pair of harmonics in real form. The ^dependence is now represented with 
the symbol (c,s). For the spherical harmonics YJ"’* and YJ“'*, m can take 
positive values only, hence the use of the mod (-f- a) convention for it. 

The harmonics YJ" and Yf "* always appear together in the same real 
representations of the cyclic and related groups (cf. the example for Cg* 
below). It is therefore possible to transform them into their real and imaginary 
parts, which we do to write down the p, d, and / functions that belong to 
these representations. In the complex representations of these groups 
(as well as of T), YJ" and Y,"** never come together but rather one in each 
of the representations that form a cbnjugate pair. Hence, it is not possible 
to write the bases of these representations in real form. It is customary, 
however, to pair such representations so as to combine Yj* and Yf"* in the 
appropriate manner. We have done so in writing the p, d, and / functions. 
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For example, the set (x* — y*,xy) in Cs*, written by the side of the first 
of the representations of the pair named E', has been obtained by pairing y| 
from this representation with from the following one. It must be 
remembered therefore that such pairs correspond always to two representa- 
tions, which are easily identified from the table, and that the true bases 
for the complex representations are the spherical harmonics in complex 
form. 

The spherical harmonics for the cubic groups are given as linear combina- 
tions of the yj" and it is not possible to list the permitted values of I and 
m, for all I and m, as we do for the other groups. An exception to 
this is the representation T of T, for which such a list is possible. 

Normalization of the Spherical Harmonics. Except for the cubic groups, 
the sphericEil harmonics can be taken from the tables in normalized or 
unnormalized form. Correspondingly, the p, d, and / functions can be used 
with or without the normalization factors listed in Table XVI. For the 
cubic groups the p, d, and / functions are given in unnormalized form. If 
necessary, they can be easily normalized. 

Direct Product Groups. If a group G' is given as a direct product of 
the form G X C,, an irreducible representation Af of G goes into Mg and 
Af„ of G'. The spherical harmonics belonging to these representations are 
those of even and odd order, respectively, that belong to the representation 
M of G. 

Examples of the Use of the Tables. Take the representation A' of Cj;!. 
From the table, the spherical harmor ics belonging to it are 

y O V® V® V® 'V® V”® V® V~® -V® V”® 

The spherical harmonics belonging to the representation A’l of Dj* are 
P 4 (cos 6) sin 3^,P6 (cos 6) sin 3<p,P^(cos d) sin 3<j), 

Pio(cos 6) sin Zp , . . . ,Pio(cos 0) sm 9<^, . . . ,Pj{cos 0) sin .... 

TABLE XVII 

The Groups C„ (» ■= 2, 3, 4, 6) 
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c,(« = 

exp 2mlS) 

E Ct Ca 

m 

(S) 

A.F.G 


z,Rg 

A 111 

0 




(1 e e* 

1 

(B,C).{D,E) 

izx.yz).(x* - 

y*,xy) (x,y),{R^,Ry) 

^ \l e* e 

2 



C 4 



E 

ct 

Ca 

Ct 

m 

(4) 

A 


z,R, 

A 

1 

1 

1 

1 

0 

D,E 

— y^»xy 


B 

1 

-1 

1 

-1 

2 





fl 

t 

-1 

— t 

1 

{B.C),{F,G) 

{zx,yz) 

(x.y).(R^.Ry) 

E 

{> 

— 1 

-1 

X 

-1 



C^(e = exp 2m/6) 

E 

ct 

ct 

C 2 

C 3 

Ca 

m 

(6) 

A 

z* z.R, 

A 1 

1 

1 

1 

1 

1 

0 

F.G 


B 1 

-1 

1 

-1 

1 

-1 

3 



fl 

e 

— e* 

-1 

— e 

e* 

1 

(B.C) 

(zx.yz) (x.y) .(R^.Ry) 

|l 


— e 

-1 

— e* 

£ 

-1 

{D,E) 

(^r» — y*.xy) 

E.{J 

— e 

— e* 

— e* 

— £ 

1 

1 

— e 

— £* 

— fi* 

— £ 

-2 

2 


TABLE XVIII 
The Groups S„ {n = 2,4,6) 


S«(C,) 


E 

i 

/ 

Rjt.Ry.Rf 

Ag 

1 

1 

0 

A,B,C,D,E,F,G x,y,z 

Au 

1 

-1 

1 
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E Si C, Si 


I 


m 

w 


AH 

A 

(BiC).(F.G) 




— y^,xy 

(zx.yz) 


R . 


Z 


(^.y) .( A.Hy) 


A 

B 

E 


1111 
1-1 1-1 
1 t -1 -2 

1 - 2-1 2 


0 0 

3 2 

2 2 

1 0 

2 -1 

1 1 

2 1 

1 -1 


~ ^3t — ^3 X ^1 

TABLE XIX 

The Groups (n = 1,2,3,4 6 ) 


H,C,F,G 

A,DiE 


(^ihiCs) 


E o,^ 


z^,x^ —(^'^,xy 
2X,yz 


x,y,Rt 

Z,R^,Ry 


A' 1 1 

A" 1-1 


The X- ant y-axes he m the cr;^-plane 
(^2h =€2X0^ 


/ 


m 

( 2 ) 


0 0 
1 1 
2 1 
1 0 


C 3 A(fc = exp 2772/3) 


F.G 

A z 

{x* — y*.xy) 

(B.C) (x.y) 


(zx.yz) 


(D.E) 


(Rjl.Ry) 


E C 3 C 3 o/, 93 



(6) 


1 fi fi* 


0 

3 

4 
1 
2 
1 
2 
1 
2 


3 

0 

-2 

1 

2 

-1 

1 


— 1 — — 6 


2 -1 
3 2 


C4JI1 —€4X0^ 
Ce* —€4X0* 
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TABLE XX 

The Groups (n « 2, 3,4, 6) 
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1. General Principles 
1.1 The Nature of the Problem 

At first sight the application of quantum theory to chemical problems 
seems to be a very attractive prospect. For the accurate prediction of reaction 
rates and the calculation of molecular properties such as size and shape 
would be of enormous practical value. Indeed, if sufficii^tly reliable calcula- 
tions were to become possible, much of the exploratory experimental work 
which consumes so much of a chemist’s time would become unnecessary. 
No one would now seriously dispute that the behaviour of the electrons and 
nuclei, on which these chemical properties depend, are accurately described 
by quantum mechanics, in its present form. This is because any new fun- 
damental changes in the framework of the theory which may ultimately 
become necessary in order to account for the behaviour of elementary 
particles and high energy phenomena, are most unlikely to affect the 
conclusions of the theory on the atomic level. Yet, despite the attractiveness 
of the project, we are very far from achieving the goal outlined above. The 
reason for this is partly a lack of sufficiently powerful mathematical tech- 
niques to handle the wave equation with more than very few particles, but 
where this number is not yet large enough (as in a metal) to permit the use 
of statistical methods. But perhaps an eveA graver handicap is a conceptual 
one; chemistry is built around certain concepts, such as that of valence and 
the chemical bond. Yet there is not so far a sufficient correlation between 
these concepts and the techniques which are available. Since these techniques 
are so important, both for solving the wave equation and for correlating 
with experimental concepts, we shall devote the first section of this chapter 
to a discussion of them, leaving the applications to the second section. 

The problem which we want to solve is quite simply stated. But even 
a glance at it will show how difficult it is. A stable molecule consists of 
electrons in rapid motion about a number of nuclei, while these nuclei 
themselves execute a more ponderous oscillatory motion around their mean 
positions. If it were possible to calculate the total energy E for all positions 
of the nuclei, then we could determine what these mean positions were, 
and so predict both the lengths of the bonds between them, and the valence 
angles between these bonds. But this is not easy, as the following example 
shows. The molecule of methane — the gas which bubbles up from the 
decaying vegetation at the bed of a riVfer — is known to have the chemical 
formula CH 4 ; it is also known to be tetrahedral in character, with the 
central carbon atom surrounded nearly symmetrically by the four hydrogen 
atoms. There are 10 electrons, giving us a total of 15 moving particles. The 
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SchrSdinger wave equation, from which the energy must be calculated, is a 
partial differential equation in 45 independent variables. It is true, as we 
shall show later in this section, that certain symmetry properties can be 
made to reduce the number of independent variables very substantially. 
But it is equally true that the problem will even then present exceedingly 
grave difficulties if we desire an accurate value for the energy. Yet, as we 
shall see, any discussion of why the molecule is stable against splitting up 
into pieces, or why the HCH bond angles are approximately all equal 
to the tetrahedral angle 109°28', or why the C-H distance is nearly 1.1 A, 
must depend on as accurate as possible a value of the energy. 

In general terms; given N specified nuclei and n electrons, what are the 
stable mean configurations (if any) of the nuclei? How much energy is 
required to pass from one configuration of the nuclei to some other ? What 
are the wave functions for the various states of the system ? What are the 
cross sections for the various rearrangement collisions which are possible 
between two such systems, and which correspond to chemical reactions? 
These are the essential problems in chemical binding. 

1.2 The Born-Oppenheimer Approximation 

Fortunately there is one simplification of this general problem, which 
has more hope of leading to a solution This is arrived at by realising that 
the much greater mass of the nuclei compared with the electrons makes 
their motion far slower and less extensive (Chapter 4, § 1, in this volume). 
In the Born-Oppenheimer approximation we ask what are the wave functions 
and energy levels for the n electrons when all the N nuclei are held fixed. 
The great advantage in this separation of electronic and nuclear motions 
lies in the fact that if we are able to calculate the electronic energy for all 
positions of the nuclei, then we can subsequently discuss the motion of these 
nuclei (i.e., the molecular vibrations). The potential energy for this motion 
is just the electronic energy defined in this way. Finally we can allow for 
the small interaction between the two motions as a small perturbation. 
In practice, however, it is not often possible to determine the electronic 
energy for arbitrary positions of the nuclei in more complex molecules than 
diatomic ones, and we are therefore frequently reduced to supposing that 
the nuclei are held fixed at their observed mutual positions in the ground 
state. 


1.3 The Variation Method 

In all that follows we shall confine ourselves to the problem of finding 
the wave functions and energy levels of a system consisting of n electrmis 
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moving in the field of N fixed nuclei. Even this problem is difficult, and the 
only cases for which it has satisfactorily been solved are the one-electron 
diatomic molecules (Vol. I, Chapter 3, § 6.3). Almost without exception the 
approximation methods employed, both for these and other more complicated 
molecules, rely on the variation method (Vol. I, Chapter 6). But in making 
use of this method we take advantage of the result — itself a direct con- 
sequence of the postulates of the quantum theory — thert if two dynamical 
variables commute then there exists a set of functions which are simulta- 
neously eigenfunctions of both d 5 mamical variables (Vol. I, Chapter 2, § 3.3). 
Since we are chiefly concerned with the energy, our first step will be to 
construct trial functions which not only satisfy the conditions of the varia- 
tional theorem, but also are eigenfunctions of operators which commute 
with the Hamiltonian. If we can find sufficiently many such operators this 
will considerably simplify our choice of trial function; but even then we 
cannot be sure of getting a good approximation to the energy. Much effort 
has been directed towards devising trial functions which, in addition to 
satisfying the symmetry and other conditions just mentioned, manage to 
incorporate chemical intuition and the results of previous experience with 
other molecules. Several of these will be described in the second part of 
this chapter. 

1.4 Electron Distributions 

In addition to the electronic energy, one of the most fundamental needs 
is to know the electron distribution. This can easily be obtained once the 
wave function has been obtained. For many purposes we can think of the 
molecule as if it consisted of the given nuclei imbedded in a cloud of negative 
charge density due to the electrons. Not all electron distributions are permit- 
ted, but only those which are determined by the Schrodinger equation and 
the Pauli Exclusion Principle. It is important to realize that it is only via 
the Schrddinger equation that wave mechanics enters the calculation of 
molecular energies. Despite the statements that are sometimes made, there 
are no "mysterious quantum-mechanical forces” involved in holding the 
atoms of a molecule together. There is a theorem — the Hellmann-Feynman 
theorem* — which shows that if we aie given the electron density distribu- 
tion, then the' forces acting on the nuclei are just those calculated by a 
straightforward “classical” electrostatical interaction between the charge 
density and the nuclei, in which each element of charge exerts the usual 
inverse square law force on every other element. 

There is one important property of the molecular charge clouds which 
may be mentioned here, and which points to one of the major difficulties 
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in molecular calculations. Charge distributions which have a high electron 
concentration between the nuclei tend to be more binding than those without. 
This is quite evident from the contour diagrams for the electron density in 
the various states of where detailed and accurate calculations can be 
made (Vol. I, Chapter 3, § 6.3). It is well illustrated in Fig. 1, which shows the 



Fig. 1. The full line represents the charge density in the ground state of at points 
along the axis The two broken lines each represent half the density of an isolated 

electron around each nucleus 

density in the ground state of Hg" for points along the axis. Between the 
nuclei it is clear that the charge density is distinctly greater than the sum 
of the densities associated with half the electron around each nucleus, and in 
the Is atomic level. 

A very general explanation of this may be given, as follows. Suppose 
(Fig. 2) that we bring up two atoms A and B, each with their separate charge 
clouds, and at first (Fig. 2a) we merely superpose their charge densities. 




(a) (b) 

Fig. 2. (a) The superposition of two spherically symmetrical charge distributions 

IS represented symbolically. Charge moved from P to Q has the same potential energy 
relative to A but the energy relative to B is lowered. 

Now (Fig. 2b) let us move some charge from the region around P to the 
region around Q. This will not alter the potential energy relative to 
nucleus A, but it will lower the potential energy relative to nucleus B. This 
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will therefore tend to give greater stability to the combination of A and B. 
In terms of the Hellmann-Fe}mman theorem we may say that this additional 
charge, being negative, attracts both A and B towards it, and hence serves 
to hold the nuclei together. Our conclusion is that we ought to move a 
certain amoimt of charge from the farther parts of the molecule into the 
region between the nuclei. Of course, if we put too much charge there, we 
shall (a) reduce the effective volume over which the elecirons move and thus 
reduce their mean de Broglie wavelength and increase their kinetic energy: 
and (b) increase the mutual repulsive potential energy between each 
pair of electrons i and j. It is as a result of these factors that the actual 
numerical build-up of charge, though quite definite, is not large, being of 
the order of 0.1 to 0.6 e. 

This discussion shows how critical is the electron-electron interaction 
term Yet this also points to a situation where molecular calculations 

are more difficult than atomic ones. This is because the build-up occurs 
between the nuclei, and is not associated with either the one or the other. 
At very least it becomes clear that the evaluation of the contribution which 
makes to the energy is going to involve us in some peculiarly difficult 
integrals. Much of this will appear in § 2. 

1.5 The Hamiltonian of the Molecule 

For any system of n electrons each of mass m the classical nonrelativistic 
Hamiltonian is 




(1) 


where p, is the momentum of the tth electron, and V is the total potential 
energy. This is the sum of nucleus-electron attraction terms, electron- 
electron repulsion terms and nucleus-nucleus repulsion terms. 

Thus 


N N 
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(X>0 
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( 2 ) 


who^e Zg, is the positive charge on nucleus a whose position vector 
isB„ 

= |B. - »^1, *= IR. - r.l, *= |r» — r/| (8) 
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and r, is the position vector of the tth electron. This leads to the Schrddiager 
wave equation 


2m 


2’r>+ k- -2’2’f +2’2’i} 

I- 1 a>j8 .... 


¥^= 0 . 


( 4 ) 


The eigenvalues this equation give the total electronic energy of the 

allowed states, and depend parametrically on the which describe the 
relative positions of the nuclei. The nuclear repulsion term ^ 

IS independent of the electron coordinates. It is usual, therefore, to leave 
out this term and work with the purely electronic wave equation 


2m 


z^^+U-Azz^-zz- 

» ^ ^ » > j 
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( 5 ) 


It will then follow that 


E = E{R^g . . . . ) = £tot 

a>/S 

It IS important, before going further, to remind ourselves of the approxima- 
tions involved in (6). These are of three kinds; (1) fixed nucleus h 3 rpothesis, 
(2) neglect of relativistic effects, and (3) assumption of point nuclei. 

In the first of these we have effectively neglected all coupling between 
the electronic and nuclear motions. 

In the second approximation it is not easy to say just how serious our 
assumption is, since we do not even know how to write down the relativistic 
Hamiltonian for more than one particle We may hope that the one-particle 
case will give a reasonable indication of the nature of the neglected terms. 
These must, at very least, include the relativistic change of mass with 
velocity, spin-spin and spin-orbit interaction. The relativistic change of 
mass is allowed for if we write the kmetic energy as 

l/(w«c< + p«c*) (7) 

instead of p*/2w, as in (1). This change alone leads to a modification of (6) 
known as the Klein-Gordon equation. It applies to particles (e.g., nr meson) 
which has no spin. If we expand (7) in the form 


we see that the chief alteration is the addition of the constant rest mass 
energy wc® and a relatively small correction term — This would 

be the correct way to deal with mesonic molecules, in which the electron is 
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replaced by a 7 c~ meson. But the correct formula for dealing with electrons 
arises from a generalization of the Dirac equation for the electron (Vol. Ill, 
Chapter 1). This leads to the more complicated expression^ for one electron 
in a potential field V 




li 

2m 


+ V- 




8w® c® 4«t® c* 


(grad V) • grad + 




S • [grad F X p] 

(8) 


when S = ^fia is the spin angular momentum of the electron. The first 
three terms will be recognized from (1) and (7a) ; the last term is the spin- 
orbit term arising from the interaction of the intrinsic magnetic moment 
of the electron with the magnetic moment produced by its motion. (Since 
it is charged its motion in an orbit corresponds to a tiny current loop and 
therefore an equivalent magnetic moment.) Both it and the spin-orbit term 
will be large only when grad V is large; that is, close to nuclei with large 
charge Z. But the mass term in p* will also be large only when the electron 
has high velocity, i.e., close to nuclei with large Z. It can be shown that, 
for an atom, the last three terms in (8) lead to a first-order energy change 
proportional to Z^/c®. On account of the Z* dependence, these terms will 
be unimportant for small Z (e.g., below A,\ for which Z = 13), but above 
this value there is some evidence that their total effect is much larger. On 
the other hand, since their effect is most noticeable near the nuclei, and 
these are the places where the charge cloud is least affected by molecule 
formation, it seems reasonable that their effect on the energy of a molecule 
is closely equal to the sum of their effects on the separate atoms of the 
molecule. Thus these terms, together with certain others such as spin-other 
orbit and spin-other spin which concern the interaction between the spin 
of one electron and the orbital and spin magnetic moments of another electron, 
are most unlikely to have any serious influence on the calculation of bitkling 
energy in a molecule. There is, however, one other effect of the single 
electron spin-orbit term which we shall have to consider later, when discussing 
the various operators which commute with the Hamiltonian. 

Our third approximation in (6) lies in the assumption that the nuclei 
are structureless points. This is not the case. On the one hand since the 
nucleus possesses a finite size the potential energy formula e^ZJr^ must 
break down when the electron is sufficiently close to the nucleus. Since 
nuclear radii are only of order 10“^* cm, and atomic and molecular sizes 
are of orders 10~* cm, their effect is usually exceedingly small. But the 
internal structure of a nucleus may lead to its possessing electric and 
magnetic multipole moments. It can be shown® that a nucleus cannot 
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manifest an electric dipole moment, but provided that its total internal 
angulao: momentum I is at least unity (in terms of K) it can have a non- 
vanishing' electric quadrupole moment. In a nonuniform electric field, there 
will be 27 1 possible orientations of the axis of 7, giving rise to a fine 

structure superimposed on the electronic energy levels of the molecule. 
Transitions among these levels give rise to radiation of low energy, lying 
in the radiofrequency range with typical wavelengths in the range of 30 metres 
to 30 cm. Now it will often happen that the electron distribution in a molecule 
will give rise to a nonvanishing field gradient at one or more nuclei. Con- 
sequently from a study of the long wave absorption we can sometimes get 
information about the distribution of the electrons * In addition to this, 
if 7 is not zero the nucleus may possess a magnetic dipole moment. Such a 
moment, if placed in a powerful magnetic field, will have energy levels 
depending on the 27 + 1 possible orientations of the axis of 7 with respect 
to this field. Once again, transitions between these is s&sociated with radia- 
tion in the radiofrequency range. Now suppose that a molecule with one 
such nucleus is placed in a constant external magnetic field. This field will 
induce small currents among the valence electrons and these, in their turn, 
will partly screen the nucleus from the full effect of the external field. When 
the same nucleus is placed in different molecules the screening will differ, 
and hence the wavelengths of absorption. These so-called Chemical shifts 
are small, but in careful nuclear magnetic resonance experiments they may 
be measured very accurately, and provide useful information about the 
charge distribution in a molecule.® It will be recognized that both this latter 
nuclear magnetic resonance and the earlier quadrupole coupling meas- 
urements, each provide us with one piece of information about the distribu- 
tion of charge. Neither of them gives us the detailed charge, in the same 
sort of way as electron diffraction and X-ray scattering can do. But they 
can nevertheless provide exceedingly useful checks on other conclusions 
made on other grounds. 

Having discussed the approximations involved in our molecular 
Hamiltonian, we may now return to (6). If we introduce atomic units this 
may be written 


' t ♦>; *' » a 


(9) 


Our next task is to look for operators which commute with this Hamiltonian, 
so that we can then proceed to laberthe eigenvalues of H. In view of what 
we said in § 1.3 each such operator will be associated with one particular 
quantum number. 
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1.6 Symmetry Properties of the Hamiltonian 

In atomic problems the total orbital angular momentum operator L* 
and also the three components Ly, L, all commute with H, and play a 
fundamental role in labelling the eigenvalues of H. Let us therefore look at 
the commutator of L, with H, where H — — + V. Since the total 

angular momentum L is the sum of the individual momenta, 

L=-*^r*xV* (11)* 

* 

therefore 

[L,,H]=[L.. V] 

= - 1 ^ [(t* X V*), V - v{n X V*),] (12) 

k 

= -*^(r*x V*F). 

* 

(remembering that the result of operating with the product of two operators 
is defined to be the result of operating wrfh each successively.) Now if V 
is spherically symmetrical is directed radially, and (12) vanishes, 

whatever the direction of the z-axis. This is the case of the atom. But if V 
is not spherically symmetrical (12) will vanish only if V has axial symmetry, 
and z is taken along this axis. This is the case of the linejur molecule. With 
the atom all three components of L commute with H and so therefore does L®. 
With the linear molecule the component L, along the axis commutes with H, 
but L,, Ly, and L® do not. This shows clearly how much we lose in the way 
of symmetry when we pass from an atom to a molecule. With the linear 
molecule the eigenvalues of L, are integers, denoted by yl = 0, ± 1, ± 2, . . . 
and they may be used to label the eigenvalues of H. When \A\ = 0,1,2, . . . 
we call the states Z, U, A,. . . states, by analogy with the use of S, P,D,. . . 
for atomic states (Chapter 1). Similarly, by analogy with the notation 
\ising small letters s,p,d ,... for individual atomic electrons, we shall have 
0,71,6,... for individual molecular' electrons. 

If we had fiicluded the spin-orbit term (the last term in (8)) in the 
Hamiltonian, the above argument would have broken down completely. 
But, once again by analogy with the atomic situation, it can be saved by the 

* The symbol i here means V— 1, and should not be confused with the numbering 
of the electrons. 
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use of the total angular momentum J in place of the total orbital angular 
momentum L. J is the sum of the total intrinsic (spin) angular momentum S, 
and the orbital momentum L. 

J = L + S. (13) 

where 

8 - 2 ’*. 


The argument is now the same as before except that /, replaces L,. However, 
unless the molecule contains a nucleus with large Z, this modification is 
not usually necessary, except when we are considering certain electronic 
transitions which would be forbidden if it were not for the spin-orbit interac- 
tion. The phosphorescence of many organic molecules is of this "singlet- 
triplet” kind. 

We have seen that in linear molecules L, (or J,) commutes with H and 
gives rise to a classification of the electronic states in terms of the quantum 
number A. It is natural to ask whether there is any other type of classifica- 
tion which would apply to the greater number of polyatomic molecules, 
which do not have axial symmetry. In the absence of such symmetry there 
is no component of angular momentum which commutes with H, and so 
is a constant of the motion. But it may happen that the nuclear framework 
possesses some kind of symmetry. If so, this may be used to classify the 
eigenfunctions of the Hamiltonian. An example is the water molecule H 2 O, 
which is known to be triangular in shape. With the notation of Fig. 3, let C, 
denote the operation of rotating the axes 
through 180° around Oz. This merely 
shifts one hydrogen atom into the other, 
and leaves the Hamiltonian invariant. So 
also does a„, defined as reflection in the 
plane HOH ; and so does reflection in the 
yz-plane. Only two of these are actually 
independent, since it can be seen that 



reflection in yz is identical with a com- 
bination of (7, and Cj. This means that 
there are two effective symmetry opera- 
tions which leave H invariant, and so 


Fig. 3 H,0. The two hy- 
drogen nuclei and the ox- 
ygen nucleus all lie in the 
xz-plane. 


which commute with it. 


In general let us suppose that the classical Hamiltonian (which is a func- 
tion of the coordinates of the various electrons) is invariant under some 
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coordinate transformations. Then the quantum Hamiltonian operator will 
commute with the operator corresponding to the coordinate transformation. 
The set of all such transformation operators which commute with the 
Hamiltonian is called the Schrddinger group of the Hamiltonian. Then the 
eigenfunctions of the Hamiltonian may be classified according to the 
irreducible representations of its Schrddinger group. Since the linearly 
independent eigenfunctions corresponding to the saiD^ energy eigenvalue 
transform into linear combinations of one another under operations of the 
group they form a basis for a representation of the group. In almost every 
case the representation is irreducible; but if two irreducible representations 
have the same energy eigenvalue they are said to be accidentally degenerate. 
Such accidental degeneracy is not common, but we shall come upon a few 
examples later (§1.10). In the absence of accidental degeneracy the linearly 
independent eigenfunctions corresponding to the same energy eigenvalue 
generate an irreducible representation of the Schrodinger group; the 
dimension of this representation is then the degree of degeneracy of the 
energy level. Thus information about the possible degrees of degeneracy 
in any situation can be found from the structure of the corresponding 
Schrodinger group (Chapter 2, in this volume § 3.4). 

Now the possible dimensions l^ of th^ irreducible representations of a 
group are known to be related to the order h of the group in the following way : 

^1 + ^2 + • • • + = A. (14) 

In an Abelian group, where all the operations commute with each other, 
k = h, so that all the irreducible representations are one-dimensional. 
Hence, apart from any case of accidental degeneracy, if all the transformation 
operators which commute with a given Hamiltonian commute with each 
other, all its energy eigenvalues are nondegenerate. In order that degeneracy 
of this type shall occur (called symmetry degeneracy to distinguish it from 
the previous accidental degeneracy) it is necessary to have at least one pair 
of transformation operators which commute with H, but not with each other. 

The states of a molecule may thus be labelled according to their symmetry : 
that is, according to the irreducible representation of the SchrSdinger group 
generated by the particular set of linearly independent eigenfunctions of 
the given energy level. One-dimensional representations are usually denoted 
by the letters A, B; two-dimensional ones by E, and three-dimensional 
ones by T. The sjyrmbol A is used for those one-dimensional representations 
corresponding to functions which are S5nnmetric with respect to rotations 
about the axis of highest symmetry; the symbol B refers to those which 
are antisymmetric. If the functions are s)anmetric with respect to a reflec- 
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tion a* (where the suffix h denotes a plane at right angles to the axis of 
greatest symmetry), one prime ' is attached to the letter denoting the 
representation; if antisymmetric, two primes " are attached. Symmetric 
and antisymmetric functions with respect to inversion in a centre of symmetry 
are distinguished by a subscript u or g, which are short for ungerade (odd) 
and gerade (even) respectively. Furthermore just as for the case of axial 
symmetry, large letters, e.g. A, E,. . . are used for the states of the complete 
molecule, and small letters, for example, a, e ,. , for the symmetry properties 
of individual electrons. 


1.7 The Case of the Benzene Molecule CgH, 

All this technique for classifying the states of a molecule will become 
clear if we consider an example.' The benzene molecule is*known, both from 
X-ray and spectroscopic evidence, to be planar in its ground state (Fig. 4) 
with the six carbon atoms lying at the vertices 
of a regular hexagon, and the six C-H directions 
pointing symmetrically outwards. Thus the S 3 mi- 
metry properties of the Hamiltonian are those 
of a molecule with Dg*, since any transforma- 
tion belonging to this group leaves the mol- 
ecule unchanged. This group has 24 independent 
elements, with eight one-dimensional irreducible 
representations and four two-dimensional ones. 

(As a check; using (14), 8 x -f- 4 x 2® = 24) 

These are denoted by Ag', Aj'', Ag”, 

5g', Bi”, Bg", Bi', Bg', Bi”, Bg". Consider for 
example the nondegenerate state Ag". Since 
this is of type A, the wave function must be 
symmetric for rotations around the axis of 
greatest symmetry, here the sixfold axis through 
the centre of the molecule perpendicular to the molecular plane. Since there 
are two primes " the function is antisymmetric with respect to reflection 
in the plane of the molecule. Similarly B^' is a nondegenerate state with an 
eigenfunction which is antisymmetric with respect to rotations about the 
sixfold axis, but symmetric with respect to reflections in the plane. On the 
other hand Bj" is a doubly degenerate level for which both of the two linearly 
independent wave functions are antis 3 nnmetric with respect to reflection 
in the plane. 


H 



Fig. 4. C,H,. The 

carbon nuclei lie at 
the vertices of a reg- 
ular hexagon and the 
hydrogen nuclei at 
those of a circum- 
scribing one. 
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1.8 More Group Theory: Ctav 

This treatment of group S 5 mimetry for polyatomic molecules seems at 
first sight to be quite distinct from the relatively simple ./1-classification 
for diatomic and other linear molecules, which was based on the component 
of angular momentum L^. However this yl-classification can be translated 
into similar language to that used in the previous gropp theory discussion. 
This helps us to see that fundamentally the two classificlitkins are analogous. 
The explanation of this unexp>ected result may be found by noticing that 
the operator L, may be viewed as the operator corresponding to an in- 
finitesimal rotation of the coordinates about the 2 -axis. Thus since in operator 
terms, with a single electron 


* 2m d<f> 

where is an azimuthal angle around the symmetry axis, therefore the 
wave function for this electron with quantum number A will vary with <f> 
in the same way as Thus a rotation around the axis through an angle 
<j> will multiply the wave function by If there are more electrons than 
one, the same result holds, by summation. Let us denote by the operator 
corresponding to rotation through this an^e <f>. Then, evidently, 

C^i • = C^i + ( 16 ) 

In order to relate to the operator L, we recall that a function f(A) of an 
operator A with eigenvalues a„ and corresponding eigenfunctions is 
defined as the operator with eigenvalues /(aj and the same eigenfunctions 0„. 
Now if 0 is an eigenfunction of L, with eigenvalue A, then 

L.^A = nA^A. (16) 


So 


exp 



• \j/A- 


(17) 


This means that we may make the identification 


C*= exp^^<^Z,,y (18) 

It is evident that C^C* is the unit operator, so that is unitary. 

It follows from (15) that the operations together with their inverses 
and the identity E obviously form a group. This is denoted by C*„. 
It differs in an important respect from the groups considered in Chapter 2 
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in this volume: it is not of finite order, since the parameter ^ can take &&y 
value within the continuous range 0 to 27 i. Thus it is an example of a very 
important class of groups, the finite continuous groups. These are groups 
in which the elements depend continuously on a finite number of parameters. 
Summation over the elements of the group now becomes integration over 
these parameters, and an invariant measure dtQ may be defined as the 
element of integration. (There is no difficulty in the integration provided 
that fdtc is finite, as in this case.) Thus the fundamental formulas (19) 
and (20) for the representatives D and the characters x- 

Dit\R) Dl^{R) = j da dkn (19) 

ReG 

where is the dimension of the representation, and 

2^r{R)xnR) = hd,, ( 20 ) 

ReG 

are replaced by (21) and (22): 

( Dif? dtG^yi dro • da/J <5., (21) 

G *G 

\^X^-)x^P^drG = \^dxG-d^p. ( 22 ) 

G G 

Let us consider the special case of C„. This may. of course, be thought 
of as the limit of C„ as » -► oo. Then d%Q = d<f> and so 

I dxr. = 2n. (23) 

An important case arises when in addition to there is symmetry for 
reflection <y„ in a plane through the sytametry axis. This leads to 
by far the most common of the continuous groups. It applies to all 
heteronuclear diatomic molecules. Its irreducible representations are easily 
obtained. Thus, if A = 0, the wave function is unchanged on rotation 
through an angle and we get the two one-dimensional representations 
Aj and A^, where is symmetrical and A, is antisymmetrical in the opera- 
tion a„. We label these states and . If A ^ 0 we have pairs of degen- 
erate functions 


( 24 ) 
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which give rise to an infinite number of two-dimensional representations. 
Using 

= (26) 

it is easily seen that 

X{C^) = -f e - = 2 cos (26) 

Thus the character table is 


TABLE I 

Character Table for 


^00 V 

E 

2C^ 

00 (Ti, 


E+ 

1 

1 

1 


E- At 

1 

1 

- 1 


n £, 

2 

2 cos <f> 

0 


A 

2 

2 cos 2<j> 

0 


Ea 

2 

2 cos A<f> 

0 


It is not difficult 

to extend 

this to deal with 

the case of homonuclear 

diatomics. We have merely to add inversion in 
this operation i then the new group D^Jih 

Daolf = Cgov X C(. 

the origin. If 

we call 

(27) 

This allows us to calculate its character table readily enough (Table II). 

TABLE II 

Character Table for -DqoA 

Dc^h e 

2C* 

00CT„ 1 

2 tCff^ 

00 ta 

^1* 1 

1 

1 1 

1 

1 

E„+ ^lu 1 

1 

1 - 1 

- 1 

- 1 

^2g 1 

1 

- 1 1 

1 

- 1 

2u ^ 

1 

- 1 - 1 

- 1 

1 

Hg Eig 2 

2 cos 

0 1 

2 cos <l> 

0 

£lu 2 

2 cos ^ 

0 - 1 

— 2 cos tf> 

0 


2 cos 2<f> 

0 1 

2 cos 2(f> 

0 

An ^ 2 

2 cos 2^ 
etc. 

0 - 1 

— 2 cos 2^ 

0 


On the left-hand side of these two tables for and we have given 
first the designation of tW state in the usual notation for diatomic molecules. 
This is followed by the designation of the corresponding irreducible representa- 
tion in the standard group theory notation. 
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In all the above work we have been dealing with rotation and reflection 
operators. But these do not exhaust the possible symmetry operations 
associated with a molecule. Thus a free molecular system is also invariant 
with respect to the operations which simultaneously permute all the coor- 
dinates of equivalent particles, so that the corresponding operators commute 
with the Hamiltonian. These permutation operators form a unitary group. 
Now we know that for electrons and other particles with spin the Pauli 
Principle only permits eigenfunctions which are antisymmetric in all the 
particles. For particles with zero spin the eigenfunctions must be symmetric. 
In this chapter we are confining our attention to Hamiltonians which do 
not contain the spin variables explicitly. For these it must be possible to 
write the total wave function as a simple product of an eigenfunction rep- 
resenting the spin and another representing the space coordinates. In such 
a case the condition of antisymmetry would require that if the space part 
is symmetric, the spin part be antisymmetric, and vice versa. But we do 
not propose to describe the construction of spin eigenfunctions, since this 
has already been done in relation to complex atoms, and the treatment 
applies without modification to molecules. 

1.9 The Jahn-Teller Effect 

Our discussion so far has been quite general. By that we mean that we 
have made no attempt to obtain approximate solutions of the Schrodinger 
equation, but have used symmetry properties of the Heuniltonian to describe 
the behaviour of such solutions under various coordinate transformations. 
In this way we gain insight into the nature of these solutions, as it is imposed 
by the symmetry of the problem. But before leaving this type of enquiry 
in order to deal with approximate solutions for the wave functions and 
energies of molecular systems, we must consider two more of the properties 
of these functions which can be deduced using the general methods of our 
preceding paragraphs. 

The first of these relates to the fact that in their equilibrium configuration 
certain types of molecule do not have the most symmetrical shape possible. 
It might be supposed that molecules would normally tend to seek positions 
of the greatest symmetry. But, as Jahn and Teller showed,* this is not by 
any means always the case. For if the electronic state is degenerate, 
symmetric configurations of the nuclei (other than collinear ones) are unstable. 
The degeneracy considered here is orbital degeneracy, and has nothing to 
do with the spin. It will be remembere4 that in this chapter we are only 
considering spin-free Hamiltonians. The essential point of the present 
argument is that if the nuclei are moved from a position of greatest S 3 munetfy, 
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this distortion of the nuclear framework will split the previous degeneracy: 
and in general one or more of the former levels will be lowered, and one or 
more raised. Thus there must be at least one way in which the molecule 
may be deformed, and the total energy lowered. Hence the most stable 
configuration cannot be the symmetrical one. We can put this more precisely 
by expanding the Hamiltonian H for one configuration of the nuclei in a 
Taylor series about a slightly different one. Thus, iii: q denotes a vector 
whose components are the parameters specifying the configuration of the 
nuclei (so that q is a many-dimensional vector in which q = 0 denotes the 
starting symmetrical configuration) then 

jy(q) = H{(i) + (grad ^), = o • q + 0(q*). 

Now if H(q) and are invariant under a given symmetry group, so is 
ff(q) — H{0) and therefore so also are the individual terms in the above 
expansion. This is because the separate terms are linearly independent. In 
particular (grad ^ • q is invariant under operations of the given symmetry 
group. Now let us take the parameters q to be the normal vibrational coor- 
dinates, and denote them, as usual, by Q. The normal coordinates cor- 
responding to a given normal mode generate an irreducible representation 
of the group. In a formal sense we may/regard the Q as unchanged, and 
the coefficients (grad H), as generating the same representation. 

Consider now a degenerate electronic level E^{0) of H{0), for which the 
eigenfunctions are (0=1,2,...). Suppose that these eigenfunctions 
span an irreducible representation D^ of the group. We shall now show 
that the configuration of greatest symmetry Q = 0 cannot be stable. If 
it were stable it would imply that J?,(Q) would not contain any terms linear 
in Q. Thus the first-order perturbation energy got by diagonalising 
(gradH)Q.oQ with respect to the would all vanish, i.e., the matrix 
elements 


I (grad H)q^o^,p dr (28) 

must vanish for all a, p. Now consider a displacement of the nuclei trans- 
forming according to the irreducible representation D, of the group. The 
matrix elements will vanish provided that the product Z?, x D, does not 
contain Dj. If x does contain Z), then (apart from an exceptional 
accident) the matrix elements will not vanish. But if the group is a discrete 
point group and D^ is not one-dimensional (that is, E,{0) is degenerate), 
then Z), X Di is sure to contain some Z), other than the totally symmetric 
representation. Hence, for this displacement Z>, the integrals do not vanish. 
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and there must be a linear term in the variation of the energy with dis> 
placement. The S5mimetrical configuration for the molecule cannot therefore 
be a stable one. 

A particular example of the use of this theorem is to the methane molecule 
CH4 (Fig. 5). If the molecule is tetrahedral, as in the figure, then the ground 
state of the neutral system has sym- 
metry A-ig, and since there is then no 
degeneracy, no problem arises. But 
it may be shown that there are elec- 
tronically excited states in which 
one electron has been excited from 
a orbital to an orbital, leading 
to total symmetry T^. Now there is 
threefold degeneracy, and so these 
excited states must depart from 
tetrahedral symmetry , for there 
must be at least one type of de- 
formation which lowers the energy 
It will be noticed that although 
this type of group theory argu- 
ment can tell us which types of sym- 
metry are not allowed by the Jahn- 
Teller effect, and can add infohnation about the possible deformations 
that would lead to lower energy when the degeneracy is split, it cannot 
tell us which of the possible deformations actually occurs, nor how large 
it is. These questions would have to be ailswered by other means. 

This Jahn-Teller argument would break down for the continuous point 
groups. Hence collinear degenerate configurations are not covered by the 
theory For example, a distortion perpendicular to the molecular axis will 
contain a factor e** ±e~ which will have nonzero matrix components 
only between states for which |Jyl| = 1. "^Now if two states of a linear 
molecule are orbitally degenerate they must have components of angular 
momentum +A and —A. where A>0. For these two states \AA\ = 2A 
so that all the matrix components (28) will vanish. Hence collinear 
configurations may be stable, even when they are degenerate. 

1.10 The Non-crossing Kule 

The second property of molecular en^gy levels which may be derived 
from general considerations is the so-called “noncrossing rule.''^ For 
diatomic molecules, in which each of the energy values E, dq^nds only on 



Fig o. CH4 The carbon nucleus 
lies at the centre of a regular tet- 
rahedron with the hydrogen nuclei 
at Its vertices. 
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the intemuclear distance R, so that E = EJ^R), it may be stated thus: 
terms of like symmetry do not cross. That is to say, if we plot the curves 
corresponding io E = E^{R) for all i, then has a zero 

within the range 0 < i? < oo only if i and j are states which correspond to 
different irreducible representations of the symmetry group of the system. 

A simple proof is due to Teller.® Let H{R) be the Hamiltonian for a 
diatomic molecule of which all the eigenfunctions but two are supposed 
to be known. Take two functions which are orthogonal to all the 

known eigenfunctions; the two unknown eigenfunctions must be linear 
combinations of ipi and i//^. We may suppose that and 02 mutually 

orthogonal, since if they are not we may replace 02 ^ function 

0j' = 02 -|- kipi and choose k so that tf/^' is orthogonal to The two 
unknown eigenvalues Ei{R) and E^iR) are obtained by diagonalizing H{R) 
with respect to 0^ and 02. They are the roots of the secular equation 


where 


So 


Hn - E ^12 
^21 ^22 — ^ 




g,. + J. l/ gu-gj. ]’ ^ 


p/2 


ff 2 
^12 


In order that Ei{R) = E 2 {R) should be zero it is necessary and sufficient 
that and Hii{R) — H^^iR) should vanish for the same value of R. 

Let us choose a value of R for which Rii(R) = ^f 22 (^)- would then be 
a remarkable accident (but nothing more!) if H^^iR) should also vanish 
for this R, unless Hi^iR) was identically zero on grounds of symmetry. 
Now will be zero for all R if 0^ and 02 belong to different irreducible 

representations of the symmetry group of H, but not otherwise (except by 
accident). We are justified, therefore, in concluding that, in general, states 
of different S 5 Tnmetry do not cross. The extension of this argument to 
other than diatomic molecules is quite straightforward: the only difference 
is that now and must vanish simultaneously for certain 

values of all the parameters that are needed to define the relative positions 
of the nuclei. 

The hydrogen molecule ion is an exception to the above noncrossing 
rule. It is sometimes stated that in this occurs because the wave 
equation is separable (in spheroidal coordinates; see Section 2). This is to 
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restate the problem rather than to solve it. It is natural to look for some 
additional symmetry operation that will commute with H{R) and so lead 
to a constant of the motion. With the single electron system of there 
is such a constant of the motion. But this case is so unique and the particular 
constant has so little physical significance that it is not worth detailed 
discussion here. 


2. Applications 

2.1 The Simplest Molecular Problem: H 2 ^ 

The symmetry considerations which we have developed in the earlier 
parts of this chapter may now be utilized in constructing approximations to 
the wave functions for some simple molecules. We consider first the hydrogen 
molecule ion H 2 . This is chosen for two reasons. It is the simplest of all 
molecules, and, being a one-electron system, its wave function and energy 
may be determined to any desired accuracy by numerical integration of the 
Schrodinger equation (Vol. I, Chapter 3, § 6.3). This means that approximate 
methods may be tried out on and their results compared with the 
accurate ones. In this way we may judge the likely validity of approximate 
methods for more complicated molecules for which accurate wave functions 
cannot be obtained. But Hg is also the prototype for all horaonuclear 
diatomic molecules in the same way that the hydrogen atom is the prototype 
for all other atoms. 

The Hamiltonian for may be 
taken to be 

H=-~V’ (29) 

I fa fb 

where, in the notation of Fig. 6, P is 
the single electron and A, B are the two 
nuclei. This Hamiltonian has the sym- 
metry of the group 

Now if we keep the proton at A fixed, and move B further and further 
away, the electron will be around either the one or the other nucleus, and 
in either case the energy levels will tend closer and closer to those of an 
isolated hydrogen atom. We might therefore be tempted to consider the 
molecule as if it were a hydrogen atom (at A. say) perturbed by the presence 
of a unit positive charge at B. We could then set up some sort of trial func- 
tion for 0 and use the variational theorem to estimate the energy. Fw 


P 



Fig. 6. hJ ; notation. 
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example, we could take »ft to be simply the normal Is hydrogen atom 
function 



But a moment’s reflection will soon show us that we could not expect great 
success with such a trial function. This is because the Inunction (30) behaves 
correctly under the coordinate transformations and a„ of but not 

under i, where i represents inversion in the midpoint of AB Under the 
operation i, goes into 



However the functions 


Xe — + <f>B) (31a) 

Xn = iV«(^A - <f>B) (31b) 


do have correct symmetry, as shown by the subscripts g and u, and are 
suitable for use as trial functions. The numerical factors iV^u are chosen 
to normalize Xg,u and are given by 

[2(l±S)]-»/2 (32) 


where 



dr, 


and the + sign corresponds to Ng. Since (f>f^ and <f>Q are purely real, so is S 
and hence i//g and are also real. 

There is a simple physical interpretation of (31a, b). For large values 
of R we have seen that the system tends towards an isolated hydrogen atom. 
The electron may be either around A, giving or around B, giving 
We do not know which of these it will choose, and must therefore consider 
both, leading to a wave function c^^y^ + C 2 ^b- ®y s 3 Tnmetry these two 
possibilities must occur with equal weight, so that cf = cl. Thus ± C 2 
and we are led once more to the functions Xg and Xm oi (31). 

It is instructive — though in this simple case, unnecessary — to look 
at this procedure in terms of the projection operators defined in Chapter 2, 
§ 6.3 of this volume. The operator corresponding to the inversion trans- 
formation i is denoted by i, so that 




(S3) 
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Now lopked upon as being composed of two parts, one of gerade 

symmetry and the other ungerade. For we can write 

<f>A = i(^A + ^b) + i(^A — ^b) 

= i(l+i)^A+J(l-l)^A (34) 

= Pg ^A + -Pu 
where Pg „ are the projection operators 

Pg,u = i(l±i). (35) 

These are projection operators because, for example 

Pg - i(l + i)“ = i(l + 2i + i*) = i(2 + 2i) = Pg. 

The reader should verify that the expressions (35) may be arrived at by 
using the relevant formulas of Chapter 2 and the character table of the 
group C^. (Since we are concerned only with the operation i we do not 
need to consider the full group but merely C,.) 

The function Xg provides an approximation to the lowest state of 
and Xa to the lowest state. The details of the calculation of the 
energy with these functions has been described in Vol. I, Chapter 6, § 3.1 
and we do not need to repeat it here. But we may notice that when we 
include the nuclear repulsion term 1/P, the total energy curve of the ^Zg 
state shows a minimum at about R = 2«0, whereas that of shows no 
minimum. The two energy curves are described as attractive and repulsive 
respectively, and the corresponding orbitals are called bonding and anti- 
bonding. To justify these names we ought, strictly, to show that the same 
situation occurs when, instead of the approximate Xg,u> we use the accurate 
ones. Fortunately this is so. Reference to the properties of the wave 
functions for these states, given in Vol. I, Chapter 3, § 6, shows that for the 
bonding orbital there is an increase in the electron probability density between 
the nuclei, but that for the antibonding orbital there is a decrease. Thus by 
the Feynman theorem of § 1.4 we should exp^t forces on the nuclei, due to 
the electronic distribution, of such a kind as to make the bonding state more 
stable than the antibonding. The designations as bonding and antibonding 
are therefore sensible ones. 

The trial functions (31) have no flexibility. But they may be improved 
by introducing a variable parameter in 4b- example we could put 

<»*> 

instead of (30). Z is the so-Called effective nuclear charge, sin<» (36) is the 
atomic orbital for a nuclear charge -j-Z imits. It is also called the ^‘orbital 
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exponent” of the atomic orbital — a designation that may easily be extended 
to more complicated functions, if necessary. In our case Z may be regarded 
as a parameter, whose optimum value, at any R, may be determined by using 
the wave functions (31) and choosing Z so as to minimize the energy integral 

E{Z-,R) = ^tlj*H^dT. (37) 

The variation of Z with R will be different for the g and u states. The two 
functions Z^ J^R) found in this way are shown in Fig. 7. As might be 



R 


Fig 7. The effective nuclear charge for the two lowest states of (C. A. Coulson, 

Trans Faraday Soc. 88, 1479 (1937)) 

expected, both Z values tend to unity as R goes to infinity. At the observed 
equilibrium distance, which is almost correctly predicted by this wave 
function, the effective nuclear charge is found to be 1.24 for the bonding 
orbital Xg- 

There is a simple physical explanation of this enhanced effective nuclear 
charge. For (see Fig. 6) where there are two nuclei instead of merely one, 
the solitary electron is pulled more powerfully towards the molecule. The 
size of the electron cloud will therefore be reduced (the "volume” occupied 
by the charge-cloud in is much J^ss than in H). This is represented by 
a larger Z value, since then the function falls off more rapidly with r. 

Further improvement could be made by making still more flexible, 
while yet retaining the necessary molecular symmetry in i/i. For example, 
when the electron is near to nucleus A, it is also being pulled towards B. 
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So we might anticipate that should not be spherically symmetrical, as 
in (30) and (36), but should contain some angular terms. This could be 
achieved by taking a sum of hydrogenlike atomic orbitals such as those 
of the 2p, Zp, Zd, . . . states. All such orbitals could be considered, provided 
only that they all have the quantum number m = 0 since we are constructing 
a trial function for a Z" state. These additional terms would correspond to a 
polarization distortion of the original Is atomic orbitals. In fact it is found 
by experience that simply adding a 2p„^^ function gives a great improv- 
ement* and brings the calculated energy close to the true value (0.5996 
instead of 0.6026 atomic units). Dickinson used a ^ of the form (not nor- 
malized) 

pK = -f (38) 

where the z-axis lies along the line of centres, and c and Z are variable 
parameters found by the variation method. The optimum value of c varies 
with R, but tends to zero both for large and small R. 

2.2 Separated Atom and United Atom Viewpoints 

The calculations for just described are based upon what is now 
called the separated atom viewpoint. This means that we choose our orbitals 
as linear combinations of atomic orbitals (for short, the LCAO approxima- 
tion) and relate these orbitals to the situation that would arise if the two 
nuclei were separated by an infinite distance. Every state of Hg , whether 
ground state or excited state, must dissociate into defined states of the two 
component nuclei and the electron. We use these atomic orbitals as the 
basis of our variational trial function, modifying them if necessary by the 
introduction of effective nuclear charges and polarization. But we could 
have started at the other extreme, with the nuclei brought so close that they 
become coincident. In the case of the ground state of H 2 , this would pass 
over into the Is-state of the heUum ion He"*". This could be called the 
united atom. It has nuclear charge Z = 2. our first approximation to 
a united atom wave function for would be simply 

23 1/* 

where r is now measured from the mid point O of AB. There is one immediate 
objection to such a wave function. It has a (fjscontinuity of slope when r = 0. 
This is entirely appropriate to an atom, for .the Is orbital should have such 
a discontinuity at the nucleus. With of course, there should be two 
discontinuities at A and B, but none at O. Thus the results us^ (39) will 
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not be so good as with (31). They could be improved by smoothing the 
function at O, if we took a sufficient number of atomic orbitals around O, 
and varied their coefficients in an LCAO wave function. Experience shows, 
however, that a large number of such terms are needed, so that the calculation 
is not very easy to handle. 

But this does not imply that the idea of a correlation diagram which 
relates the molecular function to its two extremes — the united atom and 
the separated atom — is without value. It is exceedingly useful in 
understanding the nature of the molecular orbitals (such as 31), and providing 
insight into the way that the total charge distribution in the molecule is 
built up. A correlation diagram of this kind for homonuclear diatomics 
(such as H 2 , Lij, O 2 ) is shown in Fig 8. This diagram illustrates very nicely 



'i'S 


United Separated 

atoms 


Fig. 8. Correlation diagram lor homonuclear diatomic molecules. 

the noncrossing rule of § 1.10. Thus levels of similar symmetry cannot cross. 
Further, since the u,g property is constant along any such correlation curve, 
we can see that the united atom description may require higher principal 
quantum numbers than the separated atom description. (This has sometimes 
been called promotion.) An example is the level of Hg for which the 
separated atom description is — <f>Q with orbital around 

nucleus A. The lowest u-state in He'*' is the 2pz level, and so the united 
atom wave function for this state would have the form 

ipa — Nr cos de ~ ' 

where iV is a normalizing factor. 


(40) 
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Despite this difficulty the united atom approximation has been developed 
very successfully for the excited electronic states. This is to be expected, 
for we know that with a single hydrogen atom the mean size of the charge 
cloud increases as the square of the principal quantum number n. If, for 
example, « = 3, the mean size is 9 times as great as for the ground state. 
With the molecule this means that almost all the charge cloud lies well 
outside the region AB, so that the electron "sees” a positive charge near 
the centre of the molecule which is not very different from that of the united 
atom. The most satisfactory procedure seems to be to write down the 
united atom wave function, as in (39) and (40), and then replace r by XRf2, 
and cos d by [i, where 

A = (ra + rb)IR, fi = {ta — n)lR. (41) 

Since A/?/2 -► r and [i -► cos 0 as i? -► 0 these functions have the correct 
form at i? = 0. 

Very high accuracy, over a wide range of R values, can 'be obtained by 
using a linear combination of united atom and separated atom type wave 
functions. But the numerical minimization of the energy integral becomes 
tedious. 

Before leaving the problem of we ought to add that the wave 
equation is separable in terms of the spheroidal coordinates X, fi, <f> where 
A, // are as in (41) and <f> is an azimuthal angle around the axis AB. As a 
result the accurate wave functions are all of the form t/t = L{X)M{/i)0{^) 
where, L, M, 4> are functions of A, /<, respectively. This enables solutions 
as accurate as we wish to be obtained (Vol. I, Chapter 3, § 6.3). A very good 
approximate solution at the equilibrium distance R = 2«0 turns out to be 

^ (1 + bfi^) where a = 1.36, h — 0.447. (42) 

2.3 The Neutral Hydrogen Molecule Hj: Heitler-London Approximation 

The separated atom viewpoint leads fairly obviously in the case of 
to functions of the form <f)f^ i But for the two electron case of H2 there 
are two distinct possibilities, which we shall refer to as the Heitler-London 
and molecular-orbital approximations. We shall discuss them in turn. 

In the Heitler-London approximation^® we notice that when R -*■ 00 
the electrons will go to separate nuclei, and the energy will be that of two 
isolated hydrogen atoms. Thus, analogously to (30), we might take as our 
starting point the product function ^a( 1 )^b( 2) where, as before 



( 43 ) 
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Such a function has correct symmetry properties under the operations 
and a„, but imder inversion i it goes into Proceeding as before, 

we apply the projection operators Pg,, and obtain two functions which, 
when normalized to unity, have the form 

0*.U = [^a(1)<^b(2) ± ^b(1)^a(2)] (44a) 

with 

[2(1±S*)]-V2 (44b) 

and 

= |^a(1)^b(2)4t. (44c) 

If the ^ functions had been complex, we should have taken |S| instead of 5, 
where, now, S would be the integral f <f>* (1)^b(1) dxi- 

The functions (44) provide trial functions for molecular states Zg, 
Since the g function is symmetric with respect to interchange of the labels 1 
and 2 of the electrons, and the u function is antisymmetric, the Pauli 
exclusion principle requires that the g state be a singlet, and the u state a 
triplet. The full functions, including spin, would be 

!Pg = X [a(l)/S(2) — ^(l)a(2)]/)/2, symmetry ^Zg, (45a) 

a(l)a(2) 

= 0u X [a(l);ff(2) + 0{l)ai.{2)]l]/2, symmetry (46b) 

In (46b) we may take any one of 
the three spin functions. This shows 
that the state is a triplet, of 
course, is a singlet. 

We can regard this method eis 
being based on a particular break- 
down of the complete molecular 
Hamiltonian H into the sum of 
two atomic Hamiltonians and an 
interaction Hamiltonian Thus, 
since (see Fig. 9) 


mm 



Fig Q. HqI notation. 
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(46) 


/f = -&A(l)+i?B(2)+ffi„t 


we may write 


( 47 ) 
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where ^^(1), are the Hamiltonians for electron 1 around atom A and 
2 around B, and where 


H 


int 


j_ 

^61 


>'«2 



The point of importance about this breakdown of H is that 


(48) 


[Ha(1) + Hb(2)]<^a(1)<^b(2) = (£a + £b)^a(1)^b(2) 

where 

^fA(l)^A(l) = •Ea^a(I) 

Hb(2)^b(2) = £b^b(2). (49) 

The physical advantage of the subdivision (47) is that it separates the energy 
of the two atoms from the energy of their interaction. This is a great help 
since with most molecules the binding energy is only a very small fraction 
of the total energy. 

The Heitler-London method which we have just described is the protot 3 rpe 
for the valence-bond method for polyatomic molecules. We shall return 
to this presently. 


2.4 The Hydrogen Molecule Hgt Molecular-Orbital Approximation 

There is an alternative method of approximation to the wave function 
for Hj. This method is the molecular analogue of the usual "aufbau'' 
principle for atoms. According to the aufbau (i.e., building-up) principle, 
we build up a trial function for a complex atom out of one-electron atomic 
orbitals (Chapter 1, § 2.6, and § 13). Our usual designation of the 
electron distribution in an atom, such as the statement that the lowest 
state of the carbon atom is (Is)* (2s)® (2^)* ®P implies that there are certain 
allowed atomic orbitals labelled as Is, 2s, . . . and we allot the electrons 
to these, beginning with the lowest energy and continuing until all our 
electrons have been accounted for. There is simply no reason why a similar 
procedure should not be adopted for molecules. In the case of Hj this method 
corresponds to a different way of subdividing the Hamiltonian (46). Instead 
of (47) which leads to the Heitler-London method, let us write 


where 


H = H«(l) -t- H\2) -f — 

''12 




(60) 


( 61 ) 
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The operator will be recognized as being simply the Hamiltonian for 
the one-electron molecule ion Hg (cf., Eq. 29). If it were not for the term 
l/fu the subdivision (60) would lead to a wave function built up from 
molecular-orbitals of a bicentric kind. This means that, for the ground state, 
we should make use of the Xg and Xa defined in (31a, b), and write for our 
trial function 

^ == X spin factor. (62) 

With more complex molecules a subdivision of the total Hamiltonian 
similar to (60) is always possible, and will lead to wave functions which 
generalize (62) in just the same way that the wave functions for complex 
atoms generalize the corresponding functions for atomic hydrogen and 
helium. 

According to this method we build our molecular wave function out of 
molecular orbitals (m.o.’s). Each of these — for the case of a diatomic 
molecule — will have a definite component of angular momentum around 
the axis, and may therefore be designated as a,7i, d,. . . corresponding to 

= 0, ± 1, ±2, But we have seen in § 2 1 that there are both bonding 

and antibonding m.o.’s. It is usual to add an asterisk to the symbol for an 
antibonding orbital. Thus a would denote a bonding, and a* an antibonding 
orbital. 

Once we have set up our type of wave function, as in (62), We can proceed 
to introduce flexibility by including parameters, whose values are to be 
determined by the variation method. The same types of flexibility which 
we described in § 2.1 can be adapted to this two-electron situation. With 
sufficient flexibility a very good energy result can be obtained. But even 
without many variable parameters the results of the m.o. method are closely 
similar to those of the Heitler-London method. There are certain char- 
acteristic differences, as we shall now see, when we come to describe the 
calculations in rather more detail. 


2.5 Heitler-London Method for H 2 ; Details of Calculation 


Let us return to § 2 3 and substitute the wave function (44) in the energy 
integral 


=11 


dr^dTg 


(63) 


using (46)— (49) for the Hamiltonian H. (Here, as elsewhere in this chapter, 
dtf denotes the volume element of the configuration space of electron i, 
and the integration is over all configuration space, unless otherwise stated.) 
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Direct substitution, taking account of the symmetry of two nuclei, leads 
to the result 

Eg — 2 Elf +Qg-\-Xg (64) 

Eu = 2 Elf + — otu (66) 

where is the energy of the Is state of an isolated hydrogen atom, and 
where 


0 - ^ 

1 _l- 52 » 


J 

l-S* 

( 66 ) 

K 


K 


1 + Sa ’ 

«u 

~ 1 - S* 

(67) 

/ = (l)'^B ( 2 ) — 

1 

raz 

“) '^a( 1 )<^b( 2 ) iTi^Ta 

( 68 ) 

x=JJ^jr(2),^S(i)(^- 

1 

Ta' 

— ) ^a(I) ^B{ 2 )*iiTi iTj 

'bl J 



S = J^;(1)<^b(1)^Ti 


and may be supposed purely real, as in (44c). It will be noticed that J and K 
are matrix components of the interaction operator of (48) J is called 
a Coulomb integral and K an exchange integral, since m the two halves 
of the integrand the electrons appear to have exchanged places. Such 
exchange, of course, is not any sort of physical exchange, it only arises by 
virtue of the way m which we have split up the complete Hamiltonian (46) 
into parts, as m (47). In the m o. method, with a different subdivision of H, 
there is usually nothing corresponding precisely to exchange energies. 
In the Heitler-London method this exchange shows itself in the fact that 
we cannot use the simple product function <^a(^)^b(^)> must have the 
fully symmetrical or antisymmetrical functions (44) If we had decided to 
use *fj = ^a( 1 )^b( 2 ). 1 e , if we had neglected exchange, we should have 
replaced (64)— (69) by 

E = 2Ei, + J. 

The functions Q and a are sometimes called the Coulomb energy and exchange 
energy respectively. 

If we complete the integrations the Coulomb integral / reduces to a 
sum of two terms: 

f f - 2] 


m 
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The first term here is simply the electrostatic repulsion energy between two 
charge clouds of density |^a(1)1* 1^b( 2)|*- The second is twice the 

attractive energy of a charge cloud around atom A and a nuclear charge 
of the opposite sign at B. In exactly the same way the exchange integral K 
becomes 

K = J J (^a(I)^b(I)) (^a(2)M2)) iT^dT^ - 2s|^a(1)^b(1) 

(61) 

There is no simple physical interpretation of these terms, though sometimes 
we speak of the product 0 a(1)^b( 1) an overlap, or exchange, density, 
and then there is a parallel between (60) and (61). 

The numerical evaluation of the one-electron integrals is achieved without 
difficulty by transforming the integrand to spheroidal coordinates (41). 
These involving l/r^j are more difficult. A review of methods of evaluating 
molecular integrals has been given by Dalgarno.^^ 

In order to obtain the total energy of the molecule we must add to the 
electronic energy the Coulomb repulsion IfR between the nuclei. In Fig. 10 



Fig. 10. Q -|- (II R) and g « -f (1/i?) arc plotted against R for the ground state 

of H,. 

both Q + IjR and ^ -f- a -4- 1/i? are plotted as functions of R for the ground 
state Eg. Since the exchange integral K in (69) turns out to be negative, 
the energy Eg in (64) is lower than in (66). A minimum of the total energy 
is predicted at a separation of R = 0.869 A, and the difference E{R = oo) 
— E{Rj^^) is 3.14 eV. This quantity is the binding energy, and should be 
compared with 'the observed dissociation energy, suitably corrected for the 
zero-point vibrational energy of the ruclei, of 4.76 eV. 

There are several ways in which we may improve upon the simple 
Heitler-London calculation, by introducing variable parameters into our 
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wave functions. First we may introduce an effective nuclear chatige in the 
atomic orbitals, writing 

similarly to (36). Wang^* showed that the optimum Z varied from 1.6725 at 
/? = 0 (corresponding to a helium atom) down to 1.0 at large R (see Fig. 11). 



Fig. 11. The effective nuclear charge for the Wang function for H, as a function of 

internuclear distance. 

At the calculated equilibrium separation, Z = 1.166, and the calculated 
binding energy is 3.76 eV. This represents a substantial improvement over 
the earlier treatment, particularly in which is now estimated to be 

0.743 A, compared with the observed 0.740 A, but there is still a considerable 
error in the dissociation energy. The physical explanation of the enhanced 
value of Z is much the same as in the discussion of in § 2.1. But like 
all the concepts that we use in this fashion, it must not be taken too literally, 
and its precise value depends upon the particular form of the trial function 
chosen. The proper use of these concepts is to suggest plausible trial func- 
tions: after that, they are best forgotten. 

A second improvement is to introduce angulai dependence in adopting 
the polarized atomic orbitals of (38). This was used by Rosen who thus 
raised the calculated dissociation energy to 4.02 eV. Further angular terms, 
and more flexible radial terms, could be added, but we shall not discuss the 
details here, since the method itself is perfectly straightforward, though 
tedious. 

2.6 Covalent-ionic Resonance 

There is still one further important improvement to be made. In the 
Heitler-London wave function (44) it was supposed that the wave function 
was to be built up from functions such that, as R oo, one elytron went 
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E . nucleus. This equal division of the electrons is sometimes called a 
t sharing, and the wave function 

iV[^A(l)^B(2) + ^b(1)^a(2)] 

i the covalent function, written But there are some energy 

f Hg which correspond to situations where, as -*• c», both electrons 
■go to the same nucleus. The molecule then dissociates into H~ + H'*', 
or H + -he. There is at least one known bound state of H“, so that 

■v 

we might anticipate functions for Hg of the general form' 

= [;tA(l,2) ± ;i:b(1.2)] X normalizing factor (62) 

where is some approximate wave function for H“. The simplest 

such function is 

;Ca(1,2) = .^a(1)<^a(2) (63) 

where is a hydrogenlike Is atomic orbital with some effective nuclear 
charge Z'. We refer to (62) as an ionic function since, physically, it cor- 
responds to a situation in which both electrons are more likely to be found 
around the same nucleus. The particular S 3 nnmetrical and antis 3 mmetrical 
combinations in (62) are required for precisely the same reasons as in (44). 

Now it is easy to verify that neither the covalent nor ionic functions are 
exact eigenfunctions of the Hamiltonian. We may therefore expect that 
since both have the same symmetry, we should get an improved trial function 
by taking a linear combination 

l/l = ^cov “1“ ^^lOU (®^) 

in which A is an additional variational parameter. Considerations of this 
kind led Weinbaum^^ to investigate the ground state of Hg with functions 
of type (64), incorporating both the screening factor Z of Wang and the 
polarization term of Rosen. Without the Rosen term the calculated 
equilibrium bond length was now 0.749 A and the binding energy 4.00 ev. 
'There were three variable parameters (Z, Z', A) for each value of R considered. 
In the final calculation incorporating the polarization term, R was not 
varied, but the four parameters Z, Z', c, A were. 'The calculated binding 
energy becomes 4.10 ev. This is still a good way below the observed 4.76 ev, 
and the progressively slower increase as we add more functions suggests 
that this is about as far as it is worthwhile to proceed along these lines. 
We could, of course, go on adding more terms. But it is better to organize 
the whole calculation rather differently, In a way that permits us to introduce 
our parameters more systematically. We shall refer to one such calculation 
later, but it would be out of place to do so here, since the method (due to 
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James and Coolidge) is hardly likely to be applied to much more complicated 
systems than The method of covalent-ionic resonance — as the U8e 
of (64) is usually called — can be applied to many and more complicated 
molecules, and therefore it plays a fundamental role in our descriptions of 
the bonding in normal molecules. 


03 



R 

Fig 12. lomc-covalent resonance in 

The variation of X with R is shown in Fig. 12,^® using separately 
normalized and in (64). At the equilibrium distance 1/6, and 
falls rapidly to zero as R increases. 

2.7 Molecular-Orbital Function for Hj! Details of Calculation 

We now want to elaborate a little further the m.o. discussion which 
was started in § 2.4. There we regarded the Hg molecule as having a wave 
function built up from one or other of two molecular orbitals, and 
According to (31) these are given by the LCAO expressions 

A«(») = + ^B{t)]. Xu(») = iV„[^A(t) - ^B(t)]. (66) 

The resulting wave function (52) is then 

^ = Ag(l)A'«(2) X spin factor (66) 

where the spin factor is [a(l)/?(2) — )5(l)a(2)]/]/2. This method is sometimes 
referred to as the LCAO-MO method. It is important to realize that the 
two halves of this description are distinct. Thus we may have a m.Q. method 
without the additional simplification of expressing each m.o. as a linear 
combination of atomic orbitals such as (66). Indeed this re^nresentation of 
the m.o.’s is a crude one. Its chief advantage lies in its simplicity, and, as 
we shall show later in this chapter, it has been developed into a usefnl 
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teidmique for obtaining semiquantitative information about very elaborate 
molecules quickly. If we wish, we may dispense with the approximations (65), 
and use more elaborate orbitals containing several variable parameters. 
The values of such parameters, of course, may not be taken over from 
without change; their values must be obtained by independent use of the 
variation method. 

There are no less than four distinct levels which arise from the different 
ways of allotting two electrons to the m.o.’s and Xm of (65). Two electrons 
can be put in Xg (as in 67) or two in Xa (as in 70), or one in ^ach, with parallel 
or antiparallel spins (68, 69). 

[a(l)y8(2) - >8(l)a(2)]/y2 (67) 

a(l)a(2) 

• hi = [>:k(1)Zu( 2) - ;Cu(l)Xg(2)] [«(1);0(2) + /8(l)a(2)]/|/2 (68) 

mm 

^///=[%g(l)Zu(2)+;Cu(l);C*(2)][a(l);S(2)-^(l)a(2)]/y2 (69) 

‘2". : hv = ;Cu(l)Zu(2) [a(l)yS(2) - yS(l)a(2)]/y2 (70) 

In (67) — (70) the total wave function has to be antisymmetric, so that 
S3nnmetric space parts, as in t/tju, {jijy, must be associated with 
antisymmetric spin parts, and vice versa. Presumably i/tj will correspond 
to the lowest energy among these four configurations, since it implies double 
occupancy of the bonding orbital Xg- Id the same way ijijy should have the 
highest energy. If we accept (67) as an approximate molecular wave function 
the energy integral can be shown to give us 

£ = 2£„ + [ xt (1)X* (2) -- X*(1);C*(2) dx^ dxg (71) 

J '12 

where 

•^0 ~ I Jfg (l)'^o(f )Z8(f ) dxi (72) 

and .ffo(l) is the one-electron Hamiltonian given in (51). Detailed numerical 
calculation gives for the dissociation energy the value 2.68 ev which may 
be compared with the corresponding Heitler-London value 3.14 ev. 

The next stage in a complete calculation would be to introduce variable 
screening parameters, and polarization terms in the original atomic orbitals 
hf instead of describing this, we shall consider another way of 
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improving the simple m.o. type of wave function. As we shall see, this new 
improvement has the result of identifying the new wave function with the 
covalent-ionic function of §2.6. 

2.8 Configuration Interaction 

The four wave functions of (67)— (70) are all of distinct 

symmetry except for the first and last, which both possess ^i7g symmetry. 
This implies that, since none of the four is an exact eigenfunction, we should 
be able to get improved approximations by mixing them. But the differing 
symmetries show that ifij and ijijy are the only ones that can mix in this way. 
Let us put 

= ^/(1.2) -h *^/k(1.2) (73) 

where A is a variable parameter. If we vary the energy integral subject 
to the condition that tfti, is normalized we obtain the 2x2 sdCular determinant 
for the stationary values of the energy E, 

Hu-E Huy 

IT If F 

iilvi H-iviv — t. 

The lower root corresponds to the ground state, and is lower than the energy 
Hjj of the separate function The upper root will be some approximation 
(though probably not a very good one) to a very highly excited level of the 
molecule. But both such states 'must still have symmetry 

The calculation of this energy leads to a dissociation energy = 4.00 ev, 
at the equilibrium distance of 0.749 A. These are just the values previously 
obtained in § 2.6 with covalent ionic resonance. This is no accident. The 
two functions are of identical form, as may be seen by writing them out 
in full. Thus, apart from a normalizing factor (73) may be written (omitting 
the constant spin term a(l)y9(2) — /d(l)a(2) and the normalization factors 

^cov> f/’ion) 

= [^a(I) + ^b(I)] [^a(2) + ^b(2)] + *[^a(1) - ^b(I)] [^a(2) - ^b(2)] 

= (1 - A) [^a(1)^b(2) + ^b(1)^a(2)] + (1 + A) [^a(1)^a(2) + ^b(1)^b( 2)] 
= (1 — A)^cov + (1 + A)^ ion (76) 

~ ^cov “f“ ^^ioat 

where A = (1 -f A) /(I — A). Thus the method of molecular orbitals, allowing 
for this interaction of configurations, becqmes identical with the method of 
Heitler and London, with allowance for ionic terms. This result, which we 
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have just shown rigorously for Hj, holds quite generally. In other words, 
the valence-bond (v.b.) method including ionic structures is ultimately 
equivalent to the molecular-orbital method with configuration interaction. 
(This latter procedure is sometimes labelled the LCAO MO Cl method I) 
In large molecules, however, the number of configurations of given symmetry 
which can interact is exceedingly large: and so is the number of ionic and 
similar structures in the v.b. scheme. So we are usueilly compelled to restrict 
our choice. And then the two methods are no longer optirely equivalent. 
Fortunately, however, they are usually in close agreement with each other. 

When there are more than two electrons in the molecule, we can no 
longer split off the spin and space parts of the total wave function. We 
then form our wave function out of spin-orbitals. A spin-orbital is a function 
involving both space and spin, but referring only to one electron, as for 
example ;^g(l)a(l) or ;fg(l);3(l). A closed-shell (singlet) system can then be 
represented by a single determincint, but situations in which each space 
orbital is not necessarily doubly-occupied will require a linear combination 
of determinants. For example, t/ti in (67) may be written 


and (69) 


' hn 



Xg(l)a(l) 

;fg(2)a(2) 




(76) 


;C*(1)«(1) Zu(i)/0(1) 

Zg(2)a(2) 


Zg(l)^(l) A:u(l)a(l) 

;f«(2)«(2) 


(77) 


The methods for constructing spin eigenfunctions from determinants 
of spin-orbitals are precisely those used in the case of complex atoms. One 
advantage of the method of molecular orbitals is that it generalizes this 
atomic technique to apply to molecules. 


2.9 The james-Coolidge Wave Function for 

All our accounts of Hj have so far been based on the use of atomic orbitals. 
But this is not necessary, and indeed presents considerable difficulty in the 
introduction of sufficient flexibility to get a really accurate energy. The 
most accurate function of this kind is due to James and Coolidge“ who 
showed that the type of function represented in (42) could be adapted to 
this purpose. Let Xi, and X 2 , fit be the coordinates for the two electrons. 
And let ^ distance between them. Then a function constructed as 
a linear combination of terms such as 


( 78 ) 
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can be made to approach as closely as we like to the true eigenfunction 
provided that sufficient terms are included. James and Coolidge included 
no less than 16 such independent terms. (On account of symmetry certain 
terms must have the same numerical coefficient, so the total number of 
terms was almost twice as large.) This impressive calculation led to an energy 
value and internuclear distance inappreciably different from the observed 
ones. We shall not discuss this particular function further, because, despite 
its great success, it does not seem possible to assign any physical meaning 
to the individual terms such as (78) in the sum, and there seems effectively 
no way of generalizing the analysis to deal with more complicated molecules. 

2.10 Homonuclear Diatomic Molecules 

The molecular-orbital description, generally without the introduction 
of configuration interaction, is much favoured by spectroscopists, who want 
not so much to calculate the energy of a transition with great exactitude, as 
to interpret a molecular excitation as due chiefly to the excitation of an 
electron from one molecular orbital to another. In this respect it is much 
more descriptive than the valence-bond method. We illustrate the use of 
the m.o. method in a qualitative sense, both for characterizing the ground 
state and for interpreting certain electronic transitions, by reference to some 
homonuclear diatomic molecules, e.g., Lig, Ng, Fg. 

We may list the assumptions made in this treatment, as follows: 

(1) A molecular state is represented with adequate accuracy by one 
configuration of spin-orbit als. This is equivalent to stating which of the 
possible allowed spin-orbitals are occupied, and includes a statement about 
the resultant spin. 

(2) To each spm-orbital there is an energy eigenvalue, and these one- 
electron energies obey the noncrossing rule of § 1.10. 

(3) For many purposes the LCAO representation is adopted for each 
molecular orbital. In such a situation ‘^4>nly atomic orbitals (a.o/s) of 
approximately equal energy will mix together effectively. Symmetry 
properties such as o, tt, 6, . . . and g, u serve further to define the iti.o.*s 
and limit the mixing of a.o.'s. 

(4) Earlier in this chapter we labelled molecular orbitals exclusively 
by their symmetry properties. But we need, in addition, some indication 
of their energy, which should correspond, in molecular situations, to the 

principal quantum number in atoms, e.g., Is, 2s, Ss, Without such 

indication we cannot distipguish m.o.'s of the same symmetry. This may 
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be done in several distinct ways. The first, historically, is by writing the 
state of the united atom to which the molecular state tends as 72 -t- 0. (For 
exaunple, the lowest two states Xg and Xu in (31) for the ion are called 
Iso, and 2pa„ respectively.) This scheme is convenient for small molecules 
with few electrons, but becomes very cumbersome if the united atom is 
much heavier than either of the two constituent atoms. The second way 
of labelling the m.o.’s is by reference to the levels of the separated atoms 
into which the m.o. splits up when H -»■ oo. We must all^p indicate whether 
the orbital is bonding or antibonding. (In this scheme the two lowest states 
of would be ols and o^ls.) This scheme is not directly applicable to 
heteronuclear molecules because in general the LCAO MO will involve 
different atomic orbitals from the two atoms (see below). The third descrip- 
tion is simply to specify the a, n,. . . character and then to use the letters 
of the alphabet to label orbitals in order of ascending energy, so far as this 
may be deduced from spectroscopic evidence, with the little z being used 
for the lowest. Finally, by analogy with atomic levels, we may describe the 
orbitals as lo, 2a, So, ... ; l;;t, 27t, ... in which the energy increases in 
each group in the sequence shown. It seems likely that ultimately some 
notation such as the last of this series will become universally acceptable. 
We could make the following comparison 


separated atom designation 

ols <7*lS 

o2s^ 

o*2s a2p 

ny2p 

n,2p 

^y2P 

a*2p 

energy sequence notation 


20 

ya 

xa 

wn 

V7l 

ua 

"atomic parallel” notation 

lo 2o 

3o 

4c7 

6a 

In 

271 

6a 


{a orbitals are nondegenerate, but n.d,... orbitals are each doubly- 
degenerate, as in § 1.6). The relation between these notations and that for 
the united atom is illustrated in the correlation diagram in Fig. 8. 

(5) The electrons are now fed in to the allowed levels as in the "aufbau'' 
principle described in § 2.4. 

It will often happen that both the bonding and antibonding m.o.’s are 
occupied. The result of this is equivalent to a small net repulsion. Such a 
conclusion follows from the argument that for a homonuclear molecule for 
which the one-electron Hamiltonian is H, the bonding orbital -f- 
has an energy 




a + J3 
■ +S 


+ 


0-E^S 

l+S 




H<f>, dt 


where 
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and 

^ = I <iT = I 

Similarly the antibonding orbital has an energy 

l-S 1-S 

The overlap integral S will usually be such that 0 < S < 1, so that 
0 < 1/(1 + S) < 1/(1 — S). Hence the sum E^ -f- E- is greater than 2£^, 
provided (as actually occurs) that — £^S is negative. 

2.11 Some Examples of m.o. Descriptions 

We may illustrate the above principles by some particular examples 

(1) (ols)^, i.e., two electrons in the lowest m.o. An excited state arises 
from the description (als) {a* Is). 

(2) He^ : (trls)® (<r*ls). The Pauli principle does not permit more than 
two electrons to be assigned to any one space orbital, e.g., (ols). The third 
electron must therefore go into (a* Is). 

(3) Hcj: (els)* (a* Is)®. We should expect this to be unstable, as indeed 
it is. But excited states such as (<t1s)® (or* Is) (<r2s) which would dissociate 
into one normal helium atom and one excited atom would be stable. More 
accurately these states would be metastable, since the transition to the 
unstable ground level is a forbidden one. Such metastable helium molecules 
are well-known experimentally. 

(4) Lig : each separate atom has one 2s valence electron outside a closed 
K shell. So the ground state of the molecule would be KK{a2s)*. 

(6) N,: the separate N atom has a configuration if (2s)* (2^)*. So the 
rules (2)— (4) lead to a molecular description 

ifif(a2s)* (a*2s)* (<;2/))* { 7 iy 2 p)* (n,2p)*. 

The abbreviated notation for this would be 

s 

KK(za)^ iya)* (xo)* (wnr)* 

or, alternatively, 

(la)* (2a)* (3a)* (4a)» (6a)» (Iw)*. 

The (a2s)* and (a*2s)* electrons roughly cancel one another so far as bonding 
is concerned, so that the binding comes largely from (a2^)* i^^P)*- 

(6) O,: The atom is K{2$)*{2p)*. So the rules give 

ifif(*a)* (ya)* (xa)* (iwt)* (v«)*. (79) 
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Tlie pair of orbitals (za) and {ya) will largely cancel, and so will two of tibe 
(terse)* orbitals wth the two (vn) orbitals. The main contribution to the 
bonding is therefore due to {xa)* (lersr)*. All the examples (1)— (6) have been 
singlets since each orbital is doubly occupied, with the single exception of 
He 2 which is a doublet. But there remains some doubt about the configura- 
tion given in (79) for O 2 . This is because there are two electrons to be put 
in one or both of the (vn) orbitals { 7 iy 2 p) and {n^p). Proceeding as for atoms 
(Chapter 1, § 11, in this volume) we find that the two electrc^ns prefer to go into 
separate orbitals, and have parallel spin. One advantage of the m.o. method 
is that we may "carry over” many of the rules for atoms without any great 
alteration. In this case we predict that the ground state will be a triplet, 
with description (in separated atom language) 

KK(a2s)^ (<t*2s)* (a2^)* [ny2p)^ (?r*2^)* {ny2p) {n*2p). 

It was one of the early triumphs of m.o. theory that Lennard-Jones^’ was 
able to explain the experimental paramagnetism of Og in this way. 

2.12 Heteronuclear Oiatomics 

Very similar situations arise with heteronuclear molecules. In the m.o. 
account we still use the LCAO approximation, taking a from one atom 
and a from the other. But in general thifse will not be similar orbitals 
They must, of course, have the same a,7t,. . . character, and they must have 
approximately equal energy. For otherwise the extent of their mixing is 
negligibly small. Two examples will show how this works out. 

(7) HCl: the hydrogen atom has just one electron in a Is orbital. The 
chlorine atom heis two completely filled shells K,L and then seven electrons 
in the valence shell, with a description ifL(3s)® (3/>)*. The K- and X-shell 
electrons are far too low in energy to mix with the hydrogen Is, and the ZPy 
and Zp^ orbitals are of the wrong S 5 nnmetry {n type) if the x-axis lies along the 
line of nuclei. There may be a little mixing of the 3s electron orbitals with 
the hydrogen, but, on energy grounds, this will be small. 

The bonding orbital is built up largely from Zpx of chlorine and Is of 
hydrogen in an orbital of form c^C\{^p^) C 2 H(ls) , The numerical coeffi- 
cients Cy and Cg niust be chosen by aome variational process, and their 
difference is an indication of the polarity of the molecule. It will turn out 
that Cj > Cg, so that more of the bonding charge cloud is around the chlorine 
nucleus than the hydrogen. This is sometimes expressed by saying that 

H— ► 

there is a dipole moment H Cl, vdth polarity H''‘C1~. Its magnitude, which 
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is directly related to the ratio : c, is 1.08 x 10““ esu. (i.e., 1.03 Debyes). 
So we could write the electron description as 

HCl : KL{la)^ (2a)* (iTr)^ 

where (la) is closely Cl(3s) and (2a) is the bonding orbital. One of the great 
advantages of the m.o. method is the fundamentally easy way in which it 
handles the polarity of a bond. 

(8) NO: here the description is KK(za)^ (ya)* (*a)* {wti)* {vn), where 
(za) is mostly 0(2s); (ya) is mostly N(2s); (*a) is a combination of 0{2px) 
and N(2^z:); {wjt) is a combination of 0(2^y) and N(2^y), or 0(2pz) and 
N(2/)z), and (i;:;r) is a different combination of 0(2py) and N(2^y). Thus 
the ground state is a doublet, with one unpaired electron. 

It is possible to represent this in valence-bond language. Thus in HCl, 
we say that all the electrons are in undisturbed atomic orbitals except the 
H(ls) and Cl(3/>%) electrons, which are now paired together in the manner 
of Heitler and London. But to allow for the polar character*bf the molecule 
we must expect a larger contribution from the ionic function representing 
H'^Cl" m the covalent-ionic wave function analogous to (64), than in the case 
of Hj: 

lfi{H — Cl) = ^cov + A^ion. (80) 

We refer to this function by saying that it allows for covalent-ionic resonance. 
This technique has been extensively exploited in an ingenious manner by 
Pauling and others to provide semiquantitative explanations of various 
molecular phenomena. We shall not pursue the matter here because it is 
not so easily adapted to quantitative calculation, eind — as the reader will 
soon see if he tries to provide an account of either O 2 or NO — it leads to 
no simple physical picture of the bonding. Further details of the method 
may be found either in Pauling’s own book "The Nature of the Chemical 
Bond,’’“ in Wheland’s "Theory of Resonance,’’^ or in Coulson's "Valence.”*® 

2.13 Multiple B(q^s 

In the examples (1) — (8) above, Hj, Lig and HCl had one pair of electrons 
forming the bond between them, Og had two pairs and Ng had three pairs 
mainly responsible for the bonding. Now for the last 100 years chemists 
have held the notion of single, double and triple bonds, distinguished by 
characteristic lengths, and reactions. Hg and Lig would be assigned sin^e 
bonds, Og a double bond and Ng a triple bond, written H — H, Li — Li, 
0 = 0, N = N. It is interesting to see Sow this is reflected in the m.o. 
account which we have givep. In general, we may say that 
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' a single bond has a description a‘ 
a double bond has a description 
a triple bond has a description 

According to this description, the odd-electron molecule NO with five 
effective bonding electrons would be halfway between a double and a triple 
bond. We could even say that its bond order was 2J1 

2.14 Polyatomic Molecules: Water H 2 O 

The simple LCAO MO method is readily extelided to polyatomic 
molecules, though we shall find it desirable to make some further simplifying 
assumptions suggested by chemical knowledge. The chief difference between 
polyatomic and diatomic molecules will lie in the fact that each molecular 
orbital will be polycentric instead of bicentric. 

Consider first the water molecule HjO. X-ray and spectroscopic evidence 
shows that the molecule is in the form of an isosceles triangle with the HOH 
angle equal to 104“3r. Since the H 1 ...H 2 distance is about 1.6 A, con- 
siderably greater than normal H . . . H distances in molecular hydrogen 
(0.7 A) this implies that the chief binding is between the oxygen atom and 
each separate hydrogen. Bearing in mind the description of the oxygen 
atom in (6) of § 2.11 we shall anticipate that the orbitals available for the 
formation of these bonds are two 2/> orbitals. If we take the x- and y-axes 
as shown in figure 13, with the z-axis normal to the plane of the molecule, 
we may call these the and 2/>y atomic orbitals. Let us denote their wave 



Fig. 13. HjO notation. 

functions by ^o(*) ^o(y)» the two hydrogen orbitals by and 

Then since the molecule is invariant under reflection in the xz plane we shall 
have to separate our m.o.'s into those which are symmetrical and those 
which are antisymmetrical with respect to this plane. This leads to possible 
LCAO forms 


*!>+ — 4* ^H.) 

ffi- — <f>o{y) + — ^hJ< 


( 81 ) 
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We next suppose that there is an effective Hamiltonian H for each electron.^ 
Then we may minimize the energy integral j dr. This ipgds 
to secular equations for the energies of \fs^ and and from which the 
variable parameters and A_ may be obtained. For the tfsj^ functions 


Hn - ES,, 


and for the tfi_ functions 


■^'^18 

H^-E 


where 


and 


■^83 E H 34 ES^ 

- FS4, H^-E = ® 

Ht, = H X, dr, S„ = j x* Xi dr 

Xi = ^oW. Xa — ■^8(^H, + ^H.) 

xs = My}' Xi = - M)- 


(82) 


(83) 


N 2 and N^ are normalizing factors which, because of the large H 1 ...H 2 
distance, are both nearly equal to l/]/2. It will be noticed that on account 
of their differing symmetry there is no mixing between the two groups of 
orbitals. This is because all integrals such as Hi^ and S 13 vanish identically. 
In this way we simplify the full secular determinant which, without our 
device of choosing symmetrical and antisymmetrical combinations of 
and would have been of order 4x4. 

Let us* now make the simplifying assumption that the overlap integrals 
S„ are all zero. This will simplify our analysis without significantly affecting 
the result. Then (82) and (83) lead to 

E, = ± i [(^u - Ha)’ + « IHul’l*'’ . 

E- = HH„ + ± J [(/f„ -HJ' + 

There are four energy values. This is to be expected since, if we start With 
four atomic orbitals ^o(*)* 4*oiy)' ^h. ^h,> must be possible to f 6 rm 

four molecular orbitals out of them. If we take the negative signs in (84) 
we get bonding orbitals. Let us put two electrons in each. This should 
provide us with an estimate of the energy of the ground state. If we put 
^11 = ^88. -^88 = ^ 44 . and neglect then 

Eu,i = 2(iT„ + H 22 ) - [(^u - ^88)* + 41^181?]^'® - [(^^u - -^88)* + 


t ThiB mattw is discussed more generally m § 2.17. 
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This energy depends on the valence angle 2a. The value of this angle occurs 
implicitly only in and If we may suppose that ^o(^) resolved 
into the sum of two oxygen 2^ orbitals, resp>ectively along (^|) and per- 
pendicular (^j^) to the line O — Hj then 

Hn = JV* I + ^H.) dx = 2iV, | dx 

= 2N^ f (^1 cos a -f- sin dx. 


Now in the neighbourhood of the bond O — Hj, where alone the product 
is reasonably large, the effective Hamiltonian H will possess almost 
an axial S 3 mimetry around OHj. Then, on account of the difference m 
S 3 mimetry between and term in sin a will vanish. So 


s5sf 2 N 2 cos a;SoH where 



Similarly 

Hence 


2N^ sin a/ffoH* 


Etot H^) - [(Hii • + 16^1 cos* - 

[(jy„ - + 16 JV^in*ayffSH]‘' 2 . 


We have already seen that Nl Nl Then simple differentiation 

with respect to a shows that has its minimum value when tana = 1, 
irrespective of the values of H-n, H^z and ^Sqh- Presumably if we had taken 
into account some of the small neglected terms we should have concluded 
that the equilibrium valence angle HOH should be approximately 90®. 
The observed value is in this region, but a little larger, 104°31'. In this 
way valence angles may be predicted. 

If we accept our approximations, then, at the minimum = A_ in (81). 
This has an interesting consequence. For the wave function W corresponding 
to (iouble occupancy of the stable orbitals and is 


!^+(l)a(l) Mmi) 1 ^-(l)a(l) 0-(l)Al) 

^+(2)a(2) il>+i2)m 

. . ^_(3)a(3) 

0_(4);ff(4) 


( 86 ) 


Now let us add and subtract the first and third columns, and also the second 
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and fourth columns, to give the entirely equivalent determinant (apart fn»n 
normalization) 


^;(i)a(i) Mmi) Mi)m 

^,(2)«(2) Mm2) 

Mim^) 

Mi4)m 

where 


( 86 ) 


>pj — + *fi- = + Miy) + (^+ + ^-)Mi + (^+ ~ 

*pii - — 0- = 4>oi^) ~ M{y) + (A+ — a_)^h, + (A+ + a_)^h. 


Putting A+ = A_ = A and a = 46°, this gives 

*1/1 = ]/ 2 Ml + 2A^h, 

0// = y2 Ml + 2A^h, 

where ^q, 2p atomic orbitals of the oxygen atom with their 

axes directed along the lines O — and O — Hg respectively. We call 
*j/j and tf/ji localized orbitals, since they are localized with their concentration 
of charge in the region of the two “chemical” bonds. It is important to 
realize that in this case the description (86) in terms of delocalized orbitals 
IS neither better nor worse than the description (86) in terms of localized 
orbitals. If we are interested in excited electronic levels, then (86) is usually 
the more satisfactory type of wave function, for the simple reason that 
t//^ and are already related td the S 5 mimetry properties of the whole 
molecule, whereas *f/j and pn are not. But (86) is more related to the ideas 
implied in the term chemical bond. This is because, if we were to replace 
the second hydrogen atom Hj by some other atom, or group of atoms, it is 
reasonable to suppose that only *j/jj would be significantly altered, ipj being 
concentrated in regions of space not affected by the replacement. Thus if/j 
may be said to determine the characteristic properties of the band O — Hj, 
and these properties — length, dipole moment, energy, force constant, 
polarizability — should be largely independSht of the nature of the other 
bonds in the molecule, and should be practically constant from molecule 
to molecule. The possibility of this localization is the fundamental reason 
for the existence of such characteristic bond properties. Historically the 
localized orbitals were used first, with the assumption that the bond 0 — 
would be described by a molecular' orbital composed of the hydrogen orbital 
M ^ suitable oxygen orbital M directed so as to overlap with M 
£is much as possible. It was only later that jthe equivalence of localized and 
delocalized descriptions was properly realized. 
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If we wished to carry this discussion further we should need to take 
account of the Coulomb and exchange forces exerted by the other electrons, 
hitherto neglected ; and we should need to make a much more detailed study 
of and the proper one-electron Hamiltonian to use. A brief account of 
some of this work is described in § 2.18. In the form in which we have 
described this work, it is usually called semiempirical, since considerable 
assumptions are made, and the values of some of the fundamental parameters 
such as 2^® often obtained by reference to some 'type of experimental 
evidence, such as bond length or energy. 

A similar discussion to (86) could be in terms of localized bonds, using 
the valence-bond scheme. But now each separate 0-H bond is described 
as a covalent pairing of two orbitals as, e.g., ^o, ^.nd then the 

complete wave function is made antisymmetrical. But on this scheme there 
is no analogue to the delocalized description (86). Furthermore the results 
of the simple treatment are very similar to those of the simple m.o. treatment, 
but the corresponding more elaborate treatment is almost unmanageable. 
We shall not therefore discuss this matter further. 

2.15 Hybridization: The Carbon Atom 

In our account of HjO it was not difficult to write down the form of the 
appropriate LCAO MO’s. This is not always the case. As a very important 
example consider the carbon atom. Its lowest atomic configuration is 
(Is)* (2s)* i2py) with two unpaired electrons, suggesting a divalent 

character similar to that of oxygen discussed in the preceding section. But 
we know that carbon is far more often tetravalent than divalent. This 
situation is best understood by introducing a new concept — hybridization. 

In the first place there are well-known atomic states of carbon with the 
configuration (Is)* (2s) (2p,) {2Py) {2p,) in which one of the 2s electrons has 
been excited to the remaining 2p orbital. The excitation energy of the lowest 
such transition is only 96 kcal mole~^ (i.e., just over 4 ev). But the atom in this 
excited state has four unpaired electrons, and so could be expected to be able 
to form four bonds. If the energy of the two new bonds was greater than the 
energy of excitation, it would be profitable to make the excitation, and 
subsequently recover in the two additional bonds more energy than had 
been expende4 on the excitation. This is precbely what happens. But the 
matter cannot be dealt with quite so simply. For if we followed our expe- 
rience with H,0 and formed four localized bonds with the atomic 2s, 2p^, 
^Py> ^Pt orbitals, they would not all be equivalent : there would be three 
of one land, very similar to the O-H bonds in water, and a fourth involving 
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the single 2s orbital. This situation is not found experimentally, for all four 
C-H bonds in the simplest of such compounds — methane CH4 -- are 
known to be equivalent, and their mutual angle is the famihar tetrahedral 
angle 109°28'. The only way to avoid this inequivalence is to suppose that 
instead of making localized bonds with the separate 2s and 2p orbitals, we 
make localized bonds using a mixture of them. Such linear combinations, 
or hybrids, were first introduced by Pauling,*^ who showed that the 
combinations 

/a = i [^(s) + <l>{2px) + <f>{2Py) + ^{2pt)] 
h = i [^(s) + 4‘{^Px) — 4>{^Py) — <f>(2Pt)] 
h = i[^(s) - <t>{^Px) + 4>{2Py) - P{2p,)] 

U ^ ^ms) - <f>{2p,) - <f>{2Py) + <f>(2p,)] ( 87 ) 



B 

Fig. 14. CH 4 O is the position of the carbon nucleus, A,B, C, D, those of the hydrogen 

nuclei. 

were all linearly independent, and at the same time equivalent. Their only 
difference is that they are directed with axes of symmetry in different 
directions. With the notation of Fig. 14 we^ay write 

ta=^[<l>{s)+]/3<f>{2Pa)] (88) 

where ^(2^J is an atomic orbital in the (1,1,1) direction OA. Similarly 

where p{2pi,) is an atomic orbital in the (1, — 1,— 1) direction OB. Similar 
results hold for ig and Thus axial s}mmetry around the direction OA, 
and on account of the ungerade character of all ^ functions, has its 
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maximum value on the line OA. Now if we place our four hydrogen atoms 
at positions such as A,B>C,D, we can form localized bonds by linear combina- 
tions of and and etc. These bonds are all equivalent, and 

they are correctly oriented at the tetrahedral angle. Each such localized 
molecular orbital will be of the form with the same parameter A, 

to be determined from a variational calculation. 

There is an alternative way by which the particular combinations (87) 
could have been found. We say first that as a result :^of the four H atoms 
at positions A, . . . ,D the local field around the carbon atom at 0 is of 
tetrahedral S 3 mimetry We then ask what linear combinations of spherical 
harmonics of order 2 (the p orbitals) has this symmetry. This leads us at 
once to the combinations of <f>{2pj, <l>{2Py) and <f>{2p,) which appear in (87). 
The general problem of constructing hybrids has been solved in an elegant 
manner by Altmann (Chapter 2, § 6.5) 



Fig. 15. Trigonal hybrids. 


Fig 10. Digonal hybrids 


In (87) we used equal proportions of one s orbital and three p orbitals. 
We therefore speak of sp^ hybrids — though, as (88) suggests, each particular 
hybrid could be thought of as if it were s^^*p^^*. But we could equally well 
have considered hybrids arising from sp‘. There will be three of these, each 
.1/8 ./,2/8 They take the form 

tra = yr [^(S) + ]/2<P(2P,)] 

= Vi m + yj<f>(2py) - vf^(2^)j 
tr. = VF [^(S) - VF my) - VF mx)] (89) 

and lead to three tngonal hybrids directed as in Fig. 16, in which the central 
atom is supposed to be at the origin, and the directions of the hybrids are 
shown by the three arrows. By analogy with (88) we could write these 

= VFW*) + V2^(2^)]. tr»= VFW*) + V2^(2^)]. «tc. (90) 
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In the same way there are digonal hybrids sp formed by one s and one p 
orbital. Their form is 

di« = VF [^(S) + <f»{ip^)]. di» = yj [^(s) - P{2p,)]. (91) 

with directions as in Fig. 16. 

An example of the need for trigonal hybrids is in ethylene (CjHJ 

H H 

\ / 

C = C 

/ \ 

H H 

This is a planar molecule with all the valence angles close to 120°. If each 
carbon atom is hybridized in the sp^ trigonal fashion, we may form localized 
(T-type bonds for the four C-H and the C-C bonds. This still leaves 
unused the atomic orbitals on each carbon atom (the z direction being 
perpendicular to the molecular plane) These two orbitals are now used to 
form a :7t-bond, as in § 2 13 In this way the bond between the two carbon 
atoms IS a double bond )C — and we see why the valence angles are 
approximately 120° 

In a similar way the digonal hybrids are needed for acetylene (C^Hg) 

H - C = C -- H. 

This is a linear molecule, as would follow from Fig. 16, with one a- and two 
;r-bonds linking the two carbon atoms. This justifies us in writing it as a 
triple bond — C = C — . 

2.16 Benzene and Other Aromatic Molecules 

There is still one other type of molecule to be described. This is interesting 
because it presents a situation where we cannot localize all the valence 
electrons in bicentnc orbitals to form a or n bonds, but some of them must 
be assigned to delocalized orbitals. Such molecules, of which benzene (CgH*) 
is the simplest example, occupy a role intermediate between the conventional 
simple molecules with localized bonds and metals where the valence electrons 
move over the complete crystal. 

In the case of benzene, spectroscopic an<J X-ray evidence shows without 
any qualification that the molecule is planar, with the regular hexagonal 
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shape of Fig. 17. The h 5 ^rogen atoms lie S5mimetrically away from the six 
carbon atoms a,b> • >f- 

Now first of all, the close similarity between this molecule and ethylene, 
where again all the angles are 120®, strongly suggests that we hybridize 
the carbon atoms in the sp* trigonal manner, and then form localized <T-type 
orbitals for each C-C and each C-H bond. We may say that this provides 
us with an excellent and rigid molecular framework. But a simple counting 


H 

1 


of electrons reveals that there i^main six to be allot- 
ted to some sort of m.o.’s. They are the analogues 



of the 2p^ electrons in ethylene. Let us call the 

r 


six atomic orbitals in question . .Jif. We 

Ad 


might have tried to form localized bicentric or- 


H 

bitals out of these n orbitals in a manner sim- 

1 

H 


ilar to that of ethylene, by choosing combinations 

Fig. 

17. 

+ ^d> This would have led 

to double bonds a = b, c = d, e = f, with a chemical 

: notation. 

bond diagram 



b 

c 


But there is no particular reason why we should not have chosen other 
combinations + ^c> + ^e> leading to an alternative bond 

diagram 


a 



These two diagrams are often called Kekule diagrams, after the chemist 
who imagined, 100 years ago, that the molecule was in some kind of d 5 mamic 
oscillation from one to the other and then back again. Wave-mechanically 
we could represent this by a linear combination of the two wave functions 
which correspond to these diagrams; and we could speak of resonance 
between them. Such language is often used. But it is more instructive to 
abandon any attempt to find any localized description of these electrons, 
and instead, to form delocalized orbitals by linear combination of all six 
atomic orbitals. Thus we should try LCAO functions of the type 


( 92 ) 
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with coefficients Cj, . . . ,Cj to be determined. Fortunately, the i^ref^ 
symmetry of this molecule (DeJ with its sixfold symmetry axis at 
angles to the plane of the ring, enables us to write down their values v^hout 
any trouble. A very convenient form (though not yet normalized) is 


+ oinh + oi^Tie + ... (93) 

where co is any quantity such that to* = 1. The relation of this to the cyclic 
rotation group (Chapter 2, § 6.1) will be immediately obvious. So also 
is its relation to the Bloch theorem in metals (Chapter 6, § 2.2), for 
the allowed values of <a in (93) are simply the sixth roots of unity, viz., 

to = r = 0. 1 ,2, ... ,5. (94) 

The m.o.’s corresponding to r = 0 and r = 3 are nondegenerate: those 
with y = 1 and 5 are degenerate, being merely complex conjugates of each 
other : and so are y = 2 and 4. In group theory terms, the orbital with 
y = 0 is of symmetry a■^^, and with r — Z, b^‘, y = 1 and 5 are and 
y = 2 and 4 are Cgu- we wished we could pick out the real and imaginary 
parts of the degenerate m.o.’s and so obtain a purely real set of six orbitals. 
But this would disguise the quasi-metallic character of these delocalized 
orbitals. It turns out that the energies corresponding to y = 0, 1, and 5 
are the lowest, so that these orbitals are just filled with the six available 
71 electrons. The ground state is of symmetry A^g, but when an electron is 
excited from one of the occupied to an unoccupied m.o. a considerable 
variety of possible symmetries arise. 

More complicated molecules such as naphthalene CiQHg can be built 
up in the same way. They are known chemically as aromatic hydrocarbons, 


H H 


H 

H 



H 

H 


and their study forms one of the most fascinating chapters in organic 
chemistry. But their properties are entirely due to the two features which 
have already been described: (1) the formation of trigonal sp* hybrids 
around each carbon atom, so leading to 120° valence angles and a planar 
molecular framework; and (2) delocalized n molecular orbitals for the 
electrons not already involved in the localized^o-type bonds. These n electrons 
behave rather like tiny electric currents in the rings, and are able to carry 
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^ Tfi 

electrical influences very easily from any one part of such a molecule to any 
other. For further details of all this the reader is referred to Coulson's 
"Valence”*® or to "Quantum Chemistry” by Eynng, Walter and Kimball.** 

2.17 Self-Consistent-Field Methods: The Equation for the Energy 

We must now return to a rather more careful discussion of an approxima- 
tion that we have already used on several occasions For example, m § 2 14, 
when discussing the molecular orbitals for the water molecule we assumed 
that there was an effective one-electron Hamiltonian This enabled us to 
deal with the valence electrons one at a time Now the full Hamiltonian 
includes terms such as l/r^a which involve the simultaneous positions of 
two electrons. It is important to consider under what circumstances the 
full Hamiltonian can be replaced by a simpler effective Hamiltonian with 
only one-electron terms in it We can approach this problem by a modifica- 
tion of the self-consistent-field theory of Hartree and Fock (Chapter 1, 
§ 13.3). 

Let us fix attention on the ground state of a molecule, in which we 
suppose that the molecular orbitals (z = 1,2, . ,«) aie each doubly- 
occupied, and all other m o 's are entirely empty We may take the to 
be orthonormal, so that 


4c * 

<l>t <f>f dx = 0 t 7 


= 1 z = 7 (95) 

Our first step is to partition the complete Hamiltonian represented by 
(1), (2), and (5) into terms involving either only one, or two, electrons In 
the simple case of the hydrogen molecule this is just what we did m (50) 
and (61) Thus we write 

2h 

H = 2^H^is) + 2J ^ (96) 

where the detailed form of H® is 

= ( 97 ) 

'sa 

In (96) the firsjt summation runs over all 2» electrons, and the second summa- 
tion is over all pairs of electrons s,t. In (97) the summation is over all 
nuclei a. H^{s) is sometimes called the core-Hamiltoman for electrons, since 
it is the sum of the kinetic energy and potential energy of attraction to all 
the nuclei, with complete omission of any interaction with any other electron. 
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The complete wave function is 


¥'(1.2 2n) = Det [^(l)a(l). Um^). • ■ • . 

(98) 

where only the leading diagonal term in the determinant has been written 
down. On account of the orthonormality of the this wave function is 
already normalized. The energy E associated with it is given, as usual, by 


= (■ 


E = J W*HWdr^. . . dxin. 


If we write (98) in the equivalent form 


¥^{1.2 2n) = 2" (- 1)'’ P<^i(l)a{l)^i(2))8(2) . . . ^,(2«);5(2n) 


where the summation is over all (2n) ! permutations P among the electrons, 
and (— 1)^ means -j- 1 for even permutations, and — 1 for odd ones, then 


^ 1)^^^*(1)«*(1) - • (2«)yff*(2n) . 

H' 2 l)^P^i(l)a(l) . . . <^ 42 n);ff( 2 n) dx^. 

p 

Now every term in the first summation is a certain permutation of the 
leading diagonal term, and by a smtable change of labels of the electrons 
can be made to coincide with it. Such a change does not affect H which is 
completely symmetrical in the electrons; and its only effect on the second 
summation is to introduce a factor ± 1, depending on whether the permuta- 
tion Q is odd or even. The net result of all this is that every one of the (2n) ! 
terms in the summation over permutations Q yields exactly the same integral. 
Hence we may drop the Q summation, and write 

P = I {l)a*(l) {2n)/3*{2n) H (99) 

(- 1)^ ^i(l)«(l) . . • dx^. 

p 

When we insert in (99) the expression (96) for H, we have two sets of terms. 
The first member of the first set is 

I ^ 1 * (l)a*(l) . . . ^; {2n)fi*(2n) H^{1) ^(1)«(1) • • • ^-(2n)/?(2«) d^. 
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On account of the orthogonality of the 4>r spin functions a,^, there 

is only one term in the P-summation which does not vanish. This is the 
leading diagonal term, and it gives (remembering that the if>, are also 
normalized) 

(100) 

Thus Hi is the energy for the m.o. in the core potential. The other terms 
in the first set in (99) give similar results, in which, oh account of the spin, 
each occurs twice. This part of the total energy reduces, therefore, to 

2 ( 101 ) 

where 

/f, = |^;(i)jy»(i)^,(i)<fTi. (102) 

We have used the coordinates of electron 1 as current coordinates in (102), 
but since this is an integral over all space we could have used any other 
electron instead. is a function, not of position, but of the m.o. <f>^. It 
is more properly called a functional. 

A typical member of the second set terms in (99) is 

<fn (!)«*(!) • • • (2n))8*(2n) • i- • ^ (_ 1)^' ,^(l)a(l) . . . <^„(2n)/?(2n) dT^\ 

(103) 

Let us first consider the term arising from l/rjg. Then, on account of the 
orthonormality of the spin orbitals, the only term in the P summation that 
is nonvanishing is the leading diaigonal term, and the integral reduces to 

( <t>* (l)«^r <f>iW<f>i{2) dti dx^ = say. 

J ^12 

The term arising from l/r^g is a little more complicated. Two terms in the 
P summation have to be considered. The integral reduces to; 

f^r(l)^2*(3)'-;L. [^,(1)^,(3) - U^)U^)]dXidx^ = Ji^-Ki, 

J 

where, in general, 

/.,= (104) 

J ^12 

K., = I ^•(i)*,*(2) mm dm,. 

J 


( 106 ) 
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7„ is sometimes called the Coulomb integral for the orbitals A. and K 
is the corresponding exchange integral. ^ 

The contribution of type (103) arising from l/r„ reduces to the single term 

I (1)^2* ^i(1)^2{4) dti *4 = /ij. 

J ^14 

All other terms follow in just the same way, and enable us to write (99) in 
the form 

n H „ 

E==22Jh, + {2Js, - K,,) + Yj,,. 

i * 1 Sftt ^ ^ X 

Since /„ = this is equivalent to 

£ = 2 ^ H, + 27 (2/s/ - (106) 

all s,t 

This last equation is the fundamental one for all our later work in this chapter. 
It is, of course, identical in form to the equations for the energy of a single 
determinant wave function for an atom. 

2.18 Hartree>Fock Equations 

We shall now make use of (106) in two ways. In both we make use of 
the variation principle (Vol. I, Chapter 6) that the true wave functions are 
such as to make (106) stationary. In the first situation we imagine ourselves 
varying the complete set of molecular orbitals in the second (see § 2.18) 
we supposed that each (f>^ is expanded in an LCAO form, and we vary the 
sets of coefficients in these linear combinations. 

Consider a particular Let it be modified to always 

maintaining the orthonormality conditions f <l>* dr = The first order 
variation in E, as given by (106) is now to be set equal to zero. Thus dE = 0. 
But the restrictive conditions implied by the?sirthonormality conditions are 
included by Lagrange multipliers. We require that the function 

2 2^ Hs + (2/»* - (( 4>* <f>t dr - d J (107) 

all s,t aU s,t ^ ' 

shall be stationary, for unrestricted variations of each separate In (107) 
the last summation is a double one, over all values of s and i. We shall not 
work through the detailed analysis here (see, e.g., Roothaan**) but merely 
state the results as follows. 
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(1) As a result of the Hermitian character of the total Hamiltonian H, 

the matrix e is itself Hermitian; that is, 

= (108) 

(2) The differential equations satisfied by the are given by 

^(l)^s(l) = 2! (109) 

/ 

where F is a kind of effective one-electron Hamiltonian, that takes the form 

F{1)^H0(1)+G{1) (110) 

H®(1) will be recognized as the core Hamiltonian introduced in (96), and 

G(l) is a combined exchange and Coulomb operator defined by 

G(l) = 2" (27.(1) - ^‘(1)] (111) 

where, for any function <^(1), 

7, (1)^(1) = <A(1). (112) 

LJ ^12 

= Ml). (113) 

'12 

The operator 7t will be recognized as the potential field provided for electron 1 
by the Coulomb repulsion due to electron 2 in the orbital <f>,. The operator K, 
has no simple physical counterpart, but is evidently an exchange potential 
energy operator. 

(3) If we let <!> denote the row vector {MM • • • .M) the set of equations 
(104) can be put in the very simple matrix form 

F<f> = <f>€ (114) 

These equations are the Hartree-Fock equations for the molecule. It will 
be noticed from the right-hand side of (109) that each equation involves 
every one of the functions. They are therefore a set of coupled differential 
equations. On account of their complexity, it is not surprising that they 
have not yet been solved for any molecule more complicated than Hj.®* 
However, we can see that the use of a one-electron Hamiltonian, as in earlier 
sections of this chapter, is not valid. It is equivalent either to deleting from 
(109) all the terms involving other orbitals than or alternatively to 
replacing them by some invariable supposed equivalent. 
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2.19 Roothaan Equations 

Our second application of (106) is to the LCAO approximation. We now 
suppose that each m.o. may be expressed as a linear combination of 
atomic orbitals iftp. There will often — but by no means always — be one tf/p 
for each atom. In general we shall write 


^ *t>p Cp,. (116) 


The only variables now are the coefficients Cp^. But before we start varying 
these it is convenient to express some of our equations in matrix form. 
Let us write 




4*= {^V*p2-- • 

(116) 



Cu 




C. = 

(117) 



^12 ^In 



fj ~ ^21 

^22 ■ (o 0 \ 

(118) 


Ctn\ 

CmT. 


Then 


<f>, = 4*Ci 

(119) 

and 



(120) 


Equation (119) deals with one molecular orbital, equation (120) with all 
of them at once. Now the individual ijjp will not usually be orthogonal 
(though of course the <f> must be!). So we introduce the overlap matrix 

S = ||S«|| (121) 

whp.rp 

( 122 ) 

Clearly S^p — 5*^. S is therefore Hermitian. Usually, however, the ^ are 
real, and then so also is S. 

We can now show that (106) takes the form 

£ = 2 ^ c.*Hc, + ^ (2crj,cs - c.* K|C,) 

all 3.1 


s 


(123) 
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where H is the square matrix of order m given by 

= (124) 

and it> square matrices, also of order m, given by (see Eqs. 112 

and 113) 

(126) 

= (126) 

The variation of the coefficients C must be made subject to the orthonormality 
conditions. These are 

1=1^* (fit dr = c,* Sc,, 

0 = J <f>„ dr = c,* Sc„ {t^u). (127) 

The incorporation of these conditions requires the introduction of Lagrainge 
multipliers e^, as in §2.17. Our final result can be put in the form: 


Fo, = 2! (128) 

( 

In this equation F is the matrix in the 0 representation with elements 

Fp, = ^4,;F4>,dr (129) 

and defined exactly as in (110). We can combine all the set of Eqs. (128) 
in one single equation 

FC = SCe, (130) 

an equation which bears a close resemblance to (114), and would become 
identical with it in the limit when the set ijip became infinite in number and 
formed a complete set. 

The difficulty in the use of (128) lies in the fact that it is not linear in 
the expansion coefficients Cp,. This is because, according to (110), F involves 
the Coulomb and exchange potentials and ifj, both of which are defined 
in the <j> scheme. When these are converted into the if/ scheme quadratic 
terms in Cp, will appear. Hence despite their simple appearance, the 
Eqs. (128) and (130) are actually of third degree in the unknown They 
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are generally solved by the use of an electronic computer, making use of 
whatever symmetry exists in the molecule This is exactly what was done in 
obtaining the SCF LCAO molecular orbitals for water, to which reference 
was made in § 2 14 Since this is an excellent example of the use of the 
Eqs (128) we shall conclude with a brief descnption of this work in the form 
set out by Ellison and Shull 

Let us use the notation of Fig 13, and take into account all ten molecular 
electrons In the separated atoms they would arise from 0(ls* 2s® 2 p^ 2py 2f^), 
Hi(ls), H 2 ( 1 s). On account of the symmetry, however, we may divide the 
orbitals into groups Thus the first group contains only 0(2^,) since this 
is antisymmetric in the a;y-plane, whereas all the others are symmetrical 
This atomic orbital therefore remains almost unaffected by the formation 
of the molecule The second group divides into those which are symmetrical 
in the xz-pkne, viz, 0 (ls), 0 ( 2 s), 0 ( 2 /)J and the combination Hi + Hj, 
and those which are antisymmetnc in this plane, viz , 0 ( 2 />^) and Hj — Hj 
Thus molecular orbitals are of the form 

Group 1 , 7c orbitals, 0(2/»J there is 1 of these 

Group 2, a orbitals, symmetrical in xz there are 4 of these 

CiO(ls) + C20(2 s) 4 4* ^ 4 (^ 1 4" H 2 ) 

antisymmetrical in xz there are 2 of these 

"t" “ ^2) 

The 71 orbital in group 1 has symmetry Jj, the symmetrical a orbitals in 
group 2 have symmetry and the antisymmetrical ones It appears, 
either on grounds of general plausibility, or by comparison with the simpler 
treatment in § 2 14, or by direct calculation, that all the seven m 0 ’s are 
occupied in the ground state, except for the topmost orbitals in each of the 
a groups Ellison and Shull solved (128) in which the only nonvanishmg c’s 
were those implied in the form of the orbitals just described In all, there 
were no less than 14 undetermined coefficients to be determined, together 
with the corresponding energies It will be realized that this represents a 
very considerable amount of numerical computation The final results are 
that the occupied orbitals are 


a orbitals 

1 000 0(ls) 4 - 0 016 0 ( 2 s) 4 - 0 002 0{2p,) - 0 002 (H^ 4- Hj) 

- 0 029 0(ls) + 0 846 0(2s) 4- 0 133 0(2^,) 4- 0 126 (H^ 4- H 2 ) 

- 0 026 0(ls) ~ 0 460 0(2s) + 0 828 0{2p,) + 0 236 (H^ 4- Hj) 

0.643 0{2py) 4 - 0 648 (H^ - Hg) 

n orbital: 0{2p,) 


energy symmetry 

— 667 3 ev 

— 36 19 ev 

— 13.20 ev aj 

- 18.56 ev 6 , 

11.79 ev 6 ^ 
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where and are ordinary Is orbitals of form ^(l/n:) c~*, and the other 
atomic orbitals are all oxygen ones defined by 


0(ls) = 



0 ( 2 ^,) = 



fit 




0{2s) = 



0.233 0(ls) 


0.973 


, etc., 


with a == 7.7, 0 = 2.275. The peculiar form of 0(2s) is chosen because it 
is orthogonal to 0(ls). 

Once we know the wave function we can calculate any other quantities 
that we desire from it. But we shall not describe these here. It is sufficient 
to have shown that by a technique of this kind it is possible to determine 
these SCF orbitals, and that such calculations are vastly more complex for 
a molecule than for an atom. 
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The problems encountered in the interpretation of molecular spectra 
form some of the most satisfying examples of the application of the quantum 
theory. Possibly this arises from the fact that they are sufficiently simple 
to be solvable, sufficiently complex to be interesting, and so well-documented 
by experimental data as to be readily verified. 

The total extent of the field of molecular spectra is large and it would 
not be possible, within the scope of the present book, to present more than 
a judicious sampling. Many interesting aispects have been omitted. These 
include a discussion of Raman spectra, of Fermi resonance, of the finer 
details of the vibration and rotation interactions in polyatomic molecules, 
of hindered rotation, and of the qualitative description of large molecules. 
In addition to these, omission is necessaidly made of the great wealth of 
data and interpretation for ^he many individual molecules which have been 
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investigated. The student will find the books or reviews by Herzbeig,^ 
Dennison, ‘ Townes and Schawlow* and Wilson et al.* helpful in pursuing 
the subject further. 


1. General Considerations 


At first sight it appears somewhat paradoxical that a i^olecule containing 
n electrons and N nuclei should furnish a fruitful example for the application 
of the quantum theory. The system, even excluding spins, is one of 3(» + N) 
degrees of freedom and hence would seem to be beyond the capabilities of 
any existing mathematical means of solution. This statement is correct 
if an exact solution is required, nevertheless, it will be shown that approx- 
imate solutions of excellent accuracy may be obtained. The key lies in the 
fact that the Hamiltonian, to a high order of approximation, separates into 
the sum of four functions, the first of which depends only upon coordinates 
of the electrons relative to the nuclei, the second upon the coordinates of 
the nuclei relative to each other, the third upon coordinates describing the 
rotation of the entire system, and the fourth upon translational coordinates 
This latter function has no bearing on the problem of molecular spectra and 
consequently will be ignored. Thus H = -f 


A proof of the approximate separation of the Hamiltonian has been 
given by Born and Oppenheimer* using an expansion in powers of the ratio 
the electron and proton masses. An essential reason for the separation may 
be traced to the fact that the characteristic frequencies to be associated with 
the motions of the electrons and of the nuclei are of a different order of 
magnitude. The following qualitative considerations may be helpful In 
the first place the forces acting both upon the electrons and upon the nuclei 
are due principally to the electrostatic forces between elementary charges 
over distances of the order of the dimension of a molecule, namely, a few 
angstrom units. Thus the forces on both types of particle are essentially 
the same. The characteristic frequencies will then stand in the ratio of 
where M and m are the masses of a nucleus and an electron respec- 
tively. In the least favorable case, namely when the nucleus is a proton, 
this ratio has a value of about 43. Experimental observations bear out 
these considerations at least, qualitatively, since the electronic frequencies 
of molecules and atoms are of the order of the Rydberg constant, that is, 
around 100,000 cm"^ while the vibrational bands associated with the motion 
of protons occur in the neighborhood of 3000 cm“^. It is a well-known 
property of periodic systems that motions of widely different frequencies 
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are nearly additive and that interaction terms are ineffectual in coupling 
them.* 

A qualitative classical way of describing the situation is to note that the 
nuclei are subjected to forces arising from the mutual interaction of their 
electric charges and also from the charges of the electrons. These latter are 
in rapid periodic motion around the nuclei (classical picture) and hence 
contribute effects due mainly to averages over their positions. To the nuclei, 
the electrons appear to be an averaged charge distribution while to the 
electrons, during any one period of their motion, the nuclei appear to be 
stationary. From these considerations as well as from the more exact 
discussion by Bom and Oppenheimer, the conclusion is reached that the 
original Hamiltonian may be split into the sum of a Hamiltonian containing 
the electron coordinates and a Hamiltonian describing the vibration and 
rotation of the nuclei. 

This latter Hamiltonian further separates, approximately at least, into 
a vibration Hamiltonian involving the mutual coordinates of the nuclei and 
a rotational Hamiltonian giving the rotation of the molecule. This separa- 
tion again may be understood on the basis of the different orders of mag- 
nitude of vibration and rotational frequencies. Thus in a typical molecule 
such as HCl, the vibration frequency (expressed in waves per cm) is observed 
to lie at approximately 3000 cm“^. The rotational frequencies are, in round 
numbers, 20; cm“^ where ; is the rotational quantum number. At room 
temperature in thermal equilibrium the most probable value of ; lies between 
3 and 4 and there are exceedingly few molecules with ; higher than 15. For 
these latter the ratio of vibration to rotation frequencies would be 10. 


* The following highly simplified system illustrates this point Consider a large 
mass M (a nucleus) which may move along a line and which is attached to a fixed point 
(the remainder of the molecule) by a spring having a spring constant k, A second mass 
m (an electron) which may move along the same line is attached to the mass M by a 
spring identical to the first spring (assumption of equal forces between nuclei and 
electrons). This system may be solved by the usi,(al method of normal vibrations and 
since all motions are simple harmonic the results of a classical theory treatment will 
be identical with those of the quantum theory. It is easily shown that there will exist 
two frequencies and which may be expressed by means of a power series in tnIM. 

(1 + W/2M + • •) and = (l/2jr)(^/M)^/* (1 - m/2Af -f . . .)• 

Since (l/2;r)(A/m)^/® is clearly the frequency of the electron under the conditions of 
a fixed nucleus and {I [271) (klM^^^ is the frequency of the nucleus ignoring the existence 
of the electron, it is seen that the actual frequencies are altered through the coupling 
of the nucleus and electron by corrections of magnitude ml2M, i.e., of the order of one 
part in 4000. 
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As a further aspect of the problem it is instructive to compare the 
amplitude of the vibratory motion of the nuclei with normal distances between 
nuclei. It may be shown (cf. Vol. I. Chapter 3, § 2) that a particle, tn, un- 
dergoing simple harmonic motion has a wave function (and hence a positional 
probability) which is primarily confined to a region ± [(2n -|- 1) 
where « is the vibrational quantum number. This region corresponds 
exactly to the amplitude of oscillation of a classical particle. Again 
taking HCl as an example, a substitution shows that^the amplitude is 
0.106 (2n -f 1)*^* X 10“* cm. The equilibrium distance between the H and 
Cl nuclei as determined from the fine structure spacing is 1.27 x 10“* cm. 
Thus in the normal and low excited states of the molecule the vibrational 
amplitude is of the order of 1/10 the distance between the nuclei. It is thus 
quite rational to approximate the system by a rotator and an oscillator. 
The interaction (which will be explicitly calculated for the diatomic molecule) 
is feeble since to the rotator the rapid oscillatory motion over a small 
amplitude virtually averages its effects to zero, while to the oscillator the 
centrifugal forces due to the slow rotational motion are almost negligible. 

The qualitative picture of a molecule which has been given is important 
in setting up the mathematical framework for a more exact description. 
In summarizing one may say that in discussing the electrons the nuclei may 
be considered to be fixed. In discussing the potion of the nuclei, the effect 
of the electrons may be replaced by a potential which is a function of the 
positions of the nuclei. If the molecule is stable, the potential function for 
the nuclei possesses minima which determine their equilibrium positions. 
The nuclei may oscillate about these equilibrium positions but the amplitude 
of oscillation (extent of their wave functions) is small in comparison with 
the distances between the equilibrium positions. Thus, as a whole, the 
molecule has a semirigid structure which may undergo rotations. In the 
next section the diatomic molecule will be considered in some detail and in 
the succeeding section a number of typical polyatomic molecules will be 
discussed. 


2. Diatomic Molecules 

2.1 Electronic Levels 

As has already been shown the large difference in mass between electrons 
and nuclei, coupled with the fact that the long range forces between electrons 
and nuclei are of essentially the same magnitude, insures that the 
Hamiltonian, to a high order of approximation, splits into two terms. The 
first of these relates to the problem of electrons moving in the field of nuclei 
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which are fixed in space while the second describes the problem of nuclei 
bound together by forces arising from the averaged effects of the electrons. 
In the present section the first of these Hamiltonians will be considered for 
the special case of a diatomic molecule. 

Let it be supposed that the two nuclei are separated by the distance r 
and are held fixed. The quantity r is not necessarily the equilibrium distance 
but may have any assigned value from zero to infinity. The potential entering 
the Hamiltonian arises from the coulomb repulsions between the electrons 
and from the coulomb attractions of the electrons to each of the nuclei. 
It also includes the potential of the nuclei relative to each other but since 
their positions are fixed this enters as a constant parameter. Clearly the 
potential energy will be unaffected if the entire system of electrons is rotated 
through an angle about the line joining the two nuclei. A similar remark 
holds for the kinetic energy of the electrons and consequently the entire 
Hamiltonian must be independent of the angle <f> although it will contain 
the canonically conjugate momentum p^. Since ^ is a cyclic coordinate it 
follows that p^, the orbital angular momentum along the line joining the 
nuclei, is a constant of the motion and possesses eigenvalues ± Ah where 

A = 0,1, 2, 3, It has proved convenient to classify the electronic states 

by means of A and the designations 27, 77, J , 0, . . . are used for yl = 0, 1 ,2,3, . . . 
respectively. Of course for any given value of A, there will exist many dif- 
ferent energy states which, in general, may be widely separated. 

The present situation may be compared and contrasted with that of 
an atom containing one nucleus and a number of electrons. In this latter 
case the potential energy possesses spherical symmetry and the Hamiltonian 
can not depend upon the space orientation of the system. This leads to a 
conservation of orbital angular momentum whose square has the eigenvalues 
(Z,® -f L)A® where L is an integer including zero. The electronic levels are 
classified by means of L and are designated asS, P, D, F,. . . states according 
as Z, = 0, 1, 2, 3, ... . In the presence of an external field (for example, an 
electric field), the component of the angular momentum along the field axis 
is likewise a constant of the motion, and is denoted by ± For any 

given L, Mi_ may take the values 0,1,2,. . .L. Clearly the existence ol the 
external field converts the spherical S 3 nnmetry of the free atom to a field of 
axial S 3 mmetry and consequently ^d A are identical quantities. 

The condition of axial symmetry imposes certain general restrictions on 
the wave functions'and selection rules. I^t the position of the tth electron 
be designated by the cylindrical coordinates {z^, r„ where is the distance 
along the symmetry axis Mid the azimuthal angle about it. From &e 



262 


I>. M. DSKMtSON AND K. T. HECHT 


conservation of angular momentum along the symmetry axis it follows 
that the wave function has the rigorous form, 

^ or ( 1 ) 

in which x x functions of (z^, ^i),. . . (z„, r„, <f>„) where n is the 

number of electrons and x{— <f>,) = The azimuthal angle, <f>, cor- 

responds to a rotation of the entire system about the symmetry axis. 

Let the cartesian coordinates x,y,z be introduced where the z-axis 
coincides with the axis of the system. The electric moment will have the 
components = e£x^, fiy = eEy^ and fi, = e.Ez^. and fiy will clearly 
depend upon the total azimuthal angle ^ by means of the factors sin ^ and 
cos <l> (with proper choice of the reference plane for <f>), while /i, must be 
independent of <f>. A calculation of the matrix elements of the electric 
moment will yield certain general properties since the variables ^ must be 
integrated from 0 to 2jr. Clearly in the case of either or fiy, the initial 
and final states must be characterized by values of A which differ by unity. 
In the case of however A must be the same for the two states. The selection 
rules AA = ± 1 or 0 have therefore been established. Thus returning to 
the classification of electronic states, transitions of the type E -*E, U -*-n, 
. . .E -*n,n -*■ A,. . . may occur but not ^e transitions E -*A,... . 

The spin of the electrons introduces modifications for a diatomic molecule 
which are similar to those for an atom. Let the resultant of all the electronic 
spin angular momenta be given by the quantum number S which is either 
an integer or an half odd integer depending on whether the number of 
electrons is even or odd. Since the spins are not affected by an electric field 
but only by a magnetic field, the A = 0 states are unchanged by S. When 
A ^0. however, there exists an orbital angular momentum and con- 
sequently a magnetic field whose axis coincides with the symmetry axis. 
The spin S may then orient itself in 2S + 1 ways relative to it. Let the 
component of S along the axis be denoted by E (not to be confused with the 
electronic states whefe /I = 0 which are called E states). The total angular 
momentum along the symmetry axis is Dh where Q = \A + Since the 
different relative orientations of 5 will result in different amounts of magnetic 
coupling energy (assuming that .d ,^'0) each orbital state now becomes a 
multiplet with 2S^-(- 1 levels. The splittings within a multiple! are generally 
small compared with the usual separations between the orbital terms and 
may range from a few to a few thousand waves per cm. The multiplicity 
is designated by a left superscript, thus ^/7 denotes a multiplet for which 
A — \ and S = 1. The individual components of the multiplet are distin- 
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guished by a subscript equal to A + Z. In the case presented these would 
be “/Za, and */Zo. 

Up to this point the nuclei of the diatomic molecule have been considered 
as fixed, the distance between them being the constant r. The energy of 
the system, £, in a given state will contain two terms, the eigenvalue of the 
electrons and the coulomb interaction between the nuclei. Both of these 
terms depend upon the value of the internuclear distance r which has been 
chosen, the former in a very complicated manner and the latter as l/r. 

By choosing different values for r, the energy may be represented as a 
function of that parameter and one obtains E{r). In Fig. 1 a number of the 


volts 



Fig. 1 . Electronic energy levels of the Lij molecule (after Mulliken*). 

electronic energy levels of the Lij molecule are plotted against r. In principle, 
curves of this type could be computed through a knowledge of the number, 
charge, and mass of the electrons and the charges of the nuclei. Although 
progress has been made in this direction through the use of electronic 
computers, for all except the simplest molecules, the curves must be estab- 
lished by means of the observed spectrum. . 

As mentioned earlier, the Hamiltonian of the entire system, electrons 
and nuclei, to a high order of approximation divides into two terms. In the 
first of these the nuclei are held fixed and the electrons move in the resulting 
field. The second term describes the motion of the nuclei in the averaged 
field produced by the electrons. The coordinates are those of the nuclei and 
will describe their vibration and rotation. The potential is the energy of 
the system of electrons and consequently for the diatomic molecule is just 
the function £(r). The lowest curve shown in Fig. 1 represents the normal 
electronic state. Since it possesses a minimum, the molecule has a stable 
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equilibrium configuration in which the nuclei are separated by The 
curvature of E{r) a.tr — r, together with the masses of the nuclei, determines 
the frequency v, of infinitesimal oscillation. As a first approximation it 
fixes the spacing of the vibrational energy levels. Towards the origin, E(r) 
rises steeply indicating strong repulsion, while for large r the force between 
the nuclei decreases to zero since the potential approaches a horizontal 
asymptote corresponding to two separated Li atoms. E{r = oo) — E{r^ 
is closely equal to the energy of dissociation — the actual energy is slightly 
lower due to the zero-point energy of vibration. 

The second curve in Fig. 1 possesses no minimum and the force between 
the nuclei is always repulsive. This electronic state does not lead to a stable 
molecule. The higher curves shown in the same figure do have stable 
equilibrium configurations. The equilibrium distances for these excited 
electronic states do not coincide with that of the normal state and are in 
general somewhat larger. 

2.2 Vibration-Rotation Levels 

Consider now the second term of the Hamiltonian which describes the 
two nuclei moving under a potential V{r) = £(r) produced by the averaged 
effects of the electrons. For simplicity, let the electronic state be ^27, that 
is, the electrons possess neither a resultant orbital nor spin angular momen- 
tum. This system belongs to the category of two-body central force problems 
already treated in Vol. I, Chapter 3, § 3, and a separation between relative 
motion and motion of the centre of gravity may be effected in the usual 
manner. The relative motion may be described by means of the spherical 
coordinates (r, Q, <f>) where r is the distance between the two nuclei. The 
wave function has, as for all problems of this class, the form 

^ = R{r)P'^ (cos 6) (2) 

where 2^ (cos 6) «=*= are surface harmonics. The square of the total angular 
momentum is (/* 4- j)h^ while its component along the polar axis of the 
coordinate system is ± *nh. j and m may assume all positive integral values 
including zero but 

The differential equation defining the radial part of the wave function 
becomes somewhat simpler by introducing U{r) = rR{r) in which case it 
has the form 

where yu is the reduced mass of the nuclei and equal to -|- M^). 

The eigenvalue E represents the combined energy of vibration and rotation. 
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The potential energy, V{r), has the general form shown in Fig. 1 but 
is usually not known in detail. Two methods of attack have been emjdoyed. 
In the first of these V{r) is expanded about its minimum, namely the pc^t 
where r = r,, and the radial equation solved by successive approximation. 
The second method, which will be discussed later, consists in choosing a 
function for V {r) which has the proper form and for which an exact solution 
may be found. 

For the approximation method it will be advantageous to use as variable 
the displacement from equilibrium, J = r — r,. Developing, the potential 
becomes. 






( 4 ) 


The constant Fq may be absorbed into E, in which case the eigenvalues of E 
will have as their origin the minimum of the potential curve. 

The first significant term in the development, namely, 
may be identified as the zeroth-order approximation. A mechanical system 
with kinetic energy and potential energy represents an harmonic 
oscillator whose frequency = {ll2jc){klmy^^. Making the appropriate 
identification it is clear that ^(dWldq\ may be replaced by 2n^nv^. 

The so-called centrifugal potential 0® -1- i)h^l2fir^ may also be expanded 
about the equilibrium point and becomes. 


2^(r. + 9)* 2/e \ 


where /„ = is the moment of inertia of the molecule in its equilibrium 
state. 

The problem now may be described as a zeroth-order approximation 
system with radial equation, 


d^U 2ix 
-2 n* 


dq^ 


ft* 


Eo-27i^fivtq^-^ 


.8 .,2 + 


27e 




(6) 


to which are added first- and second-order approximations to the 
potential 







(;*-f-/)ft*? 

, 


3(/*-|-;)ft«g* 

2J/, 


( 7 ) 
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The zeroth-order radial equation is easily recognized as the standard 
wave equation of an harmonic oscillator,* where however the usual energy 
constant has been augmented by the constant term — (/* + j)h^l2I^. The 
solution is, (cf. Vol. I, Chapter 3, § 2) 


Bq = hve (« + i) + 

(/* + 7 )^® 

2/e 

II 

p 

(8) 


where 

X = y2njui^h q. 

(9) 


in which H^{x) is the «th Hermitian polynomial. 

Knowing the zeroth-order wave functions and energies, the first- and 
second-order changes in the energy, XE^, and ABj niay be evaluated using 
the standard perturbation theory technique (Vol. I, Chapter 6, § 2.2 and 
§ 2.4). It may be remarked that AB^ = 0 since XV ^ is an odd function of q 
and since U*U is an even function and consequently ^'^g^U*XVyUdq = 0. 

The results of applying perturbation theory through second-order are 
as follows. It is convenient to divide B by he and thus express all quantities 
in waves per centimetre. A constant additive term is also introduced by the 
perturbation but since it has no influence upon the spectrum it has been 
omitted. 

A ^ + i) + Se(/2 + i) - x{n + (10) 

-«e(« + i)(/^ + /)-T>(7® + /)‘‘ 

where 


tOe = = hjSTthle, 

c 



D = cvUl 


* Properly speaking there exists a difference in the boundary conditions. In the 
standard harmonic oscillator the wave function must vanish for ^=±00. In the 
present equation however the wave functidh must vanish at the extreme limits of the 
coordinate, namely,^ = — rg and + 00. Since is so much larger than the region 
in which the wave function has an appreciable value (the classical amplitude of vibra- 
tion) and since the simple harmonic wave function falls off so very rapidly for large 
absolute values of the coordinate, it will be virtually zero at ^ In principle 

this difference in the boundary conditions could be corrected through a perturbation 
treatment but the net effect on the eigenvalues would be unobservable. 
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The expression for Ejhc may be readily interpreted by noting that it is in 
the form of a power series expansion in the vibrational and rotational 
quantum numbers n and j. The first two terms represent respectively the 
energies of an harmonic oscillator and of a rigid rotator with moment of 
inertia The third term contains only the vibrational quantum number 
and expresses a change in the energy due to the anharmonicity of the 
potential, i.e., since the potential differs from parabolic form by reason of 
XVi and fourth term contains both n and j and may be thought 

of in the following way. The rotation of the molecule and the consequent 
centrifugal force stretches the nuclei into a new position of equilibrium. The 
forces are here slightly altered due to the term XV ^ and to the centrifugal 
potential. Consequently the vibrational frequency and energy are changed. 
The last term contains only the rotational number j. As the molecule rotates 
its moment of inertia becomes larger and hence the rotational energy must 
fall. It is for this reason that the term in question is alwa;j|^s negative. Since 
the balance is between the centrifugal force and, to first order, the harmonic 
part of the potential, 27i^juv^ q^, D does not contain the higher derivatives 
of V. It can be expressed as a function of tOg and namely D = 4Bll(Og^. 

The molecular constants have been spectroscopically determined for 
several hundred diatomic molecules, often to a high degree of accuracy. 
In Table I a number of these sets of constants are listed for the purpose of 
exhibiting their orders of magnitude. The choice of molecules has been 
arbitrary except that it was desired to present examples ranging from very 
light to very heavy diatomic molecules. For convenience the numbers have 
been rounded to three or four significant figures. 

TABLE I 

Diatomic Molecular Constants (units of cm"*)* 


Molecule 

CUe 


(JJqX 

Oe 

De 


(OelM 

H. 

4395 

60.81 

118 

S' 

2.993 

38,285 

40,920 

1.984 

HCl 

2089 

10.59 

52 0 

0.302 

37,225 

42,950 

0,274 

N, 

2360 

2.010 

14.4 

0.019 

79,890 

96,700 

0.017 

CO 

2170 

1.931 

13.5 

0.017 

90,705 

87,200 

0.017 

K, 

92.64 

0.0562 

Q.354 

2.2 X 10-« 

4,190 

6,060 

3.1 X 10^* 


214.6 

0.0374 

0.613 

1.2 X 10“* 

12,550 

18,780 

1.2 X 10-* 


“ The experimental numbers are taken from G. Herzberg, "Molecular Spectra and 
Molecular Structure," Vol. 1. >Van Nostrand, New York, 1950. 
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Hie values of the centrifugal distortion constant D have been omitted 
since ( 1 ) they may be calculated from co^ and and ( 2 ) they are usually 
too small to be observable. In the case of N 3 , for example D is computed 
to be 6 X 10~*cm“^. In the lighter molecules D has been occasionally 
measured and found to be in good agreement with its predicted value. 
The last three columns of Table I will be discussed in the following paragraphs. 

In contrast to the method of developing the potential and solving by 
successive approximation one may look for a potential ]^nction which has 
the correct general form and for which there exists an analytical solution. 
The only function so far discovered which allows a simple exact solution for 
both vibration and rotation, is the so-called ionic potential V = — (a/r)-|-( 6 /r*). 
Unfortunately the actual forces between the nuclei in a diatomic molecule 
appear to be of shorter range than those of the ionic potential. The results 
of the Heitler-London treatment of the molecule (Chapter 3, § 2.3, in 
this volume) suggest that an exponential potential might be more suitable 
and this turns out to be correct. 

The potential proposed by Morse is 

V(r) -=. hcD^\l — exp{— ^{r — (12) 

The first derivative 

^ = 'IfihcD^ [exp {— /3(r — r^)) — exp {— 2fi{r — r*))] 

is clearly zero for r and consequently r, may be identified as the equilib- 
rium distance between the nuclei. V{r — 00) — V{r — r^) = DJic = the 
equilibrium energy of dissociation. As remarked earlier, the actual energy 
of dissociation is slightly less since in the normal state the molecule possesses 
a zero-point vibrational energy The constant fi may be understood by 
setting = 2/5^hcD^ equal to its value in terms of the normal 

frequency and reduced mass, namely v®/i. 

An exact solution of the radial equation may be obtained only for the 
rotationless state where j = 0. A second proviso is that the range of the 
variable is properly from — 00 to -H <» whereas in a radial equation r goes 
only from 0 to -|- 00. In any actual case however, corrections due to a negative 
range for r would be entirely negligible. This arises from the fact that the 
Morse function is^ very large at r = 0 that, in effect, it may be replaced 
by 00 in which case the wave function vanishes for all negative values of r.* 

* For example, substituting the appropriate constants for the HCl molecule, one 
obtains -» 0) = ISODgAc, that is, 180 times the energy of dissociation. 
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Substituting the Morse pot^tial in the radial equation and setting 
= 0, one has 

d^U 2u 

~ {“ - ''«)})*] U = 0. (13) 


Introducing the substitutions 


exp {- 0{r - re)} = *. A* = ~ ~ 

the equation becomes, 


r'-^^ (M) 




“^+x^+(- P-\-2yH-yH^)U=^0. 


(16) 


As r ranges from — oo to + oo, * goes from oo to 0. Near these limits an 
inspection of the equation shows that if U is to satisfy the boundary condi- 
tions, it must behave as, and x*' respectively. indicated sub- 

stitution U = x^e~‘^’‘F gives the equation. 


X 


d^F 

dx^ 


-j- (2A -j- 1 


2yx)^+(2y2-y-2Ay)F = 0. 


(16) 


This equation may be solved by assuming a senes expansion, F = 

The indicial equation in conjunction with the boundary condition for * = 0 
shows that k is positive and starts with ^ = 0. A substitution yields a two 
term recursion formula for «*, namely 


2yk — (2y* — y — 2Ay) 
(* + 1)(* -t- 2A + 1) 


(17) 


An inspection of the series shows that F behaves as for large values 
of X unless the series terminates. This behavior would violate the boundary 
condition for * = oo. The series will terminate at the k = n term providing 


2y2 — 2y — 2Ay = 2yn where m=0,1,2 (18) 


Setting in the values for A and y, one n*ay readily solve for the energy. 
In contrast to the earlier treatment which used a perturbation expansion, 
the energy so obtained is exact, at least for the rotationless state ; = 0; 


^ = 01e(» + i) - X[H -H i)* (19) 

where o* = vjc = hj2n^ in accord with the earlier result and 
co^x = hfi^l%n*fjLC. The rotational contributions may be obtained by merely 
adding those terms containing j as found from the earlier perturbation 
treatment. 
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The constants which are most readily obtained from the experimental 
spectrum are (o^x and B,. The Morse potential with its three parameters, 
Dg, /ff, and may be therefore evaluated. The following relations result 
from a direct substitution: 


D, 


2 

4tt)e* 


«e 


(Oe \cOex) 


( 20 ) 


This latter quantity may be obtained from the expression for a, which 
involved {dW jdr^), ^ The last two columns in Table I give the values of 

and calculated from these formulas. It will be noted that the calculated 
agree reasonably well with the corresponding observed values but the 
agreement for is distinctly poorer. This is perhaps to be expected since 
cOj, (o^x, and are dependent upon the properties of V near the equilib- 
rium configuration while depends on the value of V for large 
values of r. 

The energy of a diatomic molecule has been expressed as the sum of 
two terms, (1) the energy due to the electrons moving in the field of fixed 
nuclei, and (2) the vibration-rotation energy of the nuclei. This is of course 
only an approximation, although a very good one, and it is to be expected 
that there will exist interaction terms The most important of these occur 
for those electronic states where there exists an orbital angular momentum 
along the intemuclear direction, i.e , when The spin angular momen- 

tum also couples to this axis giving a total component due to spin and 
orbital of Q. This situation is referred to as Hund’s case (a). The angular 
momentum due to the rotation of the nuclei (with quantum number ;) 
combines with Q to give a total angular momentum (quantum number J) 
with fixed direction in space about which each of the other vectors process. 
The rotational energy to first order B^\J{J -{■ \) — in close analogy 
to a formula for the symmetrical top energy which will be discussed later. 
Q is directed along the intemuclear axis but it may have two orientations, 
parallel or antiparallel. For the nonrotating molecule these have the same 
energy. When, however, j ^ 0 the eigenstates built for the two possibilities 
do not have identical energies and each level is split into two, a phenomenon 
called A type doubling. The magnitude of the splitting increases with j 
and in most cases is small, of the order of a few tenths of a wave per 
centimetre. 
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2.3 Spectra of Diatomic Molecules 

It will be convenient to divide the spectra into two classes, those which 
do not make a change in electronic state and those which do. The former 
presents many simple features and will be discussed first. The enei^gy 
expression has already been given, (10), and it only remains to ascertain 
the allowed transitions. The transition probability (Vol. I, Chapter 8, § 5.1.4) 
is proportional to the sums of the squares of the matrix elements of the 
components of the electric dipole moment along the coordinate axes. These 
components are, 

My = fjL{r) sin B cos (ft, (21) 

M, — n{r) cos 6 

where is the dipole moment along the mtemuclear axi%. It is, of course, 
an unknown function of the internuclear distance. It will prove fruitful 
to develop it in the neighbourhood of the equilibrium distance r^: 

fi{r) = {r- re) + i (r - r*)® + . . • (22) 

The constant is the permanent dipole moment of the molecule 

The wa\'e function separates into products of functions as shown in (2) 
and consequently the integrations over each of the three coordinates may be 
made independently. Consider the r integral, 

R* n{r)Rfr- dr (23) 

where /?, and Rf are the radial functions of the initial and final states. Using 
the development for fi{r), it is clear that the first term gives zero unless the 
initial and final states are identical since the radial wave functions form an 
orthonormal set. Using n for the vibrational quantum number, one concludes 
that transitions where = 0 may occur and that their transition probabil- 
ity is proportional to 

In lowest order of approximation the radial function given by (3) and (9) 
is essentially that of a simple harmonic oscillator. The second term of (22) 
may be written as a coi^stant times x, the variable of (9). The matrix elements 
of X vanish unless /d« = ± 1 (Chapter .2, Eq. 3). This transition gives 
rise to a frequency which, in zeroth-order at least, is just equal to the 
vibrational frequency In higher orders of approximation the matrix 
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elements of fi{r) for which /In — ± 2. 3, etc., do not vanish but they 

are small and thus lead to the prediction that the overtone bands, located 
at approximately 2vg, 3v^, . . . will be weak, a prediction which is borne 
out by observation. 

The remaining factors of M^, My and M^, namely sin 6 sin <f^, sin d cos ^ 
and cos 6 are common to all two-body problems and from the properties 
of the surface harmonic functions it may be shown that they vanish* unless 
Aj = ± !• 

Using the above selection rules the spectral lines may be calculated from 
the energy expression of (10), 

( — I = [(lit — ft>e *(1 + 2» — An)]An -1- (24) 

\ ^ /*».?—►* — — 1 

[2J5e — «*(! 4- 2n — An)]) — cuti^ An — 4Dj® 

These lines constitute the so-called positive or R branch. The corresponding 
P branch lines (W^)*,*-!-*.*- ^^e given by an identical formula except 
that the signs of the terms proportional to j and are changed to — and 
4- respectively. It is therefore clear that the lines of both branches may be 
given by a single expression where j is replaced by an ordinal number m 
which assumes positive integral values for t)^ R branch emd negative integer 
values for the P branch. The value w = 0 is excluded. 

An inspection of (24) shows that the far infrared spectrum, where 
n = An = 0, will consist of the lines {25^ — oc,)/ — 40]^. Since £> is a very 
small constant the lines are nearly equidistant. These lines as well as those 
in the near infrared are almost always observed in absorption rather than 
in emission. This introduces no change in their positions; however the 
actual transition is in the reverse direction, as, n.j n — An, j — 1. 

The lines of the fundamental vibration band where = 1 and where, 
as is usually the case, the lowest vibration state is the ground state are 
given by, 

a>c — 2(Oe X -|- (2Pe — 2ace)»t — Oe w* — 4Z>»»* where w = ± 1, ± 2 

Since for actual molecules B* is larger than the lines are approximately 
linearly spaced but they will show some convergence due to the term — 

* In the above discussion it has been tacitly assumed that the electronic state is a 
Z state where the orbital angular momentum of the electrons along the internuclear 
axis A 0. This is the case for the great majority of diatomic molecules in their lowest 
electromc states. If however A # 0, the transition Aj = 0 a allowed, giving rise to 
what is called a Q branch. This obtains for the molecule NO. 
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As an example the fundamental vibration band of CO as observed by 
Whitcomb and Lagemann is given in Fig. 2. 

Finally, consider a transition where a change occurs not only of the 
vibration and rotation energy but also of the electronic energy. These bands 
which are usually observed in emission are very complex indeed. The 
molecular constants of the upper state will be designated by single primes* 
thus £* 1 , eOj, B\, and those of the lower state by double primes. is 
the energy constant associated with the electrons moving in the field of 
fixed nuclei. (£^ — E'^^jh will be written as v^, and is the frequency 
associated with the electronic terms alone. 
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Fig. 2 The fundamental vibration band of the CO molecule (Whitcomb and Lagemann^). 

The selection rules for ; are unchanged for a transition between two 
electronic Z states and are namely J; = ± 1- When one or both of the 
electronic states possesses an electronic orbital angular momentum however, 

1 e., when A ^ 0, ± 1 or 0 and consequently the rotational lines 

form Q as well as P and R branches. 

The change of vibrational number n' — n" = An may have any value. 
This was also the case for the infrared vibration bands which do not involve 
any change in electronic state but there is one important difference. In the 
vibration bands discussed earlier, the fundamental band where An = I was 
strong while the overtones An = 2, 3, etc., were successively much weaker. 
This situation came about since the zeroth approximation — and usually 
a very good approximation — of the vibrational Hamiltonian was that of 
a simple harmonic oscillator for which only the transition An = 1 is allowed. 
In the case of an electronic transition the vibrational wave functions of 
each state may still be approximated by simple harmonic oscillator wave 
functions but both the frequencies and also the centres of the wave func- 
tions (i.e., the equilibrium distances) are different. The ma^tude of the 
dipole matrix element will depend to a large extent upon the overlap of tfaO 
two wave functions. These" consideraticms were first treated, qnalitativdy 
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by Franck and Condon and have subsequently been placed on a quantitative 
basis. The results may be stated in the following way. While all Vcilues 
of are allowed, those values are particularly favoured where the largest 
values of the vibrational wave function of the upper electronic state most 
nearly coincide in internuclear distance with those of the lower electronic 
state. These largest values for a simple harmonic oscillator occur near the 
positions of the extremes of the motion of the corresponding classical me- 
chanical oscillator. \ 

Using the selection rules the positions of the lines may be readily cal- 
culated from energy expressions for the upper and lower states of the form 
shown in (10). 

As a typical example, consider the transition n' 1. For 

simplicity the small terms involving the centrifugal stretching constant D 
have been neglected. 

_ zi + o,; + ^) _ ( 26 ) 

(Ut:X'{n’ 4- i)2 -f o}ix''{n" + + 

[Bt Bg — 0Le{n' -f- i) — oce {n” i)]/ + 

[Bg - Bg - xg(n' -f i) -f x”{n" -f i)];*. 

These lines, together with those of the transitions ; — 1 -*j and j -► j 
(if the latter occur) form a band system. The general position of the band 
system in the spectrum is fixed by the largest term, namely Vgj. Each band 
system contains many vibrational bands. In lowest order of approximation 
these will be linearly arranged with the two sets of spacings cOg and eog . 
In higher order the linear spacings will be modified by the convergence 
terms which are proportional to co'gX' and w"x". Each vibration band is 
composed of rotation lines the positions of which depend mainly upon the 
two terms (Bg -f B")/ and (Bg — S")/®. Since Bg is inversely proportional 
to the square of the equilibrium internuclear distance, it may have quite 
different values in the two electronic states. Thus the rotational lines 
usually show a large convergence in contrast to the situation for the pure 
vibration-rotation band discussed earlier where the convergence depends 
upon higher order terms and consequently is small. 

2.4 Symmetry Properties of Homonuclear Molecules 

An interesting modification occurs if the diatomic molecule is homonuclear 
(as H,, N„ Og, etc.). The system now contains two identical particles, 
namely the two nuclei. Since the nuclei are rigorously identical the Hamilton- 
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ian and hence the wave equation must be invariant if the particles are 
interchanged. The situation is the same as that for the helium atom with its 
two identical electrons (Chapter 1, § 9, in this volume). The wave functions 
divide into two classes, the symmetrical functions which are unchanged 
for an interchange of the particles, ^^,(12) = ^s(21) and the antisymmetric 
functions ^,(12) = — 0a(21). The Pauli Principle states that for particles 
with integral spin, including zero, only the symmetric functions occur in 
nature while for half odd integer spin only the antisymmetric functions 
occur. The total wave function of the diatomic molecule, to a high order of 
approximation,* may be separated into electronic, vibrational, rotational 
and nuclear spin factors 

•A “ fAel lAvib ^rot ^sp- ( 26 ) 

^ must be either symmetric or antisymmetric depending upon the spin 
of the nuclei but the individual factors may have any syqjmetry providing 
their product has the required symmetry. Obviously the product of two 
symmetric or of two antisymmetric functions is symmetric while the product 
of a symmetric and an antisymmetric function is antisymmetric. 

The vibrational and rotational wave functions depend upon the coor- 
dinates of the nuclei only. Since the two identical nuclei are interchanged 
by a reflection of the nuclear coordinates at the origin (the center of mass 
of the molecule), the sjnnmetry property of these functions is given by 
their parity. The vibrational factor, always remains unchanged by a 
reflection at the origin since it depends only on the magnitude of the 
intemuclear distance. The rotational wave functions are the surface 
harmonics, and since these have even parity for states of even ; and odd 
parity for states of odd j (Vol. I, Chapter 3, § 3.1), the rotational factors, 
are symmetric functions for states of even j and antisymmetric func- 
tions for states of odd /. The factor (^g, t/troi) 'viU therefore be alternately 
symmetric, for states of even j, and antisymmetric, for states of odd /, if 
the electronic wave function is a symmetric function; while it will be 
alternately antisymmetric, for even /, and symmetric, for odd /, if the 
electronic wave function is an antis}unmetric function. 

If the two identical nuclei of the molecule have zero spin (as in (0^*)j) 
only the symmetric wave functions can occur in nature. Since the nuclear 
spin factor of the wave function for such a molecule (namely unity) is clearly 
symmetric the product of the electronic, vibrational, rotational, and nuclear 

• The symmetry of the wave function is a rigorous property following from the 
identity of the nuclei. The results to be obtained are therefore not dependent upon the 
approximate nature of the wave functions used in the argument. 
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spin factors will be symmetric only for states of even j in a symmetric 
electronic state, and for states of odd j in an antisymmetric electronic state. 
In such a molecule therefore the states of odd j in a symmetric electronic 
state and the states of even j in an antisymmetric electronic state must be 
nonexistent. As a result alternate lines in the rotational fine structure will 
be completely missing in a transition between two electronic states of opposite 
symmetry. (Transitions -*-Z between electronic states of the same 
symmetry are forbidden in such a molecule by the seledtion rule J/ = ± 1. 
Transitions involving states with A^O will be discussed in more detail below.) 

If the two identical nuclei have a spin greater than zero the possible 
number of nuclear spin configurations always leads to the existence of both 
symmetric and antisymmetric nuclear spin wave functions. If the nuclei 
have a spin of ^ for example, as in Hg, there are three symmetric and one 
antisymmetric nuclear spin functions where these have exactly the same 
form as the electron spin functions for the helium atom (cf. Chapter 1, § 7.7, 
m this volume). As a result both even and odd ; levels can occur in nature 
though they occur with different statistical weights. Since the total wave 
function must be antisymmetric to the interchange of the two identical 
spin t nuclei, a symmetric factor {tft^ combine only with the 

single antisymmetric nuclear spin function, while an antisymmetric factor 
(^ei ^vib ^Tot) can combine with any of thfe three symmetric nuclear spin 
functions. The even and odd j levels therefore form two term systems with 
statistical weights differing by the ratio 1 to 3, or 3 to 1, depending on the 
symmetry of the electronic part of the wave function. 

Since the components of the electric dipole moment of a homonuclear 
diatomic molecule are invariant to an interchange of the two identical nuclei, 
and since the electric dipole moment of the molecule is independent of the 
orientations of the nuclear spins, transitions can occur only between states 
for which the factors ^^t) have the same symmetry. The integrals 

^ ^vib 0rot)mltial ^vib ^rot)hiial 

which determine the transition probability for dipole radiation cannot 
change sign if the two identical nuclei are exchanged. A transition from a 
state with a symmetric factor (0^, ^ state with an antisymmetric 

factor could result only from a perturbation coupling the 

nuclear spins to the other degrees of freedom of the molecule.* Since such 

* In such a case the separation of the wave function into a nuclear spin factor and 
a factor involving only the other degrees of freedom would of course be valid only in 
zeroth order. 
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perturbations are extremely weak, it may take weeks or months before a 
molecule in a gas such as H 2 makes a transition from a state of one term 
system to a state of the other. As a result it is often useful to consider the 
gas to be a mixture of two independent gases. The modification with the 
greater statistical weight is called the ortho-modification and that with the 
smaller statistical weight the para-modification. Since a radiative transition 
can take place only from one ortho state to another ortho state or from 
one para state to another para state the rotational fine structure of an 
electronic transition in a molecule such as H 2 shows a 3 to 1 alternation of 
intensities. 

A similar alternation of intensities is observed m all other homonuclear 
diatomic molecules; the intensity ratio being a function of the nuclear 
spin. If the two identical nuclei have a spin I, each nuclear spin has {21 + 1) 
possible orientations in an internal molecular (or an external applied) 
magnetic field. Mj = / As a result there are (#/ -1-1)® possible 

spin configurations in the molecule. In {21 -f 1) of these the orientations 
of the two nuclear spins is exactly the same, that is, Mj^ = Mj^. Such 
functions are obviously unchanged by an interchange of the two identical 
nuclei.* The remaining [(2/ 4- 1)® — {21 4- 1)] spin functions can be 
grouped in pairs such as 

0A/'(l)^Af"(2) and >I>m"{^)<Pm'{^) (27a) 

where M' ^ M" and 1 and 2 identify the two nuclei However, if a small 
interaction between the two nuclear spins is taken into account the correct 
zeroth-order stabilized eigenfunctions are not the above but are given by 
the linear combinations 

y|= [^M'(f)^M"(2) + *I>M''{^)*I>M'{^)] 

and (27b) 

Y= [^M'(l)^iif''(2) — ^i^^”(l)^M'(2)] 

The first is clearly symmetric while the second is antisymmetric to an 
interchange of nuclei 1 and 2. Of the [(2/ -f- 1)* — {21 4- 1)] spin functions 
with M* ^ M” one half are therefore symmetric while the other half are 

* In the discussion it has been assumed that the two spins are uncoupled by tbe 
magnetic field so that M/, and M/, are good quantum numbers. Again, since the 
symmetry property of the wave function is a rigorous property following only fitHn the 
identity of the two nuclei, the results obtained are independent of the exact coupEx^ 
scheme. 
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antisyniinetric functions, and the total number of symmetric spin functions is 
(2/ + 1) + + 1)* — (2/ + 1)] = (/ + 1)(2/ + 1) while the total num- 

ber of antis 3 nnmetric spin functions is |[(2/ -f 1)* — (2/ + 1)] = 7(27 -f- 1). 
In general therefore the rotational fine structure of the electronic transitions 
in a homonuclear diatomic molecule shows an (7 -|- 1) to 7 alternation of 
intensities since the even and odd / levels have statistical weights which 
alternate in the ratio (7 -j- 1) to 7. The experimental measurement of the 
alternating intensities has proved to be one of the fistful methods for 
determining nuclear spins. 

Since the statistical weight of a given rotational level / depends not 
only on the symmetry of the total wave function but also on the symmetry 
of the electronic part of the wave function, the latter must be discussed in 
somewhat more detail. The S 5 mimetry property of the electronic wave 
function with respect to an exchange of identical nuclei is related to its 
spaticil S 3 nnmetry. In the earlier classification of the electronic states into 
states only the axial symmetry of the molecular force field 
was used. If the two nuclei of the molecule are identical the force field in 
which the electrons move has also a center of S 3 mmetry. In any diatomic 
molecule in addition any plane containing the intemuclear axis is a plane of 
S 5 mmetry for the molecular force field. As a result the electronic wave 
functions divide into additional symmetry/ classes : (a) those which are 
unchanged when all the electrons are reflected in the centre of symmetry, 
(i.e., when all the electron coordinates x^, y„ z^ are replaced by their negatives, 
~ *»» ~ Vt’ ~ ^.) i (b) those which change sign under this operation, where 
this symmetry property is indicated by adding the subscript g or «, respec- 
tively, to the Greek term symbol; (c) those which are unchanged when all 
the electrons are reflected in a plane containing the intemuclear axis; and 
(d) those which change sign under this symmetry operation, where this 
latter symmetry property is indicated by adding the superscript -|- or — , 
respectively, to the term symbol. The electronic states of a homonuclear 
diatomic molecule are therefore classified by symbols such as , E~ , E~ . 

The superscripts -f- and — and the subscripts g and u refer to symmetry 
operations performed on the electrons only, while the statistical weights of 
the even and odd j levels depend on the symmetry operation which 
interchanges the two identical mtdei. However, an interchange of the two 
identical nuclei can be brought about by the following series of symmetry 
operations which have the net effect of leaving the electrons invariant: 
(1) A rotation of the whole molecule (nuclei -j- electrons) through 180® 
about an axis normal to the intemuclear axis followed by a reflection in a 
plane normal to this axis of rotation and containing the intemuclear axis. 
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and (2) a subsequent reflection of all the electrons in the centre of symmetry. 
The rotation of the whole molecule through 180® does not affect the electronic 
part of the wave function, since depends only on the coordinates of the 
electrons relative to the nuclei, so that symmetry operation (1) can only 
change the sign of for the — states, while operation (2) changes the sign 
only for u states. As a result the electronic part of the wave function will 
be symmetric to an interchange of the two identical nuclei for states such as 
and , while it will be antis 5 mametric for states such as and . 

The above discussion was purposely restricted to the nondegenerate E 
states. In the 77, J,. . . states there is a twofold degeneracy for the non- 
rotating molecule, but both symmetries occur, since it can be shown that 
the correct zeroth-order stabilized eigenfunctions must be built up from the 
two possibilities in such a way that one is (-f-) the other (— ) ; however both 
have the same S 5 mimetry with respect to reflection of the electrons in the 
centre, either g or u. As has already been mentioned this degeneracy of 
the (+) and (— ) components is removed by the interaction between the 
rotation and the electronic angular momentum (/I -type doubling). In each 
rotational state of a U.A,. . . state, therefore, one component level has a 
factor 0rot) which is symmetric to an interchange of the two identical 

nuclei while the other is antisymmetric. If the ./1-type doubling is too small 
to be experimentally observable no alternation of intensities is observed 
m a 77 -► 77 transition, for example, since both ortho and para states contrib- 
ute to each rotational line 

Since the electric dipole moment vector changes sign upon reflection 
in the origin but is invariant to a reflection in a plane containing the 
intemuclear axis, the selection rules 

g-'-l—g, 

E+<-^E+, E-ir^E-, ir+ -Kir- 

must be added to the electronic selection rules A A -=0, ± 1.* 

3. Polyatomic Molecules 

3.1 Vibrational Spectrum 

Because of the great complexity of their fine structure the analysis of 
the electronic spectra of polyatomic molecules remains in an exploratory 
stage, so that only vibration-rotation spectra will be considered here, 

* The symbol ^ means that the states m question are connected by a radiative 
transition while the symbol —K means that no radiative transition can exist 
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although the basic principles needed for an understanding of the electronic 
plectra are the same as those for the diatomic molecule. In most polyatomic 
molecules the electronic ground state is free of electronic angular momentum, 
and the ground state wave function remains unchanged under all the 
symmetry operations of the molecule so that the electronic part of the wave 
function can play no role in the vibration-rotation spectrum. The diatomic 
molecule shows that the vibration-rotation Hamiltonian separates in zeroth 
approximation into pure vibrational and rotational temib. Because of the 
large difference in the order of magnitude of the vibrational and rotational 
frequencies, the interactions between vibration and rotation play only a 
minor role in the case of polyatomic molecules also. The zeroth order pure 
vibrational and pure rotational terms will therefore be considered first. The 
effect of the vibration-rotation interactions can be treated by perturbation 
theory. Although these can often complicate the appearance of the rotational 
structure of the spectra they can usually be expressed, as in the case of 
the diatomic molecule, as the higher order terms in a rapidly converging 
power series in the vibrational and rotational quantum numbers. 

In a polyatomic molecule of N atoms the 3N degrees of freedom describing 
the motion of the nuclei divide into three sets, namely the three degrees of 
translation for the entire system, the three degrees of rotation, and (3iV — 6) 
degrees which describe the mutual vibratioihs of the nuclei.* As in the 
diatomic molecule the extent of the vibrational wave functions is small 
compared with the intemuclear distances. If the 3N — 6 vibrational 
coordinates » = 1,2,. . .3iV — 6) are chosen to measure the small 

displacements of the nuclei from their equilibrium position a development of 
the piotential energy as a power series in the y, is justified.^ Then 


V=V^ + 




-f . . . higher order terms 


The constant can be set equal to zero if the energy is measured from 
the minimum of the potential function. The terms linear in q^ are missing 
because of the equilibrium conditions {dV/dqX = 0. Terms cubic in the q^ 
as well as higher order terms can be neglected to within a good zeroth-order 


* In the case of a linear molecule there are only two degrees of rotational freedom 
and hence (SAT — 6) degrees of vibration. 

t Smce the qt are to measure the mutual vibrations of the nuclei and not the rotation 
or translation of the molecule they must be so chosen that an mcrease in any q does 
not produce either a linear or angular momentum of the molecule as a whole. 
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apinoximation. The potential energy can therefore be approximated by a 
homogeneous quadratic function of the q^. The kinetic energy must be a 
homogeneous quadratic function of the time derivatives 

3JV-8 

2 (») 

The a,j are in general functions of the coordinates q^ which may, however, 
again be expanded in Taylor series about the equilibrium configuration and 
in zeroth approximation may be regarded as constants independent of the q^. 

To within this approximation the problem becomes soluble, both in 
classical mechanics and in quantum mechanics, by the method of normal 
coordinates. It is always possible to introduce new coordinates Q^, the so- 
called normal coordinates, which are linear combinations of the and which 
transform the kinetic and potential energies into the simplu forms, 

3iV-« 

(»«>) 

1 

3iV-6 

1 

As is well-known from classical mechanics the A, are the roots of the secular 
determinant 


dW 

.9?. 9>,/o : 


= 0 . 


The vibrational Hamiltonian when expressed in normal coordinates is 
clearly 

8JV-6 


fi 


where 




(31b) 


The resulting wave equation Htfi = Etjt separates into ZN — 6 equations 
each describing a simple harmonic oscillator. Thus 


^ = ^i(^i) MQz) • • • - »{QiN - s) 

E = Z £, = (n, -f with 


(32) 

2nvt — 
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It is not necessary that the A, should all be distinct and in fact for molecules 
with a high degree of S 5 nnmetry two or even three A’s coincide. This gives 
rise to a degeneracy since if A, = A,, JF, is identical with Together the 
combined energy term is («, + l)Av, and has a multiplicity or weight easily 
seen to be (», + 1). 

The selection rules and intensities of the transitions are given by the 
matrix elements of the electric dipole moment. The components of the 
electric dipole moment, in general, depend on the disjdacements of the 
nuclei in a complicated way, but since the vibrational motions correspond 
to small oscillations about the equilibrium position the dipole moment 
components can be expanded m power series in the normal coordinates 


(0) , 

fik== fik + 


3JV-6 

(t).» 


+ higher order terms 


(33) 


where terms quadratic, cubic, and higher order m the normal coordinates 
can be neglected to a very good zeroth approximation. The components 
of the permanent dipole moment, iLif \ //y \ as in the diatomic molecule, 

give rise to the pure rotational spectrum and have no influence on the 
vibrational transitions. In zeroth approximation, therefore, the vibrational 
intensities are governed by integrals of the/type 

I ^n,(Q2)^n,+^n,{Q2) ^^2' • ’ | *l*n^(Qt)Qt^n^+/ln,(Qt) ■ ■ • 

Since these wave functions are just those of simple harmonic oscillators, 
it is clear that the entire integral will vanish unless An, = ± I and = 0 
for k ^ i. Thus only those vibrational transitions can occur in which only 
one of the vibrational quantum numbers changes by one unit and provided 
at least one of the coefficients different 

from zero. The vibrational spectrum predicted by quantum theory is 
therefore to this approximation identical with the classical spectrum, i.e., 
the vibrational bands will have the frequencies of the classical fundamentals 
and they will appear only if the normal vibration in question involves a 
change in the electric ipoment. 

The higher order vibrational terms which have been neglected so far 
not only lead to slight modifications in the frequencies and the intensities 
of the vibrational fundamentals but also lead to the existence of weak 
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vibrational overtones (J«, = 2.3,. . .) and combination bands = + 1, 
= -f 1 simultaneously,. . .). If the cubic and quartic potential constants 
in (28) and the higher order terms in (29) are introduced as perturbation 
terms, a second order perturbation calculation leads to the following expres- 
sion for the purely vibrational energy 

3JV - « SN-a 

hvt{n, i) -|- ^ X,j{nt 4- i)(% i) (35) 

where the constants X,^, which give the effect of the anharmonicity and 
correspond to oj^x for the diatomic molecule, are small compared with the 
Av, so that the energy levels corresponding to a particular normal mode are 
still nearly equally spaced. The overtones and combination bands become 
active through the higher order anharmonic constants in two ways. The 
electrical anharmonicities (higher order terms in the dipole moment expan- 
sions, (33)] in combination with the zeroth-order wave functions can lead 
to transitions such as An^ = 2,. . . , while the mechanical anharmonic con- 
stants of (28) and (29) give perturbation corrections to the wave functions 
which in combination with the dominant terms in the dipole moment expan- 
sions lead to the same type of transitions. The calculation of the intensities 
of the weak overtone and combination bands is therefore a complicated 
higher order problem. The selection rules, however, can be determined from 
the symmetries of the wave functions alone. 

3.2 Group Theory Considerations 

The methods of group theory form a valuable tool in the study of molecular 
vibrations, since many polyatomic molecules have a high degree of sym- 
metry, and since the selection rules for the vibrational fundamentals and 
their overtones can be found solely from the symmetry of the equilibrium 
configuration of the molecule. In addition, only the molecular symmetry 
is needed to determine the number and characteristics of the fundamental 
frequencies as well as their degeneracies, the possibility of the splitting of 
the overtone levels of degenerate modes, and the possibility of perturbations 
due to resonance between different vibrational states. Symmetry considera- 
tions can also be used to simplify the calculation of the normal frequencies 
by bringing about a splitting of the (3N — 6) x (^N — 6) secular deter- 
minant, which fixes the A's, into a number of smaller subdeterminants. 

The use of symmetry considerations will be illustrated by considering a 
specific example, the methyl chloride molecide, CICH 3 , although the remarks 
to be made apply generally fo any molecular system. In the equilibrium 
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configtiration of this tnolect^ the CH, group has the structure of a regular 
pyramid with the carbon at the apex, the three equivalent hydrogens forming 
an equilaterial triangle at the base. The Cl atom lies above the C atom on 
the extension of the symmetry axis of the CH, group. If the molecule is 
rotated through an angle of 120° about the threefold CHj symmetry axis 
it assumes an equilibrium configuration indistinguishable from the original 
one. During the vibrational motions the instantaneous configurations of 
the molecule may no longer have the threefold symm^ry of the methyl 
group, but if the above symmetry operation is applied to the distorted 
molecule, the interatomic distances and angles in the resultant new config- 
uration will be exactly the same as those in the original one. The potential 
and kinetic energies and hence the Hamiltonian are clearly invariant under 
the symmetry operations of the equilibrium configuration. Besides the 
threefold rotation, designated by Cj, the S 5 m(imetry operations C\, rotation 
through an angle of 240° about the threefold axis, and c*®*, a*®*, reflec- 
tions in the three HCCl planes, also leave the Hamiltonian of the molecule 
invariant. These five S 3 mimetry operations, together with the identity 
operation, £ = C| = form a group of order 6, the axial point group 

Csti- The character table for this group is shown in Table II. The S 5 rmmetry 
operations divide into three conjugate classes so that there are three ir- 
reducible representations or species of whicrf two, and A 2 , are of dimen- 
sion 1, and one, E, of dimension 2* 

The transformation properties of the normal coordinates of the molecule 
follow from the invariance of the potential energy to the symmetry op)era- 
tions of the group. If the symmetry operation R is performed on the molecule, 
the potential energy in the transformed configuration must be equal to the 
potential energy in the original configuration 

SAT - e SAT - 8 

2V= 2^ k{RQ.)^ = 2 (36) 

1 =« 1 I 1 

If Qj, is a particular nondegenerate normal coordinate, i.e., if there is only 
one A with the particular value K* then ^ and consequently 

± Q^. The symmetry operation R acting on must change 
either into itself or it can at most change its sign. The transformation 
properties of the degenerate modes are more complicated. If and 
are a pair of normal coordinates belonging to the doubly degenerate mode, 

* The sum of the squares of the dimensions of the irreducible representations must 
be equal to 6, the order of the group. 
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^;a — ^fb = invariance of the potential energy to the symmetry 

operation R requites 

{RQ,a)^+{RQ,b)^ = Q% + (^b ( 37 ) 

so that R may transform and Q^f, into linear combinations of the original 
Qjg and In general, for an «-fold degenerate normal coordinate 

^Qi» ~ ^h»{^)Qiv (®®) 

where is an orthogonal matrix, and where the summation is over the n 
values of j for which = A,,. If the operation R is followed by another 
S5mmetry operation S, then 


SRQ,. = 2 " ay^{R)SQ,y = ay^{R)aaY{S)Qji. ( 39 ) 

Since the product of the S5mimetry operations R and S must be one of the 
symmetry operations of the group, say T = SR, and since 


rQ,. = 2^a^{T)Q,b ( 40 ) 

the transformation coefficients must be related by 

«»«( 7 ') = 2^ aiy(S)ay„{R) ( 41 ) 

and thus the matrices a form a representation of the group of dimension 
equal to the degeneracy of the normal mode. The representation which is 
thus generated by the normal coordinates of a single eigenvalue A, must be 
an irreducible representation. If such a representation were reducible it 
would be possible to form sets of linear combinations of the original normal 
coordinates in such a way that all operations of the group would transform 
one of the normal coordinates of the new sets into linear combinations 
involving only members of the same set. If this were possible, however, the 
vibrational frequencies of the new sets could in principle be different, contrary 
to the original assumption. Such an accidental degeneracy, not required 
by the symmetry of the molecule, could occur only in very rare cases and 
would almost certainly be removed by higher order terms in the Hamiltonian. 
The normal coordinates therefore form bases for the irreducible representa> 
tions of the group of S3mmetry operations (of the equilibrium configuration) 
of the molecule. 
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The normal coordinates are themselves linear combinations of {ZN — 6) 
vibrational displacement coordinates, q^. If we choose the g, in such a way 
that they transform under the molecular symmetry operations like the base 
vectors of the irreducible repesentations, then cross-product terms of the 
form and where and y, belong to different 

irreducible representations, must be missing from the expressions for the 
potential and kinetic energy. The choice of such symmetry coordinates 
therefore leads to a factoring of the vibrational probleid into k completely 
independent problems, where k is equal to the number of irreducible represen- 
tations which contain at least one normal vibrational mode. To determine 
the number of vibrational frequencies belonging to each particular irreducible 
representation it is necessary only to form a reducible representation based 
upon any arbitrary set of 3iV — 6 vibrational coordinates and break this 
reducible representation down into its irreducible components. The number 
of distinct vibrational frequencies is then equal to the number of irreducible 
representations obtained. The degeneracy of a given frequency is equal to 
the dimension of the corresponding irreducible representation, and the 
normal coordinates that belong to this frequency transform under the 
molecular S3nnmetry operations according to the matrices of the correspond- 
ing irreducible representation. It is usually simplei to form a reducible 
representation based not on (3iV — 6) vit^ational coordinates but rather 
on all the 3iV coordinates describing the motion of the nuclei, including the 
3 translational and 3 rotational degrees of freedom. This follows since it is 
relatively easy to determine the character of the representation generated 
by the 3iV cartesian displacement coordinates, Ax■^^,Ay■^^,Az^,...AXff, 
Ayf/,AZff, where the vector with components Ax^, Ay^, Az^, attached to the 
tth nucleus, measures the displacement of this nucleus from its equilibrium 
position. The reduction of this representation, will give not only the 
number of vibrational frequencies in each irreducible representation but will 
count also the number of translational and rotational motions. Since the 
translational degrees of freedom transform in the same way as the compo- 
nents of any vector, say {x,y,z), while the rotational degrees of freedom 
transform like a pseudovector, (yZ — zY). (zX — xZ), (xY — yX), where 
{x,y,z) and (X,Y,Z) are any vectors, it is easy to reduce the representations 
based on these quantities into their irreducible components and subtract 
these from the representation ■fljiv to obtain the number of true vibrational 
frequencies in each irreducible representation. 

The method will be illustrated for ClCHg. The cartesian displacement 
coordinates of ClCHj are shown in Fig. 3 which also shows the effect of the 
symmetry operation Cj on the displacement coordinates. The character of 
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Fig. 3. (a) Top view of ClCHj showing the Cartesian displacement coordinates* The 
hydrogens are labelled atoms 1, 2, and 3, the carbon atom 4, the Cl atom 5. The displace- 
ments Az are not indicated on the figure, (b) Behavior of the displacement coordinates 
under the transformation Cj. The shifted atoms (1 — ► 2, 2 — ► 3, 3 1) give no contribu- 

tion to the trace of the transformation matrix: 

m(^») =» 2 [l-f 2cos (2nli)] » 0. 
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this transformation of the displacement coordinates, i.e., the trace of the 
transformation matrix, rgj^(Cg), is seen to be Xsjvi^a) = 2[1 + 2 cos (2jr/3)], 
The hydrogen atoms 1, 2, 3 which are shifted to new equilibrium positions 
by the symmetry operation C3 clearly can not contribute to the character 
To find the character of T* jjv for a symmetry operation E only those 
atoms must be considered whose equilibrium positions are not altered by E. 
Under the S5nnmetry operation C3 each atom situated on the threefold axis 
contributes a factor 1 + 2cos2:?r/3 to X 8 ^f(^ 3 )• geiiteral the character 
of the representation T* }jv for a symmetry operation C*, rotation through 
an angle of inkjn radians about any n-fold s5Tnmetry axis, is given by 
17 [1 + 2 cos (2jrA/n)], where U is equal to the number of atoms whose 
equilibrium position is left invariant by this operation. Under reflection 
in one of the CICH symmetry planes, a, the equilibrium positions of three 
of the atoms in CICH3 are left invariant. Under reflection in the plane 
containing H atom 1, for example, Jy, -*■ + Jy„ Az^ -*• + while 
Jx, -► — Jx, for the invariant atoms i = 1, 4, and 6 so that Xs^i'^) = ^(2 — 1). 
In the general case of a rotation-reflection operation, S*, rotation through 
an angle 2nkln about an n-fold rotation-reflection axis, followed by a 
reflection in a plane normal to this axis, the character of Aa? is given by 
U[— 1 -|- 2 cos {2nkln)]. The pure reflection operation is a special case 
with n = 1, A = 1. Another special case is that of reflection in a center of 
inversion, i, which is identical with the S5mimetry operation S^- Finally, 
the identity operation, E, leaves all SN displacement coordinates unchanged 
so that XiN^^) = 3iV. The characters for the representation are shown 
in Table II for CICH3. Breaking this reducible representation down into its 
irreducible components, one obtains by the usual methods (see Chapter 2, 
§1.7 and § 3.2, in this volume) 

Tsw = 4Ai -f- -|- 5E. (42) 

In order to obtain the number of vibrational frequencies in each irreducible 
representation, the translations and rotations must still be subtracted from 
r tf/- The transformation matrices of the three translational degrees of 
freedom, t, or for that matter the components of any vector (x,y,z), must 
be the same as those for the displacement vector Ax^, Ay^, Az^ of Fig. 3, 
for example. The characters of the representation, Ff, are therefore given by 

Xf(J^) = 3, 

Xt(Cn)=‘ [1 + 2 cos (2pzk/n)], (43) 

Z*(5i)= [-H-2cos(27t*/n)]. 

Similarly, from the transformation properties of an arbitrary pseudovector 
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such as (yZ — zY), [zX — xZ), {xY — yX) it can be seen that the characters 
of the representation based on the three rotational degrees of freedom, r, 
are given by 

Xr{E)=^^. 

Xr{Cn) = [2 COS {2nkln) + 1], (44) 

= [— 2 COS {2nkln) + 1]. 

The values for the point group are shown in Table II. The reduction 
into irreducible representations yields 

Ft = Ai + E and T", = ^2 + 

Table II also shows explicitly the transformation properties of the various 
components of the vector and pseudovector representations. Clearly, z, 
the vector component in the direction of the threefold axis is unchanged 
by all the symmetry operations and belongs to the totally symmetric 
irreducible representation A^, while x,y form base vectors for the degenerate 
representation E 


TABLE 11 

Character Table for the Point Group 


Cjh, 

E 

2C, 

Za 



+1 

+ 1 

+ 1 

z 

A , 

+1 

+ 1 

-1 

2ry- yX 

E 

+2 

-1 

0 

x.y (yZ - zY), (zX ~ xZ) 


r8jv{cicH,) 

+ 15 

0 

+ 3 

/W(NH,) 

+ 12 

0 

+ 2 

r3Ar(NCCHg) 

+ 18 

0 

+4 

Ft 

+ 3 

0 

+ 1 

Fr 

+ 3 

0 

-1 

X 

1 

+ 4 

+1 

0 

[£(«)]* 

+ 3 

0 

+ 1 

Nuclear spin 




states //(J = i) 

8 

2 

4 

(see $ 3.7) P/ 

(2/ + 1)* 

(27 + 1) 

(2/ + 1)* 


The (^N — 6) dimensional representation which has the vibrational 
coordinates as its basis is obtained by 'subtracting Ff and F^ from 
giving Fyot — 3i4i + 3E for CICH,. The methyl chloride molecule therefore 
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has 6 distinct vibrational frequencies, where the normal coordinates asso- 
ciated with 8 of the frequencies, commonly designated Vj, v,, transform 
according to the totally symmetric representation while the normal 
coordinates associated with the other three frequencies (v^, Vj, Vg) occur in 
doubly degenerate pairs of S 5 mimetry E. 

The sjmimetries of the wave functions follow from the symmetries of 
the normal coordinates. The zeroth-order* wave functions are the harmonic 
oscillator wave functions 


8iV-6 


i ^ j[ j[ 

^ i x=\ 

o, = 


(45) 


being Hermite polynomials of degree The sum in the exponential 
is invariant under all the operations of the molecular symmetry group 
since it contains terms such as ^ for the nondegenerate modes, and 
V^»(^ + doubly degenerate modes, and these terms are 

respectively proportional to the corresponding invariant factors of the 
potential energy. The ground state wave function therefore transforms 
according to the totally symmetric represeirftation in every molecule, while 
the excited state wave functions belong to the same representation as the 
product of the Hermite polynomials The wave functions for the fundamental 
vibrational states, n, = 1, all other = 0, therefore transform like the 
normal coordinates, Q^ (since the Hermite polynomial with n, = 1 is propor- 
tional to Q^. The wave functions of the pure overtone states of a non- 
degenerate frequency v, transform like even and odd functions of for n, 
even and odd respectively, and therefore belong to the totally symmetric 
representation for «, even and to the representation of for n^ odd. Overtone 
and combination states involving degenerate normal coordinates are more 
complicated and will be discussed later. 

A transition from a vibrational state A (n^ , ng,. . to a state 

B {nf.ttg,. . ,nf . . .) can occur only if the matrix elements of the dipole 
moment 




(46) 


* Symmetry arguments based on zeroth-order wave functions are of course rigorous 
since the transformation properties of the wave functions are independent of the order 
of approximation. 
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where {k =* x,y,z), belongs to the vector representation, The integrals 
can differ from zero only if the integrands are invariant under all the 
S 5 anmetry operations of the molecular group. Since the integrands belong 
to the direct product of the representations of ft and .r^X Ft X Fg. 
the transition A -*■ B can be allowed only if the direct product F^ x Ft x Fg 
contains the totally symmetric irreducible representation. If the initial 
state A is the ground state, as is the case for most absorption spectra taken 
at room temperature, and since F^ is totally symmetric, a transition to the 
state B can take place only if the representation B contains one of the 
irreducible components of the vector representation. In particular, the 
fundamental frequency v, is observed only if the representation of Q, is one 
of the irreducible components of Ff 



Fig 4. The parallel band Vg of methyl chloride, CHjCl, (after Nielsen and Nielsen*). 
Some of the lines in the Ji and P branch appear double because the CHjCl*’ isotope 
band which overlaps the CH3C1** isotope band is intense enough to be observed. The 
two bands are nearly coincident. The Q brahches of the two isotopic species are 
apparently separated by no more than 1 cm~'^. 

In ClCHg therefore all vibrational fundamentals are observed since 
three of the frequencies, (v^, Vg, Vj), belong to A^, the representation of 
while the wave functions of the 3 doubly degenerate fundamental states 
(V 4 , Vg, Vg) transform according to the representation, E, of fiy. The 
3 fundamentals Ai are produced by a dipole moment change parallel to the 
molecular symmetry axis, while the 3 fundamentals E become active through 
a change of dipole moment perpendicular to the symmetry axis. It will 
be seen later that the two types of frequencies have different rotational fine 
structures and hence quite different appearance. The i»i, Vj, and Vg fun- 
damentals give rise to what are called* parallel type bands and in CHgCl 
are observed at 2966, 1366, and 732 cfn-^.* The high frequency band is 
actually split into two bands, a strong band at 2966 and a. weaker one at 
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2879 by the phenomenon of Fermi resonance, consideration of which is 
being omitted. Strictly speaking lies between these two values but nearer 
the strong band at 2966 cm~^. Figure 4 shows as observed by Nielsen 
and Nielsen.® The fundamentals V 4 , and which in CH3CI lie at 3042, 
1455, and 1015 cm~^ belong to the class of perpendicular bands. Vj as observed 
by Bennett and Meyer^® is shown in Fig 5, which also shows the central 
portion of the spectrum as observed by Burke“ under highjpr resolving power. 




Fig. 6. Thie perpendicular band of methyl chloride, CHjCl (a) Gross structure of 
the band (Bennett and Meyer^*) (b) Central portion of the band (— ►[ of (a)) under 

higher resolution (Burke**) 

Overtones and combination bands may also be treated through symmetry 
considerations. The simplest of these are the overtones and combinations 
involving only Vj, and Vj. Since these excited states are all of species 
the resulting bands are single and of the parallel type. 

The strongest combination bands usually anse through transitions from 
the ground state to excited states of the type, «, = 1, = 1, with r, 

The wave functions of such a state transform as the direct product of the 
two different sets of normal coordinates, that is, as r(Q,) X r{Qj), where 
the character of the representation of ^e direct product is equal to the 
product of the characters of the two representations. If v, belongs to the 
^cies A-i and to E the situation is very simple since AiX E E. This 
combination band is therefore single and of the perpendicular t 3 q>e. As a 
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more complex example consider the combination band in ClClj^; 

a combination involving two different doubly degenerate frequencies, the 
characters of the direct product X are shown in Table 11. By 
breaking this direct product into its irreducible representations, one gets 

EW X £(5) ^ Ay + A^-^E. (47) 

The fourfold degenerate state, «^ = 1, ng = 1, therefore consists of three 
substates, and if the higher order vibrational perturbations are taken into 
account the fourfold zeroth order degeneracy is removed. The state can 
split into only 3 levels, however, two whose wave functions transform 
according to the one-dimensional irreducible representations Ay and A 2 , 
while the third is a doubly degenerate level whose wave functions transform 
according to the symmetry E. No perturbation having the symmetry of 
the molecule can give rise to a splitting of the E level. Since transitions 
from the ground state (/fj) can take place only to states»./4i and E, but not 
to states A^, the combination band Vy -1- Vg must consist of only two vibra- 
tional bands, a parallel band and a nearby perpendicular band. The amount 
of the splitting depends on the strength of the anharmonic forces. However, 
the form of the correct zeroth-order wave functions is given by symmetry 
alone and follows from the reduction of the basis functions for the direct 
product E^*^ X If the doubly degenerate normal coordinates associated 
with Vg and Vg are called Q^^, Q^, and Q^, respectively, the reduction of 
the basis formed from their direct product gives the wave functions of the 
correct symmetry* 

^{Ay} = NiQiaQia + Q*i^6b) exp^- i 

^A^) = NiQiaQsb — QibQ&a) exp( — i ^ a,^f j , 

(48) 

^(£), -f- QM exp (- h “»<?•) ' 

il/{E)i N {QiaQs^, — Qti^bb) exp — i ^ a,()f j • 

The determination of the number and type of active vibrational bands for 
the pure overtones of the doubly degenerate fundamentals is somewhat 

* To accomplish the reduction the matrices of the irreducible representations must 
be known. The characters alone are not enough. (See Chapter 2. § 1.7 and § 3.2, in 
this volume.) 
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more complicated. The first overtone level of a doubly degenerate fre- 
quency, say V4, = 2 has only a threefold zeroth-order degeneracy, 

[g^ = (n -f 1) for the doubly degenerate modes]. Replacing Q^, Qib by Qia» 
in the wave functions of ( 48 ) for the combination level V4 -f we note 
that the wave function of symmetry becomes identically equal to zero, 
and we would therefore expect that the overtone state, — 2, is made 
up of levels of symmetry and E only. This follows rigorously from the 
character of the reducible representation based on the three zeroth-order 
wave functions for the overtone state, namely the three harmonic oscillator 
functions with n^^ = 2, n^^ = 0, = 0, n^^, = 2, and I, 1. 

These basis wave functions have the transformation properties of the 3 prod- 
ucts Ql„, Q%„ and ^4^ ^44, the highest power terms contributed by the Hermite 
polynomials. Since the characters of the representation are independent of 
the choice of coordinate system it is convenient for purposes of determining 
the characters to choose a set of normal coordinates and for each 
symmetry operation R such that the transformation matrix is diagonal for 
this particular S3nnmetry operation. This can always be done though it 
will require a different choice of coordinate system for each R and may lead 
to complex transformation matrices. With such a choice 


Qta 


0 

Qia 

Q«> 


0 

Qi» 


so that 

+ <*2 


and 


1 ' 


2 

0 

Qia 



0 

2 

(I 2 



( 49 ) 


while + 4 


where n4 = 1. The character for the reducible representation of the overtone 
state n^ = 2, follows since 


gL 


Ql, 

QiaQib 

— 


2 

«i 


0 

2 

«2 

0 


so that 


0 

0 




(f*„ 

QiaQib 


( 50 ) 


3 '* 4 ». 2 (^) = ^1 + ®2 4 * <* 1^2 = Ml **! 4 * ^ 2 )* 4 “ 4 ” * 2 ]. 

and the character can also be written 


;f2(^) = M[ziW]* + Xi(^“)} (51) 

For the overtone state «4 = 2 of CICH3 it has the values shown in Table II 
for the various S3anmetry operations and the reduction of the representation 
does give 


(£<*))* = Ai + E. 


( 52 ) 
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A pure first overtone of a doubly degenerate frequency in ClCHj therefore 
gives rise to a parallel band and a nearly superimposed perpendicular band. 
The actual separation between these bands will depend upon the magnitude 
of the anharmonic potential. 

Expressions for the characters of the higher overtones of doubly degen- 
erate frequencies as well as the characters for triply degenerate frequencies, 
which occur in more highly symmetrical molecules such as CH4, are given 
by Tisza.^^ 

The ammonia molecule, NH3, and methyl cyanide, NCCH,, are other 
examples of molecules of symmetry Cg,. The characters for the representa- 
tions for these molecules are also shown in Table II. For NHj the reduc- 
tion gives 

■T’iN = -f- Ag “|- 4E and jTVib — -|- 2E, 

For NCCHj it is ^ 

Aat = SAj -t- .^2 -h 6E and /Vib = 4^i + 4£. 

In both molecules therefore all vibrational fundamentals are active. 

As a further example it will be shown that methane, CH4, because of 
its high degree of symmetry possesses only four distinct vibrational fun- 
damentals although the molecule has nine degrees of vibrational freedom. 
In its equilibrium configuration the molecule has the structure of a regular 
tetrahedron with the hydrogens located at the four corners and the carbon 
nucleus m the center. It therefore belongs to the point group T^. The 24 sym- 
metry operations include, besides the identity operation E, the rotations 
about the four 3-fold axes, C3, defined by the four CH bonds, reflections 
in the six different HCH planes, 2-fcld rotations, Cg, about the three 
mutually perpendicular axes which bisect opposite H-H Imes, and 4-fold 
rotation-reflections, 54, about these same axes. The character table for this 
point group is shown in Table III. The symmetry operations divide into 
five conjugate classes. Of the five irreducible representations (or species) 
two A I and A 2 , have dimension 1; and one, E, has dimension 2; while the 
remaining two, and Fg, have dimension 3. The characters for the 
representations F^, F^ can be computed from the general formulas 
developed in this section, and they are listed m Table III. Under one of the 
4-fold rotation-reflection operations, for example, only the central carbon 
nucleus remains invariant so that the character of F^n fur this class of 
sjmmetry operation, namely U [— 1 -I- 2 cos (2jr^/«)], has the value of — 1 
since U = I, n — 4, k — 1, or 3. The reduction of by the usual methods 
gives 

Fzn = 
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From the character table it can also be seen that the irreducible representa- 
tions Fi and Fj are the pseudovector and vector representations, respectively, 
r, = Fj, Ft *= Fjj, Subtracting the contributions of the rotational and 
vibrational degrees of freedom one therefore gets 


Fvib = -^1 + F -|- 2F2. 


TABLE III 

Character Table for the Point Group Tj 



E 

00 


654 

3Cj 



+1 

+1 

+1 

+1 

+1 


^1 

+1 

+1 

-1 


+1 


E 

+ 2 

-1 

0 

0 

+2 


Fi 

+3 

0 

-1 

+1 

-1 

(Yz - Zy), {Zx - Xz), {Xy - Yx) 

Ft 

+3 

0 

+ 1 

-1 




16 

0 

+ 3 

-1 

-1 


Ft 

+ 3 

0 

+ 1 

-1 



Fr 

+ 3 

0 

-1 

+ 1 

-1 



+ 6 

0 

0 

0 

-2 



The molecule has only four distinct vibrational fundamentals, and since 
the three components of the electric dipole moment transform according to 
the representation Fg only the two triply degenerate fundamentals which 
belong to the irreducible representation Fg can be observed in the infrared 
spectrum. The nondegenerate frequency of species and the doubly degen- 
erate frequency of species E can be observed only in combination with one 
of the triply degenerate frequencies of species Fg. (The direct products 
X Fg = Fg and E x both contain the active irreducible 

representation Fg.) 


3.3 Inversion Spectrum of Ammonia 

Many polyatomic molecules have potential functions with more than one 
identical minimuih, i.e., such molecules have more than one possible equilib- 
rium configuration. In all nonplanar molecules, for example, the equilibrium 
con^^ation of the nuclei is not unique, since a nonplanar molecule can 
always be turned inside out to transform the nuclear framework into a mirror 
image of the original one. One possible way of reaching this second configura- 
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tion from the first is through the inversion of each nucleus in the centre 
of mass of the molecule. In most cases large forces prevent the molecule 
from turning itself inside out, that is to say, the two identical potential 
minima are separated by a large potential barrier. According to classical 
physics, therefore, the molecule should be trapped in either one or the other 
of the two possible equilibrium configurations with the nuclei osc illating 
about this particular equilibrium configuration in their vibrational motions. 
The molecule would have to absorb an energy many times its vibrational 
energy to be lifted over the potential hump from one equilibrium configura- 
tion to the other. Actually, however, the nuclei need not climb the potential 
hill to reach the alternate potential minimum, but may penetrate the barrier 
through the quantum mechanical tunnel effect. Since the two potential 
minima are identical in height and shape, the states of the molecule vdll 
be doubly degenerate if the barrier can be considered infinite — a good 
approximation for most nonplanar molecules. If the barrier is finite, however, 
this degeneracy is removed through the tunnel effect which therefore leads 
to a doubling of all the energy levels of the molecule. Ammonia, NHj, is 
one of the few nonplanar molecules m which this inversion doubling is large 
enough to lead to observable splittings in its spectrum. 

There are other types of classically forbidden motions in polyatomic 
molecules for which the quantum mechanical tunnel effect becomes impor- 
tant. An example is the hindered rotation of one part of a molecule with 
respect to the remainder. The methyl alcohol molecule, CHgOH, in which 
the OH bar is inclined at an angle of 106° to the CHj symmetry axis clearly 
has three identical potential minima corresponding to the three possible 
equilibrium configurations of the OH bar with respect to the CI^ 
pso-amid. The OH bond is not free to rotate about the symmetry axis of 
the CHj group; but even though the three positions of minimum potential 
energy are separated by the hills of a hindering potential, the OH unit may 
penetrate these barriers and tunnel from one equilibrium position to the 
next. This tunnelling removes the inherent threefold degeneracy 
of the rotational states and in general splits each level into three. Such 
hindered rotation splittings have been observed in the microwave spectra 
of a large number of molecules.^* NHg, however, provides the simplest and 
the most extensively studied example of a molecule whose spectrum is 
complicated by the quantum mechanical tunnel effect. 

In its equilibrium configuration NHj forms a synunetrical pyramid of 

symmetry with the N atom at the ‘apex of an equilateral Hj triangle 
(Fig. 6). If the nitrogen can penetrate the Hg plane in its moti<m along the 
symmetry axis of the pyramid the molecule turns itself inside out. The new 
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equilibrium configuration in which the N atom lies on the other side of the 
H3 plane is not identical with the old configuration as may be seen by 
numbering the hydrogen atoms. Even though the N spends most of its time 



Fig. 6. Inversion of NH3 (a) Original equilibrium configuration (N atom at the apex 
of a symmetrical pyramid ) (b) New equilibrium configuration after the N atom has 

penetrated the Hj plane to turn the molecule inside out (c) NH3 in its new equilibrium 
configuration after a rotation Configurations (a) and (c) are distinguishable if the 
H atoms are given numbers (c) cannot be obtained from (a) solely by a rotation of the 
whole molecule (d) NH3 in its new equilibrium configuration after a rotation about 
the symmetry axis through an angle (^) of n radians (d) shows that the new equilib- 
rium configuration could have been obtained from the original by inverting each nucleus 
in the centre of mass of thc^ molecule 



Fig. 7 . Potential functions and energy levels for planar and pyramidal XY3 molecules. 
The wave functions for the two lowest states are shown below. The symmetry of the 
wave functions is not destroyed by the introduction of the potential hill. 
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either on one or the other side of the Hg plane, the NHg potential function has 
the same symmetry as that of a planar XYg molecule. If it is plotted as a 
function of z, the height of the central X nucleus above the Yj plane, the 
potential of planar XYg will have a minimum for 2 = 0 (Fig. 7). The motion 
of the X particle in this parabolic potential corresponds to one of the normal 
modes of the XYg molecule. The equally spaced energy levels are the vibra- 
tional energy levels for this mode, and because of the symmetry of the potential 
the wave functions are alternately even or odd functions of z. If this potential 
is slightly distorted by the addition of a very small hill in the centre, the energy 
levels are shifted by small amounts, the harmonic oscillator wave functions 
become slightly distorted ; but in the ground state the central X nucleus still 
spends most of its time in or near the Yg plane. As the height of the central 
hump is increased more and more the probability of finding the central nucleus 
in the plane z = 0 becomes smaller and smaller. The maxima of the wave 
functions will occur near the two new minima of the potential which cor- 
respond to the two possible equilibrium configurations of a pyramidal XYg 
molecule. Since the symmetry of the potential has not been destroyed, the 
wave functions still have the symmetry property (-|-) or (— ) with respect 
to reflections in the plane z = 0 The energy levels approach each other in 
pairs, and as the barrier becomes large the wave functions for such a pair 
of levels become even or odd combinations respectively of harmonic oscillator 
functions for the vibrational motions m the two new potential wells (Fig. 7). 
The separation between such pairs of levels is governed by this vibrational 
frequency, the much smaller doublet splitting of each pair corresponds to the 
frequency with which the N atom tunnels through the potential barrier. 
For states very high above the potential hill the central hump again 
represents a small perturbation, and the energy levels approach the nearly 
equally spaced levels of a slightly hindered classical vibrational motion. 

The AA approximation (Vol. I, Chapter 7) furnishes one of the simplest 
methods of estimating the doublet splitting of the lower energy states. 
The Schrodinger equation for the tunnelling motion can be written as 


dz^ 


ft* 


^ = 0 


(53) 


where 

[P{z)]^=^2fz[E-V{z)] 


E is the total energy, fi is the effective mass for the oscillation of the N atom 
against the Hg plane which has the value' 3mAf/(3f» -f- M) if the Hg trian^ 
remains a rigid unit as the N passes through it, m is the mas$ of a hydrogm 
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atom and Af is that of a nitrogen atom. In the classically forbidden region 
2> Z 2 (Fig. 7) the AA solution must have the form 


According to the connection formulas (Vol. I, Chapter 7» § 1.4) this expo- 
nentially decreasing solution approximates the same exadt solution which 
in the oscillatory region, 2 ^< z < 2 ^, has the approximate form 

z 

= (p)l /2 (y I t) 

E| 

where 

/ = 2| [2ju{E - V{z))yi^dz s /(£„) -f- (66) 

*. 

and 

E = Eq-\- 6E. 

£0 represents the average value of the energy of a pair of levels while dE 
gives the small shift of each level from £„ due io the tunnelling effect. J{E^ 
is the action variable for an oscillator in a single well and must therefore 
have the value 

7 (£ 0 ) = (n + i)h, (67) 

while the derivative of the action with respect to the energy gives the period 
of this oscillator in its single well 



(68) 


where V 0 is the frequency of vibration in one of the potential minima. Making 
use of these relations and the connection formulas for the region of the 
classical turning point z-^, the above wave function can be matched to the 
appropriate AA solution in the region of the central hill 




(- 1 )* 
(|P|)X/2 







(69) 


(-«!<«< *l) 
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where 

*1 

g = exp 1 j [2^{F(z) - E)yi^ dzj . (60) 

0 

This wave function must be an even or odd function of z for the (+) or (— ) 
states respectively. From the behavior near z = 0 we therefore get the result 



Since the tunnelling shifts, dE, are small compared with the vibrational 
energy, Avq, the tunnel splitting of a pair of levels, J, is given by 

/I = (dE). - (a£)+ ^ (Avo/7t)Q^ (62) 

Since depends on the potential function F(z) only thrqpgh the integral 
JJ‘[2^(F — E)y^^ dz the tunnel splitting is not a very sensitive function 
of the exact shape of the potential hill; but since is a small quantity 
which varies exponentially with the above integral, the splitting is a very 
sensitive function of the height of the barrier, the distance of the vibrational 
level below the top of the barrier, and the effective mass of the normal 
mode which corresp>onds to the tunnelling motion. 

Although the height of the pyramid is changed somewhat in all of the 
normal modes of NHg this change is extremely small in all of the modes 
except one. This is the mode in which the pyramid opens up like an umbrella 
and which can therefore be represented well by the one-dimensionad motion 
of the N against the Hj plane. The drastic variations of the inversion 
splitting with and (V — Ef’^ are illustrated by the observed splittings 
for this mode in NHg and NDg (Table IV). 


TABLE IV 

Observed Inversion Splittings in NH, and ND," 




NH, 

ND, 

Ground state 


0.793 cm-i 

0,053 

Ist excited vibrational 

state 

36.6 cm“* 

3.9 

2nd excited vibrational 

state 

312.6 cm-i 

70.0 cm~^ 


* See Townes and Schawlow, "Microwave Spectroscopy," p. 806. McGxaw-HiR, 
New "York, 1968; and G. Herzberg, "Molecular Structure,” Vol. II, p. 297. Van 
Nostrand, New York, 1948. 
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The potential function for the two isotopic species is the same, but the 
roughly twofold increase in the reduced mass of NDg leads to approximately 
a tenfold decrease in the inversion splitting. The two levels for the second 
excited vibrational state of NHg lie just above the top of the barrier. In this 
case the splitting approaches the separation between successive vibrational 
states. (The levels in Fig. 7 are drawn roughly to scale for NHg. The separa- 
tion of the lower levels corresponds to a vibrational freqj^ency of 950 cm"^.) 

The physical significance of the inversion splitting, J,' becomes apparent 
through a study of the time variations of the wave functions. For a vibra- 
tional state far below the top of the potential barrier the wave functions 
of the two inversion states can be written as the linear combinations 


•A 

-A 


+ = (lAi + 0*). 


(63) 


where and are vibrational wave functions for a single potential well 
corresponding to oscillations about the equilibrium configuratiorx in which 
the N atom lies respectively to the left or to the right of the Hg plane (Fig 7). 
If at time, t = 0, the N atom is found to the left of the Hg plane, the state 
of the system must be descnbed by the wave function 


= 0) = {4i+(z) + 

After a time / this wave function will have the form 


(64) 


>lt{z,t) = p: L<A+ ( 2 ) + lA-W exp {— {2mA)tlh}] exp {— {27itE+)tlh}. (65) 

In particular, after a time t = hl2A the wave function becomes 





= p= [^A+(2) - ^A-(2)] exp 


— {2mE+)t 
h 


= tJ/R exp 


{2mE+)t 

h 


( 66 ) 


i.e., the nitrogen atom is now found to the right of the Hg plane. The quantity 
Ajh therefore corresponds to the frequency with which the N tunnels back 
and forth throu^ the H, plane. In the ground state of NHg the inversion 
of the molecule takes place with a frequency of 23,786 x 10* times per 
second. In most other molecules the inversion frequency is too small to be 
observed. It has been estimated to have the value 0.14 x 10* cps in the 
ground state of PHg and J cycle per year in the ground state of AsHg.^* 
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It would therefore take two yeau's for one complete tunnelling cycle of AsH^ 
although the potential barrier of AsHj has been estimated to be only 6.4 times 
that of NHg.^* These numbers illustrate the extreme sensitivity of the 
tunnelling frequency to the height of the potential barriers. In other non- 
planar molecules such as CHjCl the inversion may take billions of yeats, 
longer than the lifetime of the molecules in the universe. 

The observed inversion splittings in the spectrum of NHg are complicated 
by the rotational fine structure of the vibrational states. Each S 5 nnmetric 
top rotational level is split into a (+) and a (— ) level by the tunnelling 
phenomenon. The inversion of the nuclei in the centre of mass of the molecule 
is accomplished by a tunnelling of the N through the Hj plane followed by 
a rotation about the symmetry axis of the molecule through an angle of jt 
radians [Fig. 6 (a) -► (b) -►(d)]; that is, by the transformation z = — z, 
<f> <j> + n. It will be shown that the rotational wave function depends 

on the angle <f> only through the factor e^ where the quantum number K 
is an integer so that the symmetry property of the states with respect to 
inversion in the centre of mass is given by the symmetry of the vibration- 
tunnel function multiplied by the factor (— 1)^. The (-f) levels therefore 
form the lower levels of the inversion doublet for states with K even, while 
they form the upper levels for states with K odd. Since the electric dipole 
moment changes sign on inversion in the centre of mass the selection rule 

— , + -^1— ► -f-, — ► — 

must be added to the other symmetric top selection rules. 


3.4 Rotational Hamiltonian 


The rotational Hamiltonian of a polyatomic molecule which results from 
the approximate separation of rotation and vibration is one describing the 
free rotation of a rigid body, i.e., to this order of approximation the distances 
between the nuclei may be considered as fixed. It is expressed most simply 
in terms of the components of the total angular momentum P, which in 
zeroth approximation is equal to the purely rotational angular momentum. 
Thus, 




(67) 


where x,y,z are body-fixed axes along the three principal axes of inertia 
and A,B,C are the principal moments of inertia. In the quantum 
mechanical formulation the angular mortientum components are replaced 
by opierators which satisfy the commutation relations 

- PffP» = - ihPy 


( 68 ) 
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vfh&ce x,fi,y denote x,y,z cyclically. These differ from the usual angular 
momentum commutation relations only in the algebraic sign of the right- 
hand side. The commutation relations for the space-fixed components of the 
angular momentum have the usual form 

PaPb - PiPa = + ihPc (69) 

where a,b,c denote cyclic permutations of X,Y,Z the axs^s of a right-handed 
space-fixed coordinate system.* Matrix elements for sAch operators were 
described in Vol. I, Chapter 2, § 4 in a representation in which P* and Pg 
are diagonal. The angular momentum eigenfunctions for the rigid top are 
simultaneous eigenfunctions of the commuting operators, P®, P^ and P, 
and must be described in terms of three quantum numbers /, M, and K 
where 

P^^JKM = 1^V(/ + Pm^JKM — fiKlpjKM'. Pz*lfJKM = 

(70a. b. c) 

The matrix elements for the space-fixed components, P„, which are diagonal 
in K, follow from the commutation relations (69) as previously. The matrix 
elements for the body-fixed components, P^, which are diagonal in M, 
have exactly the same form with the role of the quantum numbers M and K 
interchanged, except for a trivial change i^ phase arising from the minus 
sign in (68) 

iJKM\P,\J(K ± 1)M> = {ni2) [(/ T K)(J ±K + 1)]V\ 
OKM\Py\J{K ± 1)M> = =F im [(/ T K)(J ±K+ 1)]^^ (71) 

(JKM\P,\JKMy = hK. 

The angular momentum eigenfunctions can be expressed in terms of the 
three Euler angles describing the orientation of the molecule in space 

fjfJKM = &JKM{d)fK{<f>)gM{fp) (72) 

where ^ is the angle of spin about the body-fixed z-axis, tft is the aximuth 
angle about the space-fixed Z-axis, and 6 is the tipping angle of the r-axis 
about the line of nodes. In terms of these coordinates, the eigenvalue equa- 
tions (70b, c) become simply 

= *««*). = (73) 

Integration of these equations subject to the boundary condition that the 

* A derivation and discussion of the difference in algebraic sign of the commutation 
rdations for the body- and space-^ed components has been given by Van Vleck«^^ 
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wave function be a single-valued function of the angles ^ and ^ gives the 
eigenfunctions 

0jKM{6)e*^*e*“*, (74) 

with 


^^ = 0, ±1. ±2.....±/. and Af = 0. ± 1. ± 2 ±J. 


3.5 Symmetric Top Molecules 

If a molecule has an n-fold axis of symmetry, with n ^ 3, its inertial 
ellipsoid is a figure of revolution about the «-fold axis, (z), so that the molecule 
has two equal principal moments of inertia, .4 = 5. The rotational 
Hamiltonian of such a symmetric top can be written 


H = 


(P^-Pf) Pf 
2A 2C 


(76) 


and H commutes with P* and P,. The angular momentum eigenfunctions, 
(72), are simultaneously the energy eigenfunctions, and the energy becomes 


E.«=(^)/(/ + l)+{^)(g-j)K>. (76) 

Since the energy is independent of M and the sign of K, each level has a 
2(2/ -H l)-fold degeneracy, except for the states K = 0 which have only 
the {2J + l)-fold M degeneracy. If the symmetric top is of the prolate 
variety, 4 > C, as in a rod or cigar-shaped molecule, the / + I energy 
levels for a given value of / are increasing functions of K. If the S3nnmetric 
top is oblate, .4 < C, as in a doughnut or disc shaped molecule, the energy 
levels for given / are decreasing functions of K. 

The selection rules follow from the matrix elements of the space-fixed 
{X,Y,Z) components of the electric dipiole moment Consider, for example, 

I dr = I [fix cos {x,Z) -f fly cos {y,Z) -f (it cos (z,Z)]^b dr (77) 

in which (i^, (ly, (i^, the components of (& along the body-fixed principal axes 
are given in terms of the permanent dipole moment and the normal coor- 
dinates by (33), and where the wave functions for the initial state A and 
final state B are products of zeroth order vibrational and rotational wave 
functions, e.g., •Pj'k'm'- terms of the Euler angles the direction 

cosines are 

cos (*,Z) = sin 6 sin cos (y,Z) — sin d cos cos (z,Z) = cos 6 (78) 
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and the above matrix element can also be written as 


1 


dr 


= 1 
1 ' 


tfs* + i(ly)^T dXQ 


vib 


1 1 *Pj'K'M'{— i 


( 79 ) 


fl>A dxQ I sin 6e dr»^ 4* 


• j *ftJ'K 


I •pA dXQ^ *pJ'K'M' COS dkl>j»K"M'' drsHi- 


We must distinguish between two types of transitions. For a vibrational 
transition in which only the matrix element of is different from zero, as 
in an A^-*- vibrational transition in ClCHj, or in a pure rotational transi- 
tion in which there is no change in the vibrational quantum number, the K 
selection rule becomes AK = 0 since the angular integral associated with (i^ 
is independent of <f>. If the vibrational transition is such that one of the 
perpendicular components of |a, or /Ay, has a nonzero vibrational matrix 
element, as in an A-^-*E transition in ClCHj, then the K selection rule 
becomes AK = ± 1. It is important to rl^>te, however, that a transition 
AK = — \ (K” = K' — \) is allowed only if 


I ^A 4- dXQ ^ 0 

while a transition AK =4-1 {K" = iiC' -)- 1) is allowed only if 


j pA — i/*y)*ffB^ dxQ ^ 0 . 

The space-fixed Z component of ft, also leads to the selection rule AM = 0, 
(the rotational integrals are independent of the angle ip), while the X and Y 
components (not shown) lead to the selection rule AM = ± I but make 
no changes in the K selection rules. The J selection rule, ^7 = 0, ± 1, 
follows from the general electric dipole selection rule for the total angular 
momentum. 

There are thus two types of vibration-rotation bands in a S 5 anmetric 
top molecule, the parallel bands for which AK ~ 0 which are composed of 
simple P, Q, and R branches corresponding to the selection rule J/ = — 1, 0, 
and 4- 1 respectively, and the more complicated perpendicular bands for 
which = 4; 1. 
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The frequencies for the parallel bands follow from (76) 

P branch vjK-*u-m = »'vib - hJl^n^A. 

Q hrdinch vjK^jK = Vy^ (7=1,2,...), (80) 

R branch V(y-i)jf vy* = Vyib + hJj^ji^A. 


Such a band is illustrated by Fig. 4. 

The perpendicular, bands of a symmetric top arise from transitions to 
the doubly degenerate vibrational states belonging to the symmetry species E. 
These possess an internal angular momentum, p,, directed along the S 5 mi- 
metry axis of the molecule.* Since the components of the total angular 
momentum along the principal axis are Py and P„ the components of 
that part of the angular momentum due to the rotation of the molecule are' 
P,, Py and {Pj — p,). The rotational Hamiltonian is accordingly, 


Fi + Pl {P.-p.? pUi i \ 

2,4 2C '2A'^'2\C A) 


+ A 

C ^ 2C 


(81) 


The internal angular momentum may be expressed in the usual manner 
in terms of the cartesian coordinates of the individual nuclei. These cartesian 
coordinates are fixed in the molecule and rotate with it. The operator 






(82) 


must now be expressed in terms of the normal coordinates. For this purpose 
it is convenient to define mass-adjusted cartesian displacement coordinates 


Uk — ^mkAx,k, Vk = ^j'^nkAyk, Wk = ^mkAzk (83) 

where is the mass of the Ath nucleus. The transformation from these 
coordinates to normal coordinates must be orthogonal since 

N SN-6 

T = i ^ («* 4- V* + u'*) = i ^ Qt (84) 

»«! 


* It will be instructive for the student to consider the individual motions of the 
atoms of a molecule such as CH,C1 for the doubly degenerate perpendicular vibrations. 
In such a vibration, the motions of the carbon and chlorine atoms, for example, ^Ue 
in a plane perpendicular to the symmetry axis. By decomposing the motions into 
perpendicular harmonic oscillations differing in-phase by 90® it is apparent that an 
internal angular momentum directed along the symmetry axis will result. See also 
ref. 1, Vol, II, p. 402. 
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As a result 






and 


«. = 2’(^)e.=2’(g)?. 


(86a) 


(86b) 


so that the vibrational angular momentum operator becomes 

N 




(86a) 


iN-6 , 


t <r' ^ A = 1 
3iV-0 


where the “zetas” can be written in term^ of a conventional abbreviation 
for the Jacobians 

^ y» HQuQ,)^ 

A = 1 


(86c) 


The zetas are therefore constants which can be computed in terms of the 
force constants, the atomic masses, and the geometry of the molecule if 
the normal coordinate problem has been solved If the normal coordinates 
Q, and Qj belong to different vibrational frequencies, v^, the only 
nonzero matrix elements of the operator 




are off-diagonal in the vibrational quantum numbers and can contribute to 
the energy only in higher order of approximation.* If on the other hand 
belong to the same frequency v,, in particular if the coordinates 


* The matnx eieiuents of connecting vibrational states A and B can be different 
from zero only if the direct product based on and contains the irreducible 
representation of the z component of the pseudovector representation. 
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{Qtx>Q*y) chosen to have the same transformation properties as the x 
and y components of a vector, the diagonal matrix elements of 



will be different from zero and can contribute to the energy in first approxima- 
tion. 

It is convenient to transform the normal coordinates to two-dimensional 
polar coordinates 

Qtx = Rt cos Xu Qiy = f?. sin Xu (87) 

In terms of these the harmonic oscillator wave equation for a doubly 
degenerate normal coordinate becomes 






where the energy must have the value given previously 


(88) 


=- («. + l)hv^. 


(89) 


Since x% ignorable coordinate the wave function must have the form 
where I, must be a positive or negative integer. The substitution 


= p'!'' "‘P* 


* = o 


where /jf = {}/^Jh)R:^ leads to the recursion formula 

2k + 2|/,| — 2m, 

= {kTm+W\^ 


(91) 


(92) 


and the requirement that the integers k be even. As a result the values of 
are restricted to 


± ± («. — 2), ± (m, — 4), 


0 for n, even 
± 1 for «, odd. 


The diagonal matrix elements of the vibrational angular momentum operator 
become simply 


2n 

I J dR, dx, = ^^ exp (- iUxt) j exp (-|- ihx.) dxt = f*. 


m 
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For the fundamental vibrational state of a doubly degenerate frequency, 
the quantum numbers have the values, n, = 1, correction 

terms (— P, P,IC) + (p^l^C) give the following correction to the rotational 
energy 


El. 


±1 = 


C 2C ' 


(94) 


Since the last term is independent of the rotational <^antum numbers it 
is usually considered with the vibrational energy and omitted from the 
rotational energy, hence 

A* / 1 1 \ 

. , , = - 7(7 + 1) + _ ^ (95) 

It has been shown that the transitions JiiC = + 1 arise only from vibrational 
transitions for which the matrix element of (/j,^ — i/iy) is different from zero. 
In terms of the ith normal coordinate, this is, 


- tfiy) = {Q,. tQ,y) = P, exp (- ix,). (96) 

It follows that the vibrational matrix element of (//, — ifi^) connecting the 
ground state and the fundamental vibratic^al state », = 1 is different from 
zero only if /, = + 1- Similarly, transitions AK = — 1 which can arise 
only from the matrix element of (/z, + i/^y) are allowed only if /, = — 1. 
The selection rules for a perpendicular fundamental band of a symmetric 
top can therefore be summarized by 


either 


Zl«, = 1, ^7 = 9, ± 1 


AK — + 1, Ak= \ simultaneously, (97) 


or 


AK = — 1, zl/, = — 1 simultaneously. 

The rotational structure of such a band is therefore complex and consists 
of 6 types of branches, P*, Q^, P* for AK = + 1 amd P^, Q^, R’’ for 
AK = — 1. “Die frequencies for the latter are: 


P^ branch 


V 



(^-i) 


hUK - 1 ) 

47rC* 


(7 = K,K+1,...), 
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?<■ branch - 1 = -.a, - (^)(g - (g - i) + *’ . (98) 

R- branch ^ (K _ j) 

+ (/ = K + i,«: + 2,...). 


Similar expressions give the branches arising from AK =4-1. Due to the 
superposition of the many / -► / transitions, the Q branches of the bands 
inherently give rise to the strongest lines and in general stand out above the 
background of the weaker individual P and R branch lines which may 
present a more or less irregular appearance due to the overlapping of the 
many P^, R^, P^, and R^ branches. This situation obtains in the per- 
pendicular bands of the methyl halides an example of vt^ich is shown in 
Fig. 6. The spacing between successive lines of the strong Q branches is 
equal to 


h / l-C. 1 

471 * \ C A 


(99) 


Since the C, differ for the various normal vibrations, the spacings for the 
perpendicular fundamentals are in general not the same. The spacing of 
the Q branches in the overtone and combination bands of perpendicular type 
is discussed by Boyd and Longuet-Higgins.^® 

As mentioned previously the C, are functions of the force constants of 
the molecule. However, the sum of the zeta values for all the fundamentals 
in a particular irreducible representation is independent of the force field 
and is a function only of the geometrical configuration of the molecule. This 
sum rule will now be proved and the value of the zeta sum for molecules of 
the CICH3 type will be derived. 

The normal coordinates for a particular two-dimensional irreducible 
representation, T*,, can be built up from displacement coordinates, q^y, 
which transform according to in the same way as the normal coordinates 
Qtx> Qty If the q^y are chosen as orthonormal combinations of the ZN 
mass-adjusted cartesian displacement coordinates, «*, v*, o'*, the representa- 
tion r, contributes a factor 


to the kinetic energy. The potential energy will of course not be diagonal 
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in all the though cross terms of the form q^y will be missing. As a result 
the normal coordinates Q^y are related to the q^^ by 

Qtx = *»;?;** Qty ~ 

1 1 

where oe,^ is a real orthogonal matrix and where the number of possible 
values of i and the number of terms in the sums over ; is^qual to the number 
of vibrations, translations, and rotations in the irreducible representation, r*,. 
The zeta sum therefore has the value 


N 


2’f.=2’2’ 


HQ...Q.y) 

S(Uk,VM) 


ill k 


and making use of the orthogonality 


2’f.=2’2’ 


^i9*x,qiy) 


( 101 ) 


( 102 ) 


The right-hand side of this expression must be independent of the force 
field since the S5niimetry coordinates q,^ can be chosen in any arbitrary 
manner independent of the strengths of the molecular forces and consequently 
the sum rule is proved. However, in order to evaluate the sum of the C, 
for the vibrations in a particular irreducible representation we must subtract 
from the above sum the contributions of the translations and rotations that 
belong to that particular irreducible representation since the are based 
on all 3iV degrees of freedom of the nuclei. 

Figure 8 shows a set of orthonormal symmetry coordinates for an equilat- 
eral triangle made up of 3 identical atoms. The coordinates q-^,, and q^^, q^y 
would correspond to the actual normal vibrational coordinates of an Xj 
molecule, while the remaining S5nnmetry coordinates would correspond to 
the translations and rotations of such a molecule. In a molecule of ^So 
symmetry such as CICH, the normal coordinates would be linear combina- 
tions of the symmetry coordinates of Fig. 8 and the mass-adjusted cartesian 
displacement coordinates of the atoms situated on the figure axis of the 
molecule (e.g.^.?*, = »4, q^y = V4 are of symmetry E). The Jacobians for 
the irreducible representation, E, of the doubly degenerate modes may be 
evaluated from the expressions for q^y in Fig. 8. One obtains. 


V ^(gl*>gly) , , 


^(?2«.g2y) 


V %8«.?8y) 


= 0. (108) 



4. MOLECULAR SPECTRA 
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Also 


y H9*x,gty) ^ y ^{qbx,qiy) ^ , , 

f' ^ 3(«*.V*) ■ 

The three equivalent off-axis atoms contribute zero to the zeta sum. This 
result holds for all sets of K equivalent atoms about a AT-fold s)anmetry 



Fig. 8. Orthonormal symmetry coordinates for three equivalent atoms in a molecule 
of Cs„ symmetry. The relative phases of the coordinates of symmetry E are chosen so 
that they all transform in the same way as the normal coordinates, e.g. 



axis.“ Each atom located on the 3-fold axis, however, contributes a factor 
-f 1 so that Z, Cj » where n is the number of atoms situated (m the 3*fdd 
axis, but where the zeta sum still counts ^he effects of the translations and 
rotations. Since the translations ty and the rotations r^, belong to the 
irreducible representation E in a C3„ molecule (Table II) theh^ contiibutioa 
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must Still be subtracted from the sum. The translational and rotational 
symmetry coordinates ty, r^, ty have the form 


tx = ^ (mklMyi^Uk, 

k 


k 


(104a) 


r*==^(w*/^)V2{yi%* — 4%), ry= ^ {mklA){zjSiM — x^k^m) (104b) 

k k 

where the coefficients have been chosen to normalize ty, r^, ty in terms 
of the mass-adjusted cartesian displacement coordinates, v^, w^. M is 
the total mass of the molecule, and xf\ yf\ 4®’ define the equilibrium 
position of atom k relative to the centre of mass of the molecule. With these 
expressions we can compute 


V 9[U,ty) ^ y {mklMfi^ 0 
~ 9(«ft.v*) " 0 (mklM)^l^ 

k k 


(105a) 


V Sjrx.ry) y 

^ d{uk,Vk) 


0 

{mulAYI^zT 


{mnlAyihf^ 

0 


A 

k 

(105b) 


Subtracting these quantities from the sum = n the zeta sum for the 
vibrational frequencies of symmetry £ in a ^Zv molecule is obtained 


2 ' = » + ^-2 (106) 
4(vib) 

where n is the number of atoms on the 3-fold axis, for example n = 1 for 
NHg, n = 2 for ClCHj, and n = 3 for NCCH3. 

The zeta sum rule is of great practical value in determining the moments 
of inertia of a symmetric top molecule. The moment of inertia A ^ B may 
be readily found from the fine structure spacing of a parallel type band 
which as has been shown is equal to hjAn^A . To the order of approximation 
in which vibration rotation interactions are neglected, all parallel type 
bands of a given molecule have the same spacing. The perpendicular type 
bands on the other hand will show different spacings of their Q branch lines 
since these depend upon the zetas which are in general not known. The 
sum of the spacings for the perpendicular fundamentals is, however, easy 
to interpret. Thus in CH3CI there are three perpendicular fundamentals. 
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Vi, v^, and v,. If the associated fine structure spacings Av^, and Av^, 
(which are observed to be 8.28, 12.09 and 6.96 cm“^ “) are added one obtains, 


e 



♦ a* 4 


h 

■(3 -rc.) 

3 

h 

3 

7 ■ 

4?t* 

c 

" A 

II 

C “ 

'2A 


(107) 


by virtue of the zeta sum rule. Since the average fine structure spacing of 
the parallel bands of CH3CI has been observed to be 0.876 cm“^, the inertial 
constants as well as the zetas may be calculated. A = B=63.9 x 10~*® gm cm*, 
C = 6 63 X 10-«» gm cm* ^4 = 0.096, = - 0.281, Ce = 0,228. 

Spherical top molecules such as methane where all three principal 
moments of inertia are equal, A = B = C, may be treated in a similar 
manner. It was shown (§ 3.2) that methane because of its high degree of 
symmetry possesses only four distinct vibrational frequencies. The non- 
degenerate fundamental, v^, of species A^, and the doubly degenerate 
fundamental, v^, of species £ aie optically inactive Only the two triply 
degenerate fundamentals, v^, v^, of species are infrared active. The 
classical motions of the active vibrational modes are therefore those of a 
three-dimensionally isotropic harmonic oscillator and must be expected to 
contribute a vibrational angular momentum along all three directions x, y, 
and z The zeroth-order rotational Hamiltonian must have the form 


(108) 

where the total angular momentum quantum vector P = AJ satisfies the 
basic angular momentum commutation relations with the minus sign (68), 
while the vibrational angular momentum vector, p, m the ith vibrational 
state {t — Z or 4) has the value M where the quantum vector hi commutes 
with P and satisfies the basic angular momentum commutation relations 
with a plus sign (69). It follows that the resultant of the quantum vector P 
and the quantum vector (— ftl) satisfies th^l commutation relations (68) so 
that this resultant quantum vector, HJ,, which gives the angular momentum 
of the rotating molecular framework, is such that 

J? - JiiJt + 1) with J,= (J + l) 1/ - /|. 

while its projection on the molecular symmetry axis is specified by the 
quantum number Kf, {Ki= + Jt,. , — Jf). The rotational energy in 
the fth fundamental vibrational state has' the value 


( 109 ) 
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where 

(J • ») = iUU + 1) + /(/ + 1) - JiUi + 1)]. (110) 

In the vibrational ground state, 1 = 0, and the rotational energy becomes 
simply 

E = ^j(j + i) am 

where the state J has a degeneracy gj = (2 J 1)*, one factor (2/4-1) 
coming from the possible orientations of J in space, (M), the other from the 
(2/ 4 1) possible orientations in the molecule, (K) 

In a triply degenerate vibrational fundamental state / = 1, (with a 
corresponding projection quantum number = 4lf0, — 1), and /( 
can have the values (/ 4 1). J, or (/ — 1). A state of total angular momen- 
tum J thus splits into three components The rotational energies £'(/,/ = 1, /,) 
have the three possible values' 

E{J, 1. / 4 1) = JU 4 1)4 h%JIB 4 

E{J, 1. J) = {h^l2B) J(J 4 1) - hK.B 4 (112) 

£(/. 1,7-1) = {h^l2B) J(J 4 1) - fiK.iJ 4 1)/B -r h^!^IB 

The correct zeroth order wave functions ^or the state {J, I — 1, /f) are 
given through the angular momentum addition or Clebsch-Gordan coeffi- 
cients (Chapter 1, § 7 3, in this volume) by 

0if,(/. 1. Ji) = Z (113) 

m 

{K^Kf- m) 

where the are the eigenfunctions of P, namely the symmetric top wave 
functions of (72) (the quantum number Af has been suppressed to avoid 
confusion), while the i/fi„ are the eigenfunctions of / = 1 which are linear 
combinations of three-dimensionally isotropic harmonic oscillator wave 
functions. 

It can be shown “ that the selection rule zJ/ = 4 1 must be accompanied 
by the selection rule zl/f = — 1 , J/ = 0 by zl/j = 0, and zj/ = — 1 
by J/, = 4 1. As a result the rotational lines of the single P and P branches 
(J/ = — 1 and 4 1 respectively) of the active fundamentals Vg and *'4 
show the constant spacing zlv, = — C,). t = 3 or 4. There exists 

a sum rule which may be shown to be 4 = i- Thus from the observed 

spacings in methane 4vg = 9.93 cm~^, and Av^ = 6.74 cm”^, one calculates 
fromJvg 4 = {i)hl^n*B that B = 6.23 X 10“*® gm cm* and f j = 0.05, 

{4 = 0.46. 
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3.6 Asymmetric Top Molecules 

If a molecule has no 3-fold or higher-fold axis of symmetry the three 
principal moments of inertia A, B.C are in general all different. The water 
molecule (HgO) is an example of such an asymmetric top. The rotational 
Hamiltonian (67) can be rearranged and written in the form 

^ L+ 4B + (ij - i) ^ <■“) 

where the first terms have the form of the symmetric top Hamiltonian and 
the last term gives the effect of the asymmetry. In the limiting case of the 
symmetric top, B = A, the Hamiltonian commutes with the operators P* 
and P,, (as well as with Pg the space-fixed Z component of the angular 
momentum), and the angular momentum eigenfunctions of (74) are 

simultaneously the energy eigenfunctions of the S5mimetrjc top. In the 
asymmetric case, however, the Hamiltoman H no longer commutes with P^ 
although it does commute with P®, (and with P^). As a result the energy 
eigenfunctions are linear combinations of the 2/ -f 1 wave functions ^jkih 
with different values of K, but with the same values of / and M. In a 
representation based on the symmetric top wave functions the 

Hamiltonian has matrix elements off-diagonal in K and must therefore be 
transformed to a new representation in which it will be diagonal. The energy 
levels may be found in the usual manner by setting the so-called secular 
determinant equal to zero jP,, — = 0 where i, j denote the quantum 

numbers JKM of the symmetric top representation. The matrix elements 
of Pi and Py can be found from the matrix elements (71) for P, and Py 
by matrix multiplication, and lead to the following as the only nonvanishing 
matrix elements for the Hamiltonian 

OKMmKM} = *>(^ + i)/(7 + 1) + ^ - i). 

<,JKM\H\J{K ± 2)M) N (116) 

= (t) (l - -^) [(/ T ^)(/ T K - !)(/ ± P -f !)(/ ±K + 2)]‘/*. 

Since the matrix elements are diagonal in / the secular determinant factors 
into a series of subdeterminants, one for each value of J, of order 2/4-1, 
corresponding to the 27-1-1 values of K, and the energy levels for a partic- 
ular value of / are given, by the 2/4-1 roots of the determinantal equation. 
These will in general be distinct except in the limiting cases where A B, 
or B — C. (Since the matrix elements are independent of M the 2/4-1 
M-degeneracy is not removed.) 
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There is no convenient quantum number having simple physical signif- 
icance by which the (2/ 4- 1) distinct energy levels for a particular value 
of J can be designated, and the levels are designated simply by where 
the index t is an integer ranging from — / to + / which indicates the 
ordering of the levels for a given /. Thus Jj represents the highest, /y _ i 
the next highest, and /_ j the lowest energy level with total angular momen- 
tum quantum number J The levels may also be specific by the quantum 
numbers K of the two limiting symmetric top energy levels, A = B and 
B — C. Let the moments of inertia be ordered in the following way, 
C B A, and imagine that the intermediate moment of inertia, B, 
ranges from the values B — A to B — C. In the limit B — A the molecule 
is an oblate symmetric top, the Hamiltonian matrix (116) is diagonal, and 
the symmetric top quantum number is a "good quantum number.” (It 
is commonly designated K-^) If S is slightly different from A, the small 
asymmetry splits the levels ± which are degenerate m the oblate S 3 mi- 
metric top limit. The energy levels for / = 3 are plotted as a function of B 
in Fig. 9. As the value of B increases the asymmetry splitting increases. 
In the other extreme, as B approaches C, the energy levels go over to the 
levels of a prolate sjmimetric top. In the limit B = C the Hamiltonian 
matrix is again diagonal but in a representation in which the matrix elements 
of P, are diagonal. These have the values hK_ where the prolatfe symmetric 
top quantum number agam has integral values from — J to + /. 
Since each oblate symmetric top level goes over continuously to one of the 
prolate S 5 anmetric top levels as B ranges from A to C, the asymmetric top 
levels with total angular momentum / can also be specified by giving the 
values K_ ^ and of the two limiting symmetric top levels, and the states 
are often designated by /;f (The ordering index t is equal to K_ ^ — Kj). 

The actual mechanics of diagonalizing the Hamiltonian for a given value 
of J can be simplified by making use of the symmetry of the problem. The 
off-diagonal matrix elements of the Hamiltonian (115) in the oblate symmetric 
top representation connect only states for which K (i.e., the oblate symmetric 
top quantum number K-^ differ by 2 units. As a result there can be no 
connection between states of even and odd K, and the 2/-l-lby2/-l-l 
secular determinant splits further into 2 subdeterminants, while the energy 
eigenfunctions are expandable in series of symmetric top wave functions 
using either even values of K only or odd values only. 

/ 

*f>JrM{E) = ^ SKx{J)*ftJKU ( 116 ) 

K 

where the prime indicates that the sum is either over all possible even or 
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over all possible odd values of K. Since the symmetric top wave functions 
(74) depend on the quantum number K only through the factor e*^*, they 
undergo the transformation tftjKu -► (— 1)*^ ^jkm under rotation through 



Oblata "ir Prolots 


Fig. 9. Energies of the asymmetric top levels with total angular momentum, y = 3. 
The principal moments of inertia C and A are assumed to have the values .4 = 1, 
C = 2, in arbitrary units. The plots show the positions of the seven energy levels as B 
ranges from B — A, the oblate symmetric top limit at the left, to 2? = C, the prolate 
symmetric top limit at the right. (Note that the asymmetry splitting of a nearly sym- 
metric top is very small when K J. The lower energy levels occur in closely spaced 
pairs for the nearly oblate symmetric top, while the upper energy levels occur in closely 
spaced pairs for the nearly prolate symmetric top. For the fully developed asymmetric 
top (1/B = 0.75), both the high and the low energy states occur in symmetrical pairs 
about the more widely spaced central levels. Note also the symmetry of the whole 
level scheme about the midpoint of the r = 0 level.) 

180° about the z-axis, the axis of the greatest moment of inertia, C, and it 
follows that the energy eigenfunctions for states involving even K 

(i.e., even are S 3 nnmetric (+) while the states involving odd K only 
are antisymmetric (— ) with respect tp such a rotation, (Cjc)- From Fig. 9 
it can be seen that the highest state t = / for any given value of / is 
symmetric (+) with respect to such rotations about the C-axis since it must 
go over to the state if j = 0 in the oblate symmetric top limit, and since the 
symmetry of the wave function must be independent of the actual value of 
the moments of inertia. (A small change in the moments Of inertia cor- 
responds to a perturbation which cannot change the symmetry of the wave 
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function.) The two next highest levels t = / — 1 and J — 2 associated 
with the limiting quantum number = 1 are antis}mimetric (— ), the next 
two (+)» etc. Similar consideration of the energy eigenfunctions in terms 
of the limiting prolate symmetric top wave functions shows that the wave 
function for a state for which K_^ is even is symmetric (+) with respect to 
rotations through 180® about the x-axis, the axis of the least moment of 
inertia, A, while states with if_i odd are antisymmetric (— ) with respect 
to such rotations, {C^). As a result the lowest state = — / for any 
value of / is always (+) with respect to the next two, r = — / 4- 1 
and — / + 2, are (— ), the next two (+), etc. 

The s 5 mimetries of the wave functions are indicated in Fig. 10 for states 
with 7 = 3 and 7 = 2. The symmetry properties of the wave functions 
reflect the ssnnmetry of the rotational Hamiltonian which is unchanged by 
a rotation through 180° about any principal axis of inertia even though the 
molecular configuration itself may not be invariant to such a rotation. 
Under rotation about the r-axis, Cgc. for example, P, -> + P,, P, -*■ — P^, 
Py-* — Py, leaving the Hamiltonian (114) unchanged. The as 3 mimetric 
top rotational wave functions must thus transform according to the irreduc- 
ible representations of the four-group (Dj), the group of symmetry operations 
including besides the identity operation the rotations about three mutually 
orthogonal twofold axes, C^c, C^b. C 2 a- Sin^ a rotation through 180° about 
the y-axis, the axis of the intermediate moment of inertia, is equivalent 
to successive rotations about the r- and x-axes, C 2 C and the symmetry 
of the wave function under C^b is given by the products of the symmetries 
imder Cgc and The four-group has only 4 irreducible representations. 

They are denoted by (-f -f), (-1 — ) ( — |-), and ( ) where the symbols 

indicate the S 3 mimetry properties under the operations C^c and €2^ in 
that order. 

Since the energy eigenfunctions must transform according to one of the 
four irreducible representations of the four-group, and since the matrix 
elements of the Hamiltonian can be different from zero only if they connect 
states of the same symmetry, the secular determinant for any value of J 
will break into four independent determinants if the matrix elements of 
the Hamiltonian are evaluated in a representation based on a set of 27 4- 1 
wave functions of appropriate symmetry. The transformation coefficients 
Sjf,(7) of (116), which depend on J and in general are functions of the 
moments of inertia, are the elements of the unitary matrix 8 which 
diagonalizes the Hamiltonian, (S”^ HS)„> — E^, d„^. The unitary matrix 8 
can be factored into two parts S — S^Sj, where Sj transfonns from the 
oblate symmetric top representation to a representation based on wave 
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functions of appropriate symmetry, so that the diagonalization of the 
transformed Hamiltonian (Sf ^HSi) by means of 5^ will involve the diag* 
onalization of four separate matrices, one for each irreducible representa- 
tion of the four-group, where only the four factors of Sj vnll be functions of 
A, B, and C. 

It can be seen that the followmg linear combinations of the oblate sym- 
metric top wave functions 


(in) 

transform according to one of the irreducible representations of the fourgroup. 

Under the transformation C^c, or ^ ^ -{-n, the S 5 mmetnc top wave 

functions undergo the transformation 




Oc •/fJKM — (— 1)^ •pJKM (118) 

A rotation, Cg^, about the ^-axis, is equivalent to a reversal of the C-axis, 
6 — 0, + followed by a rotation about the C-axis <j> -*■ Jt — 

(if <j> IS measured from the y4-axis) From a detailed knowledge of the angular 
dependence of the rotational wave functions it can be shown that this 
rotation transforms the wave functions according to 

CzA =■ (— 1)'^ ^J-KM (119) 

The linear combinations (117) therefore have the transformation properties 

Cic ^jKM = (— 1)^ and Czx = i (— l)"^ (120) 

so that tfiJxM ''^ith / and K both odd, for example, transforms according 
to the irreducible representation ( — h) The symmetnc top wave function 
transforms according to (-f +) for / even and (-1 — ) for / odd If the 
symmetric top wave functions are expressed in terms of a row matrix with 
K = — J, — J + 1, . m that order, the (2/ -f- 1) X (2/ 4- 1) matnx 
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transforms the matrix elements of the Hamiltonian to a representation 
based on the wave functions (117) of appropriate symmetry. The matrix 
elements of Sf ^HSi for / = 2 are shown in Table V. 

TABLE V 


/ATM-t 

22M- 

21M-- 

20M 

21M+ 

22M+ 

22M“ 

a f 6 -f 4c 

0 

0 

0 

0 

2\M- 

0 

a 4- 46 4- c 

0 

0 

0 

20M 

0 

0 

3fl 4* 36 

0 

.0 

1 

1 CO 

21M+ 

0 

0 

0 

4ci 4- 6 4 c 

0 

22M+ 

0 

0 

1 

1 CO 

0 

a 4- ^ 4- 4c 


T 



■•ac 


CzA 




pare 

ortho 


— — pora 

-H — ortho 

-t- -f" poro 


Fig 10. The states / = 2 and / = 3 for the HgO molecule (/i = 1 01, B = 1 93, 
C = 3 01 X lO"^® gm cm®), showing the symmetries of the states and the pure rotational 
transitions. The permanent electric dipole moment lies along the B-axis. The transi- 
tions mdicated are also the allowed transitions for the vibration-rotation bands for 
the fundamentals and for which the change of electnc dipole moment lies along 
the B-axis, provided one of the states involved in a transition is the vibrational ground 
state while the other is one of the states Vi or v*. (The symmetries under C 2 c are always 

given by — — -f--| — ... starting with the highest level r «= /, while the 

symmetries under C 2 A are -1 — -f H ... starting with the lowest level 

X- ass — y. In HjO the population of the ortho-states is greater than that of the para- 

states by a factor of 3 (§ 3.7). 
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These have been computed through (116) and (121) where the abln-evia- 
tions a = fe®/2i4, h = c = fi®/2C have been used. Note also that 

= Sj. The matrix breaks up into four submatrices, three 1x1 matrices 

corresponding to the levels of symmetry (H — ), ( ), and ( — h) in that 

order, and a single 2x2 matrix for the two (+ +) states (cf. Fig. 10). 
Further diagonalization of the 2x2 matrix gives the following energy 
values for the five / = 2 states 

F++ = 2(a + 6 + c) ± 2 [(a - c){a -b) + {b- c)*]V2, 

£+ _ = + 4c, 

£:_--a + 4i + c, (122) 

F— f = 4fl -f- b c. 

From Fig. 10 it can also be seen that the Hamiltonian matrix for / = 3 
factors into a single 1x1 matrix, for the (+ +) state, and three independent 

(2 X 2) matrices for the (H — ), { ), and ( — h) states. For higher values 

of 7 the dimensions of certain of the submatrices will be*^ 3 and the cor- 
responding energy values are roots of cubic and higher degree equations 
and are best evaluated numerically.^’ 

The selection rules follow from the form of the wave functions and 
their symmetry. Since the energy eigenfunctions are linear combinations 
of symmetric top wave functions involving the same J and M, the selection 
rules AJ = 0, ±1, ,dAf = 0, ±1 are carried over from the symmetric 
top wave functions. In general, if the equilibrium configuration of the molecule 
has some symmetry (as in HjO, for example) the electric dipole moment, or its 
change during one of the normal vibrations, must lie along one of the 
principal axes of inertia of the molecule leading to additional symmetry 
selection rules. In water vapor (HgO), for example, the permanent electric 
dipole moment must lie along the molecular symmetry axis which is the 
axis of the intermediate moment of inertia B, (the molecule has the structure 
of an obtuse isosceles triangle, H-O-H angle = 104.5°). The dipole moment 
will therefore reverse direction under the transformations C^q and 
while it remains unchanged under C'gg. The transition probabilities are given 
by the matrix elements of the space-fixed components of the electric dipole 
moment 

(Mi — f*B cos [B,G) ^jrM dQ (123) 

where cos (B, G) is the direction cosine between the molecule-fixed B-axis 
and any space-fixed G-axis. Since fig cos (B,G) changes sign under the 
transformations C^c and the integrtd is different from zero only if the 
product '/'rxM ^i^so changes sign under both operations C^c and CzA. 
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that is, if the final state wave function transforms according to the opposite 
sign from the initial state wave function for both symmetry operations. 
We must thus add the selection rule: 

(1) If the dipole moment (or its 

change) lies along the axis of the in- 
termediate moment of inertia, B, only 
the transitions 

+ + <-► 

and — |- are allowed. 

By similar arguments one obtains also 
the selection rules: 

(2) If the dipole moment (or its 

change) lies along the axis of the smallest 

moment of inertia, A , only the transitions 

and H — 4-^ are allowed, 

(3) If the dipole moment (or its 

change) lies along the axis of the great- 
est moment of inertia, C, only the tran- 
sitions 

+ +<-^+- 

and — |- are allowed 

The allowed transitions of the pure rotational spectrum of water vapor 
involving states J — 2 and / = 3 are illustrated in Fig. 10. 

The water molecule possesses three fundamental bands whose frequencies 
and normal modes of vibration are shown in Fig. 11. Clearly the change of 
electric moment lies along the intermediate or B-axis for and and 
therefore these bands will have similar fine structures (see Fig. 10). In Vg 
however the change of electric moment lies along the least or .<4 -axis and 
the fine structure is predicted and observed to differ from that of the other 
two fundamentals. All fine structures including that of the pure rotation 
spectrum are exceedingly complex and irregular. In spite of this complexity 
it has been possible to identify each individual line and consequently to 
determine the rotation and the rotation-vibration levels of the molecule. 
The actual unravelling of 'the spectrum has been made especially difficult 
since the rotation-vibration interactions are relatively large and must be 
considered in predicting the positions of the lines. 




3756 cm“' 

Fig, 11. The normal vibrations 
and observed fundamental fre- 
quencies of water vapor, HjO 
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37 Symmetry Properties and the Exclusion Principle: Nuclear Spin 

The symmetry prop)erties of a polyatomic molecule, in general, arise 
from the fact that the molecule possesses two or more identical nuclei which 
are situated in equivalent positions. The existence of identical particles 
in a system leads to the exclusion of many states otherwise possible for 
nonidentical particles. Thus if the particles possess integral spin (including 
zero) only those states will occur whose wave functions are unchanged for 
an interchange of any pair of identical particles (Bose-Einstein statistics). 
On the other hand if the particles have half odd integer spin, the only states 
to occur are those whose wave functions change sign only for an interchange 
of identical particles (Fermi-Dirac statistics). 

The total wave function must have the properties just listed but the 
individual wave functions (electronic, vibration, rotation and nuclear spin) 
may have any properties subject only to the limitation on their product:* 

*/*total — •/’el •/•vib •/•rot ^/•spin 

Since the ground state electronic wave functions of almost all polyatomic 
molecules are totally symmetrical they have the properties of an identity 
operator, and consequently may be omitted from the further discussion. 

Consider first the molecule HjO as an example of a system containing 
two identical nuclei. The normal modes of vibration are shown in Fig. 11. 
If the normal coordinates are designated qi, q^, and q^ respectively, a rotation 
of the molecule about the twofold symmetry axis which interchanges the 
hydrogen nuclei will transform q-^ -* q^, q^ -* q^, but q^-*- — q^. The vibra- 
tional wave functions ^„^{qi) and thus belong to the symmetric 

irreducible representation. A, for all values of «i and n^. f/tn^iqa) is an even 
function of q^ for even, and odd for odd This follows rigorously since 
the vibrational Hamiltonian is necessarily invariant if y, — q^. Collecting 
these results, it is clear that is symmetric (species A) for Xj even and 
antis 3 mimetric (species B) for odd.^ 


* Strictly speaking the system does not completely separate and consequently uniting 
0 as a product is only an approximation although generally a very good one. However 
the symmetry does not depend upon the magnitude of interaction terms and hence the 
results to be obtained are rigorous. 

t The Hamiltonian is invariant under the symmetry operations of the point group 
C^. However, only the rotational subgroup Cj need be considered since the 2-lo3d 
rotation about the symmetry axis is the onljr symmetry operation which interchauges 
the two identical nuclei. The two irreducible^ representations (or jqiecies) of the group 
C| are commonly designated A and B. 
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The s)mmetry properties of the rotational part of the wave function 
will depend on the coordinate transformation which interchanges the identical 
nuclei. In water vapor the H-O-H apex angle is relatively obtuse, 104.6®, 
and consequently the hydrogen nuclei lie along a line pardlel to the least 
principal axis of inertia. A symmetry operation which interchanges the 
identical nuclei is a rotation of 180° about the intermediate axis of inertia. 
This is equivalent to the products of and C^c ajnd therefore the states 

with symbols (+ +) and ( ) belong to species A, whild-^H — ) and ( — h) 

are B, or antisymmetric states. A study of the distribution of the species 
shows that in water vapor the rotational states of species A and B have 
respectively even and odd values of the quantum number r.* 

The symmetry properties of the nuclear spin part of the wave function 
for two identical nuclei have already been treated in the discussion of the 
homonuclear diatomic molecule. If the spin has a magnitude I there exist 
(2/ + 1)* states. Of these (2/ + 1)(7 + 1) are of species A and (2/ + 1)7 
of species B. 

These results may be combined readily and will be illustrated by 
considering the ground electronic and vibrational states of HjO and DjO. 
The symmetry species of the total wave function 0 = 0sp,„ is 

given by the direct product of the symmetry species of the individual wave 
functions. Clearly A xA = BxB — A ^/hile A x B ^ B. In the case 
of HgO, 7 = i and the total wave function must be of species B. The ground 
electronic and vibrational wave functions are both A. Multiplying the 
rotational and spin wave functions it is evident that the rotational states 

(4- +) and ( ) are multiple with weight (2/ + 1){27 + 1)* = 4 (2/ + !)• 

Of these three (2/ + 1) are A states and (2/ + 1) are B. In the same way 

the levels (H ) and ( — 1-) are divided into (2/ + 1) A states and three 

(2/ + 1) B states. Since only the B states occur in nature, the populations 

of the (H — ) and ( — |-) states will be greater than the (+ +) and ( ) 

states by a factor of three. These populations comprise the ortho-and para- 
states of HgO. Transitions between them will be extremely feeble and can 
be brought about only by interactions with the nuclear spins. 

It will be remembered that the pure rotational transitions for HjO 
connect states (++)<->( ) and (-| — )<->( — 1-). The latter will 

* It should be remarked that if the apex angle had been smaller {in fact, iBSs than 
86.6® in the case of H,0) the identical nuclef would have lain along the middle axis of 
inertia, and the relevant operations would have been the product of Cj® and Cjc which 

IS equal to € 2 ^- Thus (+ +) and ( — 1-) would belong to species A and (H — ) and ( ) 

to B. 
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accordingly be enhanced relative to the former by a factor of three. This 
enhancement is observed. The reader can complete the discussion by 
considering the fine structure of the vibration bands and should note the 
difference between the fundamental v, and the fundamentals or v,. 

The situation for D^O is altered only in that here 7 = 1 and the total 
wave function must be of species A. An analysis shows that the states 

(4* +) and ( ) are more heavily populated than (4 — ) and ( — (-) by 

a factor of two. 

A discussion of molecules having a threefold axis of symmetry such as 
NHj or CH3CI may be made in a similar manner. It will again be assumed 
(as is in fact the case for these molecules) that the ground electronic wave 
function belongs to the totally symmetric irreducible representation, 
of the point group Cg^. 

It is convenient to divide the vibrational part of the wave function into 
two factors, an inversion function and a normal vibration function. The 
effect of the possibility of inversion has been shown to split each level into 
two levels of which one belongs to species Aj and the other to Aj. In the 
case of CHgCl, in contrast to that of NHg, the tunnelling process is so slow 
— it may require many years — that the separation between members of 
a pair is entirely unobservable. The inversion levels may then be considered 
as forming a virtually coincident pair of species Aj.Ag. 

The normal vibration portion of the wave function has symmetry prop- 
erties which have been discussed earlier. The ground state as well as the 
excited states of the parallel vibrations all belong to species A^. The first 
excited states of the perpendicular vibrations on the other hand are doubly 
degenerate and of species E. The higher excited states of the perpendicular 
modes have symmetry properties which may be obtained by a simple 
extension of the discussion already given. The results may be stated rather 
simply. A perpendicular vibration with principal quantum number n has 
been shown to have an azimuthal number I where \l\ = n,n — 2 ,n — 4, etc. 
The symmetry depends solely upon 1 . For / = 0 the species is Aj, for I 
but not a multiple of 3, the species is E, while for / 9^ 0 and a multiple of 
3 there are two levels, Aj and Aj, which in principle might be slightly 
separated by an anharmonic perturbation. 

The symmetry properties of the rotational wave functions are independent 
of the spatial quantum number M so that only a pair of sjrmmetric top wave 
functions ^jkm, 4 >j ~ km considered for a particular state J,K{K 96 0). 

Since the S3mimetric top wave functions depend on the azimuth ang^e 
about the symmetry axis^ only through the factor a rotation through 
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2 nlZ about the figure axis transforms the rotational wave functions accord- 
ing to 


Ca ijfjKM 
Ca 



0 

^ 0 

2 mK/Z 


^JKM 

4>J-KM 


Under the symmetry operation C3 the character of the representation based 
on the rotational eigenfunctions for state /, K thus have the value — 1, 
provided K is not a multiple of 3. If iiC is a multiple o^(^,3, however, it has 
the value -f 2. A reflection in one of the symmetry planes which interchanges 

one pair of identical particles in NH3 and CH3CI 
is equivalent to a tunnelling through a plane 
III ^ ^ normal to the 3-fold axis followed by a rota- 

tion through 180° about an axis normal to the 
III y 3-fold axis. (See Fig. 6a -► b -*■ c.) The sym- 

metry property of the wave function due to 
Ilf V+ + - fi^st part of this process has already been 

I I . accounted for by the inversion function. The 

III V+ - ♦ symmetry property of the rotational wave 

i . I function under a rotation about an axis nor- 

I I V- + + mal to the figure axis has been discussed in 

111 § 3.6. It is char- 

f I 1 V- - + acter of the representation bcised on {•Pjku, 

I k I ^j-km) is equal to zero for this trans- 

I j y_ + _ formation for all values of K, {K ^ 0 ). From 

1 I I the values of the characters it can be seen from 

III V* - - Table II of § 3.2 that the rotational wave func- 

I 2 3 tions belong to species £ if is not a multiple 

of 3 and K while, if /f is a multiple of 
Fig. 12. Possible spin ori- 3, and K ^0, there are two levels (to a high ap- 

entations and spin wave proximation coincident) of species and A^. If 
functions of three identical tr/v-.i.-, x 

, . , , A=0 the rotational wave functionhas symmetry 

nuclei with spin I — i- ... 

A I for J even, Ag for J odd. Since the inversion 

levels form a virtually coincident pair of species and Ag in almost all 

molecules (NH, and ND, are of course exceptions) the distinction between 

A^ and Ag rotational states is of no importance in general, and the symmetry 

properties of the rotational wave functions differ essentially only in their 

dependence upon K. 

The nuclear spin wave function may also be decomposed into the various 
species A^, A^. and E. If each of the three equivalent nuclei has a spin I, 
each spin may be oriented in (21 + I) ways in an external magnetic field 


Fig. 12. Possible spin ori- 
entations and spin wave 
functions of three identical 
nuclei with spin I — 
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and consequently there will exist (2/ +1)* individual wave functicms. 
The manner in which these combine in symmetry species will be illustrated 
for the case of / = | The resulting eight orientations and wave functions 
are shown in Fig. 12. From the character of the representation, Fj, based 
on these 8 nuclear spin functions we can obtain m the usual way the number 
of functions which transform accordmg to each irreducible representation. 
Under one of the rotations about the 3-fold axis, e g , under the permutation 
(123), only the two functions ^+++, 0 remam unchanged and contrib- 

ute the factor 4- 1 to the diagonal of the transformation matrix. All other 
functions transform into one another and contribute only off-diagonal 
matrix elements (eg so that the character Xi the 

symmetry operation C3 has the value ^ Under reflection in one 

of the symmetry planes, for example the one containing atom 1, that is 

under the permutation (1) (23),* the four functions ^+ + 4, *!>+--, ^ . 

remain invariant, so that xA^) — ^ Fmally xA^) — dimension 

of the representation (The characters of the representation Fj are shown 
in Table II ) A reduction of Fj into its irreducible components by the usual 
methods gives 

7^/ = 4j4j -j- 2F 

It can also be seen by direct inspection that the wave functions 



* The permutation (1) (23) is said to consist of two cycles, while (123) consists Of a 
single cycle, and the identity operation (1) (2) (8) is a three-cycle operation. 
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The characters for the representation Fj in the general case where the 
nuclear spin is I are also shown in Table II. In general, the character xA^) 
for the symmetry operation R is equal to (27 4-1)* where k is equal to the 
number of cycles in the permutation corresponding to R. It follows from the 
reduction that 

T; = i(2I + 1)(27* + 6/4- 3)^1 + ^(2/ + 1)(2/* - I}A, + 

1 ( 2 / +!)(/* + /)£ 

As a self-consistency check it will be noted that the suVn of the number 
Ai, Aj and twice the E species is equal to (2/ + 1)*, as it must. (Twice the 
number of E species must be taken since the E species are doubly degenerate.) 

To find the symmetry species of the total wave function it is only 
necessary to employ the direct products 

X = Aj X 4 j8 — ^1, 4iX^2==^2. Ai X E = A^x E E. 

and E x E = A^ + A^ + E. Consider as an example a vibrational state 
of CHjCl belonging to the species A^. These include any excited state made 
up from the parallel vibrations alone (vj, Vg or Vg) as well as the ground vibra- 
tion state itself. Multiplying the normal vibration and the inversion wave 
functions one obtains the two levels Ai and Ag- Since the nuclear spin of 
the proton I = i, the spin wave function consists of 4/4i + 2E. Thus the 
product of all the wave functions excluding onl^ the rotation is AA^A-^A^+^E. 
Multiplying now by the rotational wave function one finds, 

/f = 0 states = 4Ai + 4i4g + 4E weight = 4(2/ + 1), 

\K\ = 3» ± 1 states = 4/4^ + 4.^2 + 12£' weight = 4(2/ + 1), 

|A| ^ 3m states = 8.(4 i + 8.4 g + %E weight = 8(2/ + 1) 

The protons with their half integer spin must obey Fermi-Dirac statistics, 
that is, only Ag states will occur. (Since a rotation about the 3-fold axis is 
equivalent to two successive interchanges of pairs of protons the total wave 
function must remain unchanged under this symmetry operation, that is, 
it must be of 4 type. Further, only wave functions of Ag symmetry change 
sign under interchange of only a single peiir of identical nuclei.) The weight 
of a state is therefore equal to the number of Ag levels multiplied by the 
usual rotational weight factor 2/ + 1.* 

It is evident that for the vibrational levels of CHgCl under discussion 
the statistics imposes the condition that those rotational states where K 

* When K ^ Q the rotational weight is usually given as 2 (2/ + 1), the factor 2 
corresponding to the two possibihties 4- K and — K. In the present discussion this 
double posnbihty has already been accounted for in enumerating the species. 
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is a multiple of three will be enhanced by a factor of 2. Transitions between 
these vibrational levels result in the parallel t5T)e bands where K -^K, 
/ -► 7 or 7 ± 1. Each fine structure line is therefore a superposition of lines 
for which K = 0,\. . .J — 1. The superposition largely averages out the 
enhancement factor on the individual K levels (except perhaps for low values 
of 7) and consequently the fine structure lines show no marked alternations. 

In the case of a perpendicular fundamental the observed fine structure 
consists of the Q branches for which K -* K -±,1 and J -*• J. Here it is 
expected that every third line will be enhanced by a factor 2. This enhance- 
ment is evident in Fig. 5 although the method of observation does not 5deld 
a quantitative measure of its amount. 

The appearance of a perpendicular band with every third Q branch line 
enhanced may be inferred, as has been done, by considering only the weights 
of the ground vibration state levels. To be complete however one should 
also examine the weights of the excited levels and show that they are consist- 
ent with the considerations already given. * 

In a fundamental vibrational state of one of the doubly degenerate 
modes of symmetry E the interaction between the vibrational and rotational 
angular momentum, as has been shown earlier, splits each state J, l/fj into 
a lower level of 2-fold degeneracy (-)- |fC|, / = -|- 1), (— j/iCl, I — — 1), 
and an upper level (+ |iir|, / = — 1), (— \K\, f = -f- 1) of similar 2-fold 
degeneracy. (C, is assumed to be positive for the specific band under 
discussion.) The vibrational wave function same 

transformation properties as + iq^^ for /, = -f 1. and as (^4, — iq^^ 
for /, = — 1 , where q^^ and q^y are the cartesian displacement vectors of an 
atom located on the 3-fold axis (such as atom 4 of CICH3). From Fig. 3 it 
can be seen that 


Cg,{q*x + iqiy) = (^4* + 

^ 3 ( 74 * ” e+2«»/3 (^4^ *94y) 

while the rotational wave function transforms according to 

14 . 

Combining these transformation properties we see that the lower states 
have symmetry E for |iiC| *= 2,3 6,6, 8,9, . . . while they may be further 

split into and levels for jiCl = 1,4,7 The upper states on the 

other hand have symmetry E for ji?! = 1, 3,4, 6,7, 9,10. . . while they 
in turn may be further split into A^ and *.<42 components for |/C| = 2,6,8 ,. . . . 
The single K — d levels .are of symmetry E. 
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Combining the vibration, inversion, rotation, and nuclear spin wave 
functions, and remembering that for CH3CI the final species must be ^3, 
one readily arrives at the following result. For the lower levels resulting 
from the vibration rotation interaction the states |iiC| = 2,3,6,6,8,9, . . . 
have the weight 4(2/ + 1), while the states \K\ = 1,4,7,... have weight 
8(2/ + 1), For the upper levels, the states |/f| = 1,3, 4,6, 7,. . . have weight 
4(2/ + 1)» and [iiCl = 2,6,8,. . . have weight 8(2/ + 1). The single level 
K = 0 has weight 4(2/ 4-1)- Since the selection rul^ are Al = 

A\K\ = 4-1, and Al = — I, A\K\ = — 1, inspection shows that the 
radiative tramsitions connect states having the same statistical weight 
formulas. The above discussion which has been somewhat specialized for 
CH3CI may be readily generalized for any symmetrical top molecule having 
three identical nuclei. It may also be applied to the interesting case of NH3 
where the inversion levels are so widely separated that the lines resulting 
from transitions to each level may be individually observed. 
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1. Introduction 

Although in many fields of physics quantum mechanics hais introduced 
essentially new features, statistical mechanics was by its very nature suited 
to incorporate the transition from classical to quantum mechanics without 
changing its formalism. Under statistical mechanics, or thermostatistics 
to use a term coined by Kramers,^ we understand that branch of physics 
which attempts to derive the properties of li^atter in bulk from the properties 
of the constituent particles. The transition to quantum mechanics is t^en 
care of by the change in the atomic properties, that is, by such aspects as 
symmetry requirements of the wave function of the system, a Schrddinger 
equation to describe the internal motion of a diatomic molecule instead 
of canonical equations of motion, discrete energy levels instead of an energy 
continuum, and so on. The derivation ,of macroscopic properties is then 
obtained by statistical methods which are the same for the classical as for 
the quantum case. The commonly used term “quantum statistics" is thus. 
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to a large extent, a misnomer as the statistics are not affected by quantum 
rules — they are only applied to particles which are described quantum 
mechanically rather than classically. 

In the present chapter we shall be concerned only with quantum systems, 
but from what was stated above it follows that we must first study the 
methods of statistical mechanics in general before specializing our interest. 
This will be done in § 1 ; we shall, however, consider the special form of the 
statistical formalism applicable to quantum systems. In § § 2, and § 3 we 

shall apply these methods to relatively simple quantum systems. It is clear 
that in the limited space of one chapter we can touch only very briefly upon 
the topics discussed, while many topics are completely left out. For a more 
detailed discussion of statistical mechanics we must refer to the literature® “ ® ; 
for obvious reasons we shall often refer to “Elements of Statistical 
Mechanics”® for more details, and we shall quote it as ESM in the following. 

1.1 The Elementary Method of Statistical Mechanics 

Although in all physical systems the constituent particles will be 
interacting, there are many cases where, to a fair approximation, we can 
treat the system under consideration as a collection of noninteracting 
particles. (We have elsewhere*’^ discussed the fact that the noninteracting 
particles are not necessarily the constituent particles, but often have the 
character of "quasi particles.”) For our present discussion it is sufficient 
that such physical systems as the conduction electrons in a metal, the lattice 
vibrations of a crystal, or ferromagnetic excitations (the so-called spin-waves) 
can be described by using the formulas for a collection of independent 
particles, at least to a first approximation. We shall therefore discuss in 
the present subsection a method — called in ESM the elementary method 
of statistics — which can be used for such systems. In § 1.2 we shall discuss 
the more general case of interacting particles ; moreover, for the present we 
shall consider systems with only one kind of particle, a restriction to be 
lifted also in § 1.2, 

We consider a system of N independent, identical particles. In that 
case the Hamiltonian H of the system will be the sum of the Heimiltonians h, 
of the individual particles, 

H- 2' (1) 

In Eq. (1) the summation is over all particles in the system, and 
stand for the s (^ = 1,. . .,s) generalized momenta and coordinates, where s 
is the number of degrees of freedom per particle, and all h, are identical 
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fmictions of their arguments. If E and ^ are respectively the total energy 
of the system and its wave function, the time-independent Schrddinger 
equation for the system will be 

= Ei/s. (2) 

Because of the form (1) of the Hamiltonian we can use the method of separa- 
tion of variables and find eigenfunctions of H of the form 

^ = /7#) (») 

corresponding to an energy eigenvalue 

E = 2^e{i). ( 4 ) 

where ifi(i) and e{i) are the eigenfunctions and energy eigenvalues of the 
single particle Schrodinger equation, 

h» 0m(*) — Cm </’*»(*)• (5) 

In Eq. (6) is the eigenfunction belonging to the wth eigenstate of the 
tth particle with energy e„. We have written here for and 

for 

A stationary state of the system can be characterized by giving the 
number of particles occupying the different single-particle eigenstates. If 
there are n„ particles in the wth stationary state, the wave function of the 
system will be of the following form 

ijt = ^/ri(l)0j(2) . . . + l)02(«i -t- 2) . . . 1) . . . , 

(6) 

where we have numbered the particles starting from those occupying the 
first stationary state. 

The state of the system corresponding to the wavefunction (6) looks 
highly degenerate — even if we assume that there are no accidental degen- 
eracies due to linear relations with integer coefficients between the — 
since apart from the 0 given by Eq. (6) all Pifi given by the equation 

--UK+M - ■•)••• ( 7 ) 

will also be eigenfunctions of the system belonging to the same energy 
eigenvalue. In (7) the numbers k^, k„. . . ,kif are a permutation P 

of the numbers 1,2, . ,N. 

There are situations where this degeneracy is real, namely, those where 
we have means to dist inguish between Hie N different particles, for instance, 
when we are dealing with a crystalline system where although the particles 



D. TSR HAAR 


are indistinguishable, the lattice points are not, and we can distinguish the 
particles by the lattice site they occupy. In such a case the degree of degen- 
eracy, or weight, of a distribution of the particles over the various 

particle eigenstates characterized by the will be proportional to the number 
of ways in which N particles can be distributed in such a way that there 
are particles in the first eigenstate, n, in the second, .... One finds 
[ESM § 4.2] 

t^Bo(n«) = /7 (8) 


The reason for the index ‘‘Bo’* will be discussed presently. 

The majority of systems with which we are dealing in quantum statistics 
are such that the degeneracy, discussed a moment ago, is only apparent 
inasmuch as the wave function describing a system of identical particles 
must either be completely symmetrical (bosons), or completely anti- 
S 3 mametrical (fermions) in all the particles. This means that the only possible 
wave function of the system, called the accessible state by Fowler, will be 
either 

tftBE = Cbe Zp* W 

P 

in the case of Bose-Einstein statistics (bosons) or 


^FD = CpD (— )^P0 (10) 

p 

in the case of Fermi-Dirac statistics (fermions). In (9) and (10) and Cpp 
are normalization constants, the sums are over all N\ possible permutations 
of the N arguments, and (— )^ is equal to + 1 or — 1 according as to whether 
P is an even or odd permutation. 

We see that the degeneracy has been lifted by the exclusion principle. 
In fact, in the Fermi-Dirac case (henceforth denoted by FD, just as the 
Bose-Einstein case will be denoted by BE), some of the states (4) will not 
even be eigenstates. This will happen as soon as at least one of the is 
larger than unity since in that case the interchange of two particles which 
are in the same one-particle eigenstate will on the one hand leave 
unaltered, while according to (10) changing its sign; hence 0pQ must vanish 
in such a case. We get thus the following weights for the BE and the FD case, 

W^be(w«) = 1; (11) 

= 1, if all n*, are equal to 0 or 1; — 0 otherwise. 
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Up to now we have made only one assumption, namely, that we are 
dealing with a S 3 rstem of independent particles. We shall now introduce a 
second one, namely, that the one-particle energy eigenvalues are lying so 
densely that we can take large numbers of them together in groups and 
characterize each group by a relatively well-defined energy value, Ej. 
Moreover, we shall assume that not only the ntimber of energy levels Zy 
in the /th group, but also the number of particles occup 5 dng levels in 
that group, and if necessary their difference Z, — are sufficiently large 
numbers so that we may use Stirling's approximation for the factorial, 

log x \ = X log X — X, (13) 

in its crudest form. We do not have the space nor the inclination to discuss 
in how far this procedure can be justified, but only refer to the next section 
where we shall show how more rigorous methods lead to the same results 
as those to be obtained here. 

We now first of all evaluate the weight W{Nj) of a given distribution 
of the particles over the different groups. Having noted that the W{n„) 
given by (8), (11), and (12) are all products of factors pertaining to single 
levels, which enables us to split the W{Nj) into factors each referring to one 
group only, 

mN,) = n ( 1 ^) 

1 

we then notice that each of the is given by the relation 

= (IS) 

where the contains only those referring to the in the ;th group 
and where the summation is over all n„ combinations which add up to jV,. 

In the three cases corresponding to (8), (11), and (12) we get respectively 
(ESM pp. 74, 75) 

WMN,) = . (l«a) 

= (/,->!) I JV, I- 

What we have done up to this point is tp consider the quantum mechanics 
of a system of N independent particles, and we must now introduce a 
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statistical idea. The main assumption is that the equilibrium configuration 
of the system under consideration will be identical with the most prohahU 
N ^-distribution compatible with a given total energy E. The justification oj 
this assumption has probably never been fully given and a discussion of i1 
leads to extremely complicated and difficult problems. We must therefor* 
refer to the literature® (see also ESM, Appendix I) for such a discussion. 

In order to find the equilibrium distribution we must find the maximunr 
of the W{Nj) under the conditions that the total energy “^f the system is E 
and that the total number of particles is N, 

= nr 

It turns out to be more convenient to determine the maximum of log W{Nj) 
which is given by the equation 

log W{N,) = [(Z, + «lV,)/iV,] + (1 - «*)} + aZ,log [{Z, + aiV,)/Z,]. 

(19) 

where we have combined all three possible £ases into one by introducing a 
parameter a defined by the equations 

aso = 0, aBE = 1. *FD = — 1- (20) 

The determination of the distribution for which log W is maximum 
while (17) and (18) are satisfied is performed by the method of undetermined 
multipliers and the result is 

log [(Z, + xN,)IN,] = - V + fiE,. (21) 

where v and jS are Laplacian multipliers, the physical meaning of which will 
be discussed in a moment. 

From (21) we get the following equilibrium distributions 

A^;Bo = z, exp {v — /?£,). (22a) 

2V,be = Zfl [exp (- V + PE,) - 1], (22b) 

•IV, FD = Z,! [exp (— V + PE,) 4-1]. (22c) 

From (22a) we see that we have obtained for this particular case the so- 
called Boltzmann distribution; hence the subscript "Bo." We shall denote 
this case hence forth the Boltzmann, or Bo, case even though it was derived 
in a quantum mechanical framework rather than a classical one. 
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We may draw attention to the fact that if > 1, so that for all values 
of / expressions (22b and c) go over into expression (22a). We 

shall call this the classical limit and we shall discuss in § 1.3 under what 
circumstances this limit can be taken. 

To show the physical meaning of v and 0 we must consider two systems 
for which v, and the external parameters a* have slightly different values. 
The external parameters are those variables such as the volume of the 
system or the strength of an external magnetic or electric field on which the 
energy levels e„ may depend. By considering two slightly different equilib- 
rium situations we find (ESM § 4.4) that P is related to the absolute tem- 
perature T through the equation Boltzmann’s constant) 

= VksT, (23) 

while vIP is equal to the partial free energy, or the thermal potential per 
particle. 

Moreover, one can introduce Kramers’ ^-potential by the equation 

q = \ogW + vN-PE = - «*) + ‘og 

where we have used (19) and (20), and where the Nj are given by (22). This 
^-potential which through (22) and (24) is a function of v, and of the a* 
entering into the E^, determines completely the thermodynamic behaviour 
of the system and we have, for instance, the relations (for a proof of these 
equations we refer again to ESM) 


fpv. JV = |i, = (26) 

where p is the pressure in the system, V its volume, and the "generalized 
force’’ exerted by the system on the parameter a* (see ESM for a discussion). 



1 


In the case where U/, is the magnetic field, is the magnetic moment of the 
system, while for a* = F, = p. 


1.2 The Method of the Quantum Mechanical Grand Canonical Ensembles 

Although it is often a surprisingly good approximation to treat real 
physical systems as systems of independent particles, it is, of course, a fact 
that real physical systems ccmsist of interacting particles, and it is necessary 
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to develop methods which are capable of dealing with such systems. One 
method is that of the grand ensembles introduced by Gibbs in his famous 
monograph. In the present section we shall develop the method of the 
quantum mechanical grand (canonical) ensembles. We first of all draw 
attention to the fact that quantum mechanics by its very nature is statistical 
in character, and the density matrix formalism which we shall discuss was 
originally introduced to describe one system, while we shall use it to describe 
an ensemble of systems, that is, we shall apply it to a case vhere the statistical 
aspects inherent in quantum mechanics are joined to the statistical 
aspects which enter into the statistical mechanical discussion, whether a 
classical or a quantum mechanical one. 

Let us for a moment consider the collective of N identical systems all 
governed by the same energy operator H. Let If'* be the wave function 
describing the Ath system satisfying the equation 

Hlf'* = iW*. (27) 

We now introduce a complete orthonormal set (for the sake of simplicity 
we shall not explicitly introduce degeneracy, continuous eigenspectra, or 
relativistic effects, so that the •f'* are scalars) and expand If'* in terms of 
this set, 

•f'* = S«X (28) 

The a* can, of course, be used to descnbe the kth system, and they satisfy 
the transformed Schrddinger equation 

th(C = at, H„„ = j ^ dr. (29) 

If the tf'* are normalized, we have 

S|ai|*=l. (30) 

We now introduce a density operator p by defining its matrix elements 
in our chosen representation, 

N 

Pmn = ^ at a^*. (31) 

k»l 

From (29) and (31) it follows that p satisfies the equation 

thp = [H,p]_, 

where [A, B]_ » AB — BA is the commutator of A and B. 


( 32 ) 
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If G is the operator corresponding to some physical quantity, its average 
value (Gy is given by the equation 

"" f 

<G> = N-'2^\ 0!P* dr (33) 

We note the double average, once over the state and once over all N 
systems in the ensemble. 

From (28), (31), and (33) it follows that we can write (Gy in the form 


<G> = Tr(pG), (34) 

while we also note either by putting G = 1 in (34), or by using (30), that p 
is normalized, that is, 

Trp = l (36) 

In the case of a stationary ensemble, p must commute with H (see 
Eq. 32) There are many cases where one would like to consider a system 
in which reactions can take place (see § 1.3). In that case one must include 
in the ensemble systems which differ in the number of particles they contain. 
In that case p must also commute with the number operators n, — the 
Jordan-Klein and Jordan-Wigner matrices 

The only kind of density operator we shall consider is the grand canonical 
one which is given by the equation 


p = exp 


— q+ ^ n,v, - /8H 


(36) 


The q, v,, and fi are c numbers, and H is the Hamiltonian of a system in 
which there are n-^ particles of the first kind, of the second kind, . . . , 
while the n, are the number operators The grand potential q plays now 
the same role as Kramers’ ^-potential in § 1 1, and it is determined from the 
normahzation condition (35), 


= Tr 



(37) 


As the eigenvalues of the n, are the integers we can write (37) also in the 
forms 


e* = ri 1 *'•) I 

n , «*0 

00 

= JJ I ^ exp (», »>,) I S exp [— /fl£(n,; n)], (38b) 

• ^*1, --o 
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where £(n,; n) indicates the nth energy level of a system in which there are 
nj particles of the first kind, .... 

It can be shown (ESM, Chapter VII) that the vj^ are the partial thermal 
(or chemical) potentials and that fi is again given by (23). Once more, we 
can not discuss the physical reasons for attaching so much importance to 
grand ensembles (ESM § 6.1), but we may remind the reader of the following 
theorem: The macroscojnc behaviour of a system of different kinds of particles 
with partial chemical potentials vJ0 at a temperature !?'[= {k^ 
be described correctly by taking the average behaviour of a system in a grand 
canonical ensemble with a density operator given by Eq. (36). Of the utmost 
importance is also the fact that one can show that, in general, fluctuations 
are small, or if not small so fast that their time average is small. As we 
have no space to discuss fluctuations we shall not make this last statement 
more rigorous. The macroscopic behaviour of a system is completely 
determined by the average values of the various physical quantities of 
interest which are determined by using (34). Many of these can be determined 
once q is determined as a function of 0, the v,, and the external parameters % 
which enter into the Hamiltonian. In particular we find the following 
equations, which are analogous to Eqs. (25) 

= <£> = r^- W 

In the next section we shall discuss a few applications of the quantum 
mechanical grand ensembles, but we may perhaps use them at this moment 
to show how one can derive (22) and (24) of the previous subsection without 
making any additional assumptions but that we are dealing with a system 
of independent particles. 

If we are dealing with a system of only one kind of particle we can drop 
the index i on the «, and v,, and we have as in (17) and (18), 


n = ^n„, E = ^ n^em, (40) 

where the and have the same meaning as in the previous subsection. 
We can use (38b) but must introduce the degeneracy of the energy E which 
is given by the W{nJ} of (8), (11), and (12). For the grand potential we 
get the three equations 


2^ n exp ^«„(v-;8e„) 


ns)0 m 


= 11 ^exp|^«,„(v-/9e,„) 

m *0 ^ 


nj.. 
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or 


or 


or 


9 = ^ exp (v - ; 

m 

00 

^ = 2^ 2’ exp 2’ «« (v — fie„) 

H=»0 £n^^n 

00 

= rj 2 2 ”« ~ 


m =»0 


9 = - ^ log [1 - exp (v - /3em )] ; 

^ n„ (v — fie^) 

-n z exp 2 «m(v — jSCw), 


^ ~ z Z 

n = 0 ^ ^ ) 


9 = Z + ®^P 


(41 Bo) 


(41 BE) 


(41 FD) 


Equations (41) are the same as Eqs. (24), with two differences however. 
First of all we have not made the assumption that the energy levels are 
lying densely, and secondly we now have a sum over the individual energy 
levels, and not over groups of energy levels. 

To derive (22) we treat the e„ as external parameters and use the relation 

y8<««> ^ (42) 

oe„ 

1.3 Applications 

In this subsection we shall discuss two topics. First of all we shall discuss 
under what circumstances quantum statistics rather than classical statistics 
should be applied. Secondly we shall show how the method of the grand 
ensembles can be used to obtain the Saha formula for dissociative equilibria. 
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We noticed in § 1.1 that classical statistics could be applied provided 
1. Let us assume that this condition is satisfied and investigate what 
this implies for the case of a system of point particles in a volume V, We use 
(24) and see that now we have for the g potential (a can be put equal to zero 
if s-'^l) 

? = exp (- /3E,) = c- (43) 

where iZ is the number of levels in the energy interval e, e + de. For dZ 
we have (ESM, p. 82) 

/o^\8/2 

dZ = 2jil^j Ve^f‘de, (44) 

and substituting this into (43) we find for q 



or using the relation N = dqjdv = q 



From (46) we notice first of all that ' -*• c» as A -> 0 as we should have 
expected. Secondly, we see that c"” -+ oo as ^5 -►O (J -*■ oo), m -*■ oo, 
or iV/F -♦0, that is, we may expect classical behaviour at high tem- 
peratures, low densities, and for heavy particles. It may be noted that e" ” 
is essentially the ratio of the cube of the de Broglie wavelength of particles 
of kinetic energy to the specific volume per particle. 

To see whether in any particular case e~ ” is, indeed, large compared with 
unity let us consider a number of gases at their boiling point For argon, 
neon, hydrogen, and the two isotopes of helium we find for e~ ” respectively 
the values 600,000, 10,000, 140, 8, and 3. We see that only in the case of 
hydrogen and helium quantum effects may begin to play a role. Even in 
those cases, however, classical statistics is a reasonable first approximation. 
We refer to Chapter VIII of ESM for a discussion of the equation of state 
of gases. 

We see that even at 3.2 ®K (the boiling point of He*) and a light gas (He*) 
quantum effects will be small. If we are looking for such effects we must 
either look for cases where the density is much higher, or for the case of 
dectrons. The first case arises, for instance, in the case of liquid helium which 
will be discussed briefly in § 2.3. Another case of high densities is that of 
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nuclear matter. Quantum statistics has been used both to give a statistical 
discussion of nuclear reactions and to discuss nuclear matter at high densities 
in stellar interiors (£SM, Chapters XIII and XIV). In the case of electrons^ 
their small mass will make e~ ” small compared with unity, even at relatively 
high temperatures. The most often considered case is the one of the conduc> 
tion electrons in a metal for which e~ ” at room temperature is of the order 
of 10”®. To conclude this discussion we wish to consider very briefly the 
case of semiconductors, using a simplified model due to Wilson (ESM, 
Chapter XI). In this model the conduction electrons at any temperature are 
produced by their excitation across an energy gap Ae, and their number 
will thus increase with increasing temperature. If Mg is the number of centres 
which can produce conduction electrons, one finds for the density of the 
conduction electrons, n^, the equation 

fic = (2«g)^/2 exp (— \^Ae), (47) 

where m is now the electron mass. Whether or not the conduction electrons 
can be described by classical statistics depends on whether or not the 
following inequality is satisfied 

«c(2;r»»/yflA*)®/2-C 1, (48) 

or 

2«g(/?A®/2n:w)®/* e~ <g; 1 . (49) 

In most cases As is so large and ng so small that inequality (49) is always 
satisfied, leading to the well-known result that semiconductor electrons 
obey (generally) Boltzmann statistics. However, in some cases Ae may be 
so small that the left-hand side of (49) actually becomes larger than unity, 
for a certain range of temperatures. It is worth noting that both for very 
high temperatures and for very low temperatures condition (49) is satisfied. 
The necessity to use classical statistics at high temperatures is normal, but 
the transition from quantum to classical statistics on lowering the tem- 
perature is at first sight rather surpnsing; it comes about, of course, because 
of the exponential factor in expression (47) for n^, that is, because of the 
extreme paucity of conduction electrons at very low temperatures. We 
may add that although the transition from classical to quantum statistics 
has been observed in certain semiconductor samples — the only clear case 
of such a transition — the second transition back to classical statistics has 
not yet been observed ; it must be borne in mind, however, that the extremely 
simple model on which our considerations have been based are almost 
certainly inadequate to describe actual semiconductors. 
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We shall now consider the following equilibrium 

A + BilAB (BO' 

which may describe either the formation and dissociation of a diatomic 
molecule or the recombination of an ion and an electron and the ionization 
of an atom. We shall simplify the situation for the moment by assuming 
that our system only contains as its constituents A, B, and AB, although 
the advantage of the method of the grand ensembles is that one can consider 
any number of constituents at the same time, and thus discuss easily com- 
plicated equilibria, both of many constituents, all mutually reacting, and 
ionization equilibria where once, twice, thrice, . . . ionized atoms occur 
simultaneously. 

Equation (38b) is now of the form 

^ ^ ^ exp («A va + «b vb + Mab vab) 

^AB 

Sy*exp [— ;fiE(nA, «B, «AB,^)J, fSll 

where we have explicitly introduced the degeneracy y* of the level 
£(«a» ^abI ^)- As we are considering tly equilibrium (60) the v satisfy 


the relation 

Va + VB = Vab- ( 62 ) 

We now assume that all particles in the system are independent so that 
we may write 

E («A. »B. »AB ,k) = E{nA; Ha) + £(«b , *b) + E (hab , Aab) , ( 63 ) 

y* = y*A y*B yAAB. ( 64 ) 

and we get 

= "I ^ exp {ha Va) Sa y*A exp [ — ^^^(nA ; ^a) 1 1 (B) ( AB| . ( 66 ) 

"A 

As the particles^ are supposed to be independent we have 

E{nA I ^ a ) ~ ^mA ^mAt ^ , ^mA ~ I^At (BO) 

mA 


similarly for A and AB. 
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Let be the degeneracy of the particle level and let us assume 
that we may neglect symmetry effects, so that we get for the expression 
(cf. Eq. 8) 

“«A 

Evaluating the right-hand side of Eq, (55) we get 

q = Sg«A exp (va — pe„A) + S(B) + S(AB). (58) 

This result is hardly surprising, giving us 9 — which is proportional to the 
pressure — as the sum of the partition functions (as the sums in (68) are 
called) pertaining to the three different constituents. 

The energies . . . consist of two parts, the kinetic energy corresponding 
to the motion of the centre of gravity of the particles, and the internal 
energy, i.e., the atomic energy levels in the case of atoms and the electronic 
vibrational and rotational energy in the case of molecules. As far as the 
kinetic energy is concerned, a summation over all possible kinetic energy 
levels will lead to a factor (27t»»//?A*)®^* V (see the beginning of this sub- 
section), where m is the mass of the particle concerned and V the volume 
of the system. 

Usually partition functions are evaluated, reckoning ail energies from 
the ground state as zero. If we do that we shall prime the energies. If D 
is the dissociation energy of the reaction (60) we can fix the zero of the 
unprimed energies in such a way that 

fikinA + ^mA — £kinB + C«B = fmB. CkinAB + «mAB = CmAB + D. (59) 


Using (39) and introducing the concentrations c, = nJV we find easily 


/ Ca Cb\ _ 



VMV [ 


2^ exp (- fie'„A) (B) ^ (AB) 


^mA 


-I 


(60) 


where fi is the reduced mass (= ^b/^ab)* 

In the case of a dissociation equilibrium we may to a first approximation 
write 

f f f f 

BmAB = €el + Crot + ^vibi 


e'rot = g. = 2j + l, ; =0,1,2,..., (61) 

^vib “ vAco, “ If V = 0,1,2,. . 

where / is the moment of inertia of the molecule AB and a> the vibrational 
frequency. Assuming that we may replace the sums over ^ 
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by their first term, putting the corresponding degrees of degeneracy equal 
to gg, and g^B, and assuming that we may replace the sum over ; by an 
integral, we find finally 

which is the usual form of the Saha formula for a dissociative equilibrium. 
Equation (60) can also easily be applied to the case of an iofMzation equilibrium. 

Klein and collaborators have used the method of the quantum mechanical 
grand ensembles to discuss a system of nuclear species at high pressures and 
temperatures ; this system was supposed to represent the primordial material 
from which the chemical elements in their present abundances were produced 
in a statistical equilibrium. The system considered by Klein contained not 
only all possible nuclear species, but also electrons, positrons, photons, and 
neutrinos. We refer to Chapter XIV of ESM for a discussion of this theory 
and further references. 


2. Systems of Bosons 

In the limited space of one chapter we must restrict the discussion, and 
the rest of this chapter will be devoted |o systems of either bosons, or 
fermions. In § 2 we shall discuss systems of bosons, first of all in § 2.1 a 
perfect BE gas and its condensation and secondly in § 2.2 the BE gas of 
hard spheres which has recently been the subject of a number of papers by 
Yang, Lee, Huang, Dyson, Brueckner, and others. In § 2.3 we shall briefly 
discuss liquid helium. 


2.1 The Perfect BE Gas 

In § 1 we derived all formulas necessary to discuss a perfect BE gas. 
They are Eqs. (39), (41 BE), and (44). As long as e’ is smaller than unity 
we can expand the logarithm and we get 

q=- log (1 - er*’-/»») de 

00 

' n»*l A 




(63) 
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where Vg is essentially the cube of the de Broglie wavelength of a particle 
with kinetic energy 


\27tmj 

(64) 

where y is the absolute activity. 


y = e\ 

(66) 

and where /(y) is given by the equation 



(66) 


The variable y is a function of the specific volume v{= VjN) through 
the relation 



As q = fipV, Eqs. (63) and (67) together give us /> as a function of 0 
and V. This will give us the equation of state as long as the power series 
for f{y) and /'(y) converge. This is the case as long as y ^ 1, or, as long as v 
is larger than a critical value given by the equation 

00 

oc=7^. ra = 2" »■’'* = qT) - (»«) 

where C(»i) is Riemann’s zeta function. 

The next question is: What will happen if we reduce, at constant tem- 
perature, the volume V below the value Nv^ ? This question was considered 
by Einstein in 1926, and he argued that as the expression (67) for the specific 
volume can never be smaller than on decreasing the volume V to 

a value V^, say, which is less than Nv^, a fraction {Nv^ — V-^fNv^ of the 
particles will "condense,'* that is, drop out of the system, and a fraction 
VJNv^ will constitute the gaseous phase. The condensation will take place 
into the lowest available particle level and the condensed particles will not 
contribute to the pressure, leading to a horizontal branch of the isotherm, 
just as in the case of ordinary condensation of a liquid. In recent years 
this phenomenon of the Einstein condensation has attracted a lot of attention 
because of a possible application to the lambda-transition of liquid helium 
to be discussed in § 2.3. We shall therefore discuss it in somewhat more 
detail, and see that, indeed, Einstein’s predictions are fully home out by a 
more rigorous analysis. 
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From (67) and (68) it follows that as v approaches v^, v will approach 
the value zero. In that case the replacement of the sum in (41 BE) by an 
integral is no longer safe, and it is advisable to consider the original sum, 
so that we have, instead of Eq. (67), 

N = 2J [exp (- - 1 ^ « (69) 


where m writing down the last equality we have used Aq. (22b) in the form 
(42). The only term from which we may expect trouble is the one correspond- 
ing to the ground state e0(= 0). If we split that term off, we can replace the 
remaining sum by an integral, and the result is 

jv = «o + (^K)y/'(>'). (70) 

where is given by the equation 

«o=(^---l)-\ (71) 

Equation (70) can be rewritten in the form 


, ^ , vyf'iy) 

N^v,n\)' 


(72) 


This last equation is valid for all values pf v. The first term on its right- 
hand side gives us the fraction of the particles which are in the ground state. 
If < v^, we would expect v to be essentially equal to zero, or y=l, and 
we see that, indeed, a fraction 1 — (v/wj of the particles is condensed into 
the ground state. For y = \ Eq. (71) takes the form 

«o=(l-y)-^ (73) 

and we find from Eq. (72) 


y=i- 


N (vc — v) 


(v < Vc) 


(74) 


which shows that our expectation to find y # 1 was correct, the correction 
term being only of the order N-\ that is, totally negligible. As y is essentially 
constant for v < v^, q will also be constant, and so will p. In the case of q, 
the term cortesi^orvdm^ to the ground state will only make a negligible 
contributron, m contradistmction to its non-neghgible contribution in the 


K-, tAe (pressure exerted by a particle is proportional 

to i to so tAaf pressure exerted by the particles in the ground state 

be »oeo(=^ 0). ’ ® 

tha happen if at constant temperature 

thU vulume IS decreased. We can also consider what would happen when at 
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constant v the temperature is decreased. Condensation will again set in, at 
a temperature given by the equation (cf. Eqs. 68 and 64) 

Tc = ( 2 ^) [/'(l)v]- M- 6/8 -K, (75) 

where M is the molecular weight of the gas, and p its density in gm cm~8. 

The pressure as a function of temperature follows from the equation 
q = 0pV, and we have 



( 27imkB 

\a/2 

] ksT^iyiv). 

T>T,- 


\ A® 


p = \ 

i 2ntnkB 
\ *2 

\3/2 

) ksTf(\). 

T< n; 

(76) 


% 

where y (for T > T^) is still a function of T through Eq. (67). 

The specific heat per particle follows from the energy (£) through 
the relation 


Cv 


= N-i 


d{E) 
' dT 


while from (39) and (63) it follows that 

3pV = 2<£> 


(77) 


(78) 


It may be noted here that (78) is a direct consequence of the fact that the 
energy levels e„ are proportional to (ESM, p. 86) and it holds therefore 

independent of the statistics of the particles. 

From (77) and (78) we get the specific heat per particle. Below we 
get simply 

~h^~ 

while for T> T^we must take into account the iact that y depends on T. 

At Tg, c„ is equal to 1.9 k^‘, it is a continuous function of T, but dc„/dT has 
a discontinuity at T^. 

The number of particles in the ground state follows from (68), (64), 
and (76), and we have 


c„ = 


16Ab vt{\) 


3/2 

I r«/2. r^Tc. (79) 




SB 1 



r< Tc. 


mi 
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2.2 The BE Gas of Hard Spheres 


We have mentioned several times that one of the reasons why various 
authors have studied BE systems has been the interest in the curious 
behaviour of liquid helium. As two helium atoms interact, albeit weakly, 
a better approximation to the helium system would be a BE system of 
weakly interacting particles. Since the helium-helium interaction potential 
has only a very weak attractive part, it seems a very, fair approximation 
to consider the helium atoms to be hard spheres. Such a BE system of 
hard spheres has been studied recently by many authors, but we shall only 
briefly refer to some of their results, obtained by Huang et aZ.* Many of 
their results we shall quote without proof and we must refer to the original 
papers for all details. 

As long as it is possible to consider our system at a density which is 
sufficiently low, we can treat the interactions between the particles as 
perturbations. Quantitatively this means for the case of a hard sphere gas 
that we shaJl express various quantities in power series in the particle 
radius a. The quantities of interest to us are the energy levels, since once 
they are known we can use (38b) to obtain the grand potential and, hence, 
all thermodynamic properties of our system. The energy levels in zeroth 
approximation will be given by (40), and jn first approximation we have* 

m ' m ' 


where the are the single particle energy levels. 


(82) 


where k„, is the wave vector corresponding to e„. 

Equation (81) is interesting for a number of properties. First of all we 
note that the first order correction to the energy levels consists of two terms : 
the first one is positive and proportional to N^jV, while the second one is 
negative and is quantum mechanical in nature. The first contribution 
arises as follows. Each particle moves through a field produced by the other 
N — 1 particles. Averaged over the whole volume one would expect a more 
or less constant repulsive potential, the strength of which would be propor- 
tional to a, to N, and inversely propor^onal to V. For the total system of N 
particles we would thus expect an increment proportional to aN^fV. The 
second, negative, contribution is such that the energy will be lowest when 
all particles are in the same state, i.e., have the same momentum. (The 
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expression Lnl^ is largest for given ^ N ii one of the is equal to N 
and the others equal to zero.) This is a consequence of the quantum mechan- 
ical theorem that for a BE system spatial repulsion leads to momentum~space 
condensation. This theorem follows from the Heisenberg principle when 
applied to Xj — and — p^, where x^, x^, and p^, P^ are respectively 
the coordinates and momenta of two interacting particles. As for a BE 
system the wave function must be symmetrical in and it follows that 
J(xi — Xj) will tend to increase if there are repulsive forces, and if 
J(xi — Xg) • — ^g) remains constant — pg) must decrease. We 

must draw attention to the fact that one should not emphasize too strongly 
the term condensation m momentum space as if this were something 
completely different from ordinary condensation. This is not the case as 
can easily be seen if we remind ourselves that ordinary condensation iS 
essentially the process whereby particles leave the gas phcise and do no 
longer contribute to the gas pressure which is due to thft' random kinetic 
motion of the particles. In the case of condensation m momentum space the 
particles will also leave the "phase” of random motion and enter a “phase” 
of organized motion. In the case of the perfect BE gas, for instance, the 
"condensed” phase is that of the particles in the ground state which as we 
noticed in § 2.1 will, indeed, not contribute to the pressure. 

A second point to notice about the energy levels (81) is that the energy 
spectrum which in its unperturbed form was a highly degenerate continuum 
IS now a collection of degenerate continua which are displaced by a finite 
amount with respect to one another, each continuum is characterized by a 
different value of the number of particles in the particle lowest level in the 
unperturbed state. (In the perturbed system it has no longer sense to talk 
about particle levels.) The distance A of the bottom of one continuum to 
the bottom of the next one is found from (81) to be given by the equation 



It has not been possible, as yet, to evaluate exactly the equation of 
state of the hard sphere gas. However, Huang, Yang, and Luttinger ccmsid- 
ered a system of which the energy levels were given by the following 
expression, 

fH ' # ' 

This should, in the region where the system shows a phase transition (“con- 
densation”), be a reasonable approximation to expression (SI)* since in that 
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region ng vdll be much larger than any of the other We should thus 
expect that the fictitious system, the energy levels of which are given exactly 
by expression (84), should for many purposes be a reasonable approximation 
to the hard sphere BE gas, or even to helium. 

The energy levels (84) must now be substituted into (38b). The sum over 
all possible total numbers of particles can now be split, as was done in 
evaluating expression (41 BE), into sums over These sums are the same 
as in the case of (41 BE) for all n„ except n^, and their e^luation is therefore 
straightforward. To evaluate the sum over Wg one uses the method of steepest 
descents (ESM, p. 440; see also ESM, Appendix IV) and the final result is 
that the equation of state is given by the equations 

(logy) 

(85) 

^\yt\y) „ 2/3 logy- 

2avo 

{j(y) is defined by Eq. 66). For a discussion of these equations, which strongly 
resemble Eqs. (76) and (67), we refer to Huang, Yang, and Luttinger’s 
paper. The following is the result of this discussion. If we plot the isotherms 
of this system we find that at small densit^s (y •C 1) the isotherms behave 
like those of the perfect BE gas. At a certain density NjVi, say, the system 
breaks into two phases, and the pressure stays constant until a density 
NjV^is reached. Below that density the system is again in a single phase 
and the pressure increases with increasing density. The value NjVi is less 
than l/Vp for the corresponding perfect gas. 

There are a number of points on which this transition differs from the 
one of a perfect BE gas. The most important one is probably that the ficti- 
tious system shows a genuine first order, two-phase transition. Secondly, 
on reaching the totally condensed state, the pressure reassumes its increase, 
instead of staying constant. This corresponds to the third difference, namely, 
that the condensed phase contains particles other than those in the ground 
state. 

2.3 Liquid Helium 

We mentioned earlier that BE systems have often been studied because 
of their possible resemblance to liquid helium. If we insert into Eq. (76) 
p = 0.15 gm cm~*, ilf = 4, which are the density of liquid helium and its 
molecular weight, we find = 3.2 ®K which is of the same order of 
magnitude as the A-point temperature of 2.2°K. To treat liquid helium as 
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a perfect BE gas encounters, however, the following difficulties. (1) The 
peak in the specific heat of a perfect BE gas is about 2k^ per particle as 
against the observed peak of about \2k^. (2) The specific heat of liquid 
helium seems to be discontinuous at the A-point. (3) Below the A-point 
the specific heat behaves as T* or T^, and not as like the specific heat 
of a perfect BE gas. (At temperatures below 0.6®K the specific heat of 
liquid helium behaves as T*.) 

Let us now consider in how far the hard sphere BE gas might resemble 
liquid helium. First of all we must emphasize that it should be a reasonable 
approximation as the interatomic forces in helium are relatively well rep- 
resented by a hard sphere potential. The questions now are whether or not 
it shows a A-transition, whether it shows the correct temperature dependence 
of the specific heat at low temperatures, and whether it shows the superfluid 
properties which are so characteristic of liquid helium below the A-point. 

The first question has not been answered. We must emphasize, and it 
cannot be emphasized too strongly and too often, that if one considers 
what happens on decreasing the volume starting from a dilute gas, the first 
transition to be encountered should be the ordinary gas-liquid condensation, 
and the phase transition considered in the previous subsection is, m our 
opinion, nothing but this ordinary phase transition. In order to find the 
A-transition one should investigate the behaviour for volumes smaller that Fj. 
It is doubtful, however, whether this would be sufficient and whether one 
should not consider the system in a f,T diagram at a constant volume, 
rather than in a ^,F diagram at constant temperature. 

The second question seems to be answered in the affirmative. From 
Feynman’s work^® we know that the low-lying states of liquid helium cor- 
respond to phonons, i.e., to longitudinal density waves, with wave func- 
tions of the kind 


^4 = 2^ exp [t(q • x,)]0o, (86) 

where q is the phonon wave vector and the ground state wave function. 
Wave functions of the form (86) will lead to an energy spectrum which 
predicts the proper temperature dependence of the specific heat. Lee, Huang, 
and Yang have found that, indeed, the wave functions of the low-lsdng 
states of the hard sphere BE gas are of the form (86). 

As systems of phonons are of interest not only for the low temperature 
behaviour of liquid helium, but also for 4he lattice specific heat of solids, 
we shall briefly show how such a system* leads to a T* dependence of the 
specific heat at low temperatures. We are still dealing with BE systen. 



346 


D. TER HAAR 


but its constituents are now “quasi particles,” nantely, the phonons, i.e., 
particles with zero rest mass. Moreover, their total number is not conserved 
which means that we can use (41 BE) but with »» = 0. In the case where 
the particle mass is equal to zero, we have instead of (44) the following 
expression for the number of energy levels between e and e de (cf. ESM, 
p. 427) 

dZ = CVE'^de, (87) 

where C is a constant depending on the velocity of propeigation of the "quasi 
particles.” From Eqs. (41 BE) and (39) we get for the total energy of the 
system 



where we have put a finite upper limit «o corresponding to the fact that the 
total number of phonon degrees of freedom, which is proportional to Jj* dZ, 
is finite Introducing a new variable of integration x = fie we get 

Cki r j df = fie^. (89) 

At low temperatures we may replace the upper limit by oo, and find thus 
the total energy proportional to T*, and hence a T® dependence for the 
specific heat. 

The same calculations apply, of course, to the case of light quanta, where 
now at any temperature jcq = oo, so that the T^-dependence is true generally, 
which in this case is the well-known Stefan-Boltzmann law for black body 
radiation. 

The third question can also be answered in the affirmative. Superfluidity 
follows from a scarcity of energy levels near the ground state, and as we 
saw in § 2.2 such a scarcity is built into our chosen energy levels. Put 
differently, we can say that the energy levels (81) or (84) show the energy 
gap A which is essential for the two-fluid model of Tisza and F. London 
which has been so successful in describing the macroscopic behaviour of 
helium.'^ 


3. Systems of Fermions 

In the last section of this chapter we shall discuss FD systems. In § 3.1 
Vfe shall consider a perfect FD gas which to a first approximation gives us 
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a model of the conduction electrons in a metal. In § 3.2 we shall show how 
one can use the results for a perfect FD gas to describe statistically the 
electron cloud surrounding the atomic nucleus. 


3.1 The Perfect FD Gas 


We can now use (39), (41 FD) and (44). The resultant general equations 
can be found in § 4.7 of ESM. They are not of great interest. Of interest is, 
however, the case of a so-called degenerate FD gas which is realized when 
1. To discuss that case, which as we discussed in § 1.3 is realized for 
the case of metals, for instance, we first consider the behaviour of a perfect 
FD gas at absolute zero In the BE case all particles were in the lowest 
state at absolute zero, but that can, of course, not happen in the FD case 
because of the exclusion pnnciple. The ground state (^the system will be 
the one where the lowest particle energy levels are filled up until all 'N 
particles are accommodated. We can also see this from our equations. Let 
/(e) de be the number of particles with energies between e and e -|- de, which 
will be given by the equation 


/(e) ie = 


_ 1 

7--+^* -t- 1 


dZ = 


47rK(2m/A®)3/2 

e-*+e^^r\ 


]/e de, 


(90) 


(compare Eq. 22c) where we hnve multiplied dZ by 2 to take into account 
the fact that FD particles will have spin which we have assumed to be 
equal to We shall use the fact that the partial thermal potential g = vjP 
will tend to a finite value g^as 0 -*■ oo, or T -* 0 We see then that as T -► 0, 
/(e) will tend to the following function 


/ 2»n - 

r = 0:/(e)=47rF(-p-j ]/e, e<g^; /(e) = 0, e > go- (91) 

The value of go is determined by the equation 

w _ I /(,) * = vr* = eo*. (92) 

0 0 


The zero-point energy Eq is given by the equation 
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or, 

while the zero-point pressure follows from the relation ipV — 2E (Eq. 78). 
Inserting numerical values for an electron gas of density 10*^ cm~* we 
find pQ lO* atm ! 

We mentioned in § 1.3 that even at room temperatures one would expect 
e* for the gas of the conduction electrons in a metal to be large compared 
with unity. We are thus dealing with a degenerate gas at finite temperatures. 
In order to get expressions for that case we use a theorem of Sommerfeld’s 
(ESM, p. 238) which states that 


I «(£)/(£) * = j lie) dt + ^ ^ 


go 


(96) 


If we use this relation we find for the energy of the system 


= Eo(^ + 


and for the specific heat 


571 ® 

T^7o 


c, = N 


-1 


BE 

BT 


= n* 


.k\ T 
go 


(96) 

(97) 


which is the well-known linear specific heat term of the conduction electrons. 
It must be noted that it is smaller than the classical expression (including 
a factor 2 for spin) 3kg by a factor n^kg r/3go which, according to our 
assumption of degeneracy, is small compared with unity. 


3.2 The Statistical Theory of the Atom 

Although the number of electrons in an atom does not seem to be large 
enough to enable us to use statistical methods, it is by far too large to allow 
exact solutions of the equations of motion. One solution is to use the method 
of self-consistent fields (Chapter 1, § 13.3, in this volume), but the set of 
equations one- is left with is extremely cumbersome and Thomas and Fermi 
suggested to use statistical methods as follows. Consider a spherically 
symmetric atom corresponding to a potential energy field U(r). Assume 
now that we can divide the space occupied by the atom into cells such that 
(1) each cell contains a large number of electrons, and (2) (/(r) changes 
only very slowly in each cell. In that case we can apply FD statistics to the 
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electrons in each cell, and one can convince oneself that one must apply the 
formulas of a degenerate FD system. 

Let n(x) be the electron density. The total kinetic energy T of the system 
is given by the equation (cf. Eqs. 92 and 03) 

T = c^2J n6/8 V. (98) 

where the summation is over all the cells, where v is the cell volume, and 
where Cj is a constant. The potential energy consists of two parts, firstly 
a term which is the interelectronic potential energy, 

= (»») 

and secondly a term f7„(*) which is the potential energy of the electrons 
in the electric field of the nucleus m(x), 

t7„ = - c j «(x)«(x) dH. (100) 

The total energy E of the system of electrons is given by the sum of 
T, U^, and f7„, and we require that £ be a minimum for a given total number 
of electrons N, 

A = I n(x) d®x, (101) 

This leads to the following relation for n, 

n = Cj(C7 - (102) 

where Cj and Uf^ are constants, and where U is the total field in which the 
electrons are moving which is given by the equation 

U = u{Ji)-t^~^d>y. (103) 

Poisson’s equation 

P*(t7 - Uo) = ^Tine (104) 

gives us a second relation between U and n. Eliminating « we get for U 
the following differential equation, 

r*((7 - C/o) = - f7o)»/*, 

which is the basic equation of the Thomas-Fermi theory. 


( 105 ) 
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We shall not discuss here the solution of this equation, any of its applica- 
tions, or any of the many improvements made by Gombas and his group, 
March and others. We refer to recent survey papers by Gombds'* and 
March^* for such details. 

Note added in froof: There have been a number of important devel- 
opments since this chapter was written. We wish to mention three. 

(a) Huang^* has further developed the theory of'^ hard-sphere boson 
gas and now, indeed, claims to have found two transitions: the A-transition 
and the ordinary gas-liquid transition. 

(b) Brueckner and Sawada“ have used the methods employed in the 
theory of nuclear matter (see Chapter 5 of Volume III) to consider liquid 
helium with a fair modicum of success 

(c) The density matrix has been increasingly applied to various physical 
situations. Attention is drawn to review articles by Fano,^® by Husimi, 
Kitano, and Mishiyama^’ and by the present author^* for a discussion of 
this work, as well as for a discussion of modern methods of evaluating the 
equilibrium density matrix and for extensive lists of references. 
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The field of solid state physics, from the point of view of quantum 
mechanics, is an applied field. We do not look for new ways of extending 
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fonnulation of the bases of quantum theory is considered to be adequate 
for the description of matter in the solid state. Also, in only a few problems 
is it convenient to use the newer quantum field theoretic techniques, and 
we shall use the simple Schrodinger equation for our discussion. There is 
one area where it is sometimes convenient to go over to second quantization 
in the discussion of solids, and that is when electron-lattice interactions are 
discussed. In that case, the lattice vibrations can be quantized as a set of 
boson particles obeying the field equation of a harmon^; oscillator. A discus- 
sion of either superconductivity or of the polaron almost requires the use 
of field theory methods. However, we shall keep our discussion in this 
chapter traditional, since we shall want to focus our attention rather on the 
more basic results of the application of quantum theory to solid bodies. 

The quantum mechanical problem of a solid can be stated very simply, 
but not very meaningfully, by saying that it is the problem of a large number 
of identical atoms arrayed on a perfectly regular lattice structure. We can 
even write down the complete Schrodinger equation for this system, but 
this statement of the problem is not very cogent since the Schrodinger 
equation which we write down in this way is completely insoluble. It is 
insoluble in a much more serious way than the many electron atom, and 
the subject of solid state physics is a study of how to break down the 
Schrodinger equation into pieces which are tractable. In this field, we 
build models almost ad nauseum, each model containing carefully weighed 
approximations which are thought to represent the essential features of a 
property under study without too many extraneous side issues being involved. 

We shall need early in our discussion the concept of a band of energy 
levels for the valence electrons, and in fact, most of the chapter will be 
devoted to a discussion of it. As a working definition until we get a chance to 
go into more thorough detail, we can say the following. At infinite separa- 
tion, N atoms, considered as a single system, have the same energy level 
scheme as a single atom, except the degeneracy of each level is multiplied by 
N. (See Fig. 1, page 367). As .the atoms are brought together into a crystal 
with finite lattice constant, the degeneracy of the levels is lifted due to the 
perturbations of the atoms on one another. The splitting is gradual and each 
level of the isolated atom becomes a spread out "band” of levels in the 
solid. The band is a nearly continuous spectrum because of the extremely 
large number of atoms in any macroscopic sample of the solid. 

The primary assumption which is nearly always made is to break up 
the problem of the solid into three slightly overlapping parts: (1) the 
valence electrons in the valence band, (2) the atomic or ionic cores and 
(3), the other bands. We could add a fourth category, imperfections. 
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which we shall discuss briefly at the end of the chapter. Our chapter is 
broken up into sections which reflect this division. We first discuss an 
analogy between the valence electron band and free particles in a box. 
We then develop the main thesis that the Schrodinger equation of the solid 
can be separated into the three parts already described, and treat the valence 
electron problem in detail. After a discussion of lattice vibrations as one 
of the basic parts of the solid synthesis, we then take up the problem of 
the existence of interactions between the lattice vibrations and the valence 
electrons. Finally, the problem of imperfections in ciystals is treated 
briefly. 

We shall not talk too much about wave functions which are a mixture of 
more than one band and their effect on the properties of the valence electrons, 
but shall generally keep our bands autonomous. There are many problems 
where this is not a feasible assumption, but in an elementary discussion it only 
adds complication without additional insight. The reason why the division of 
the system into valence electrons and core ions is possible is the theorem 
of Dorn and Oppenheimer, which is discussed in the chapter on molecules. The 
theorem is as important for our discussion as it is for the discussion of 
molecules, and for the same reasons The separation is valid when the core ions 
and atoms are heavy compared with the electrons, and when the system is 
in a steady state. In the separation process, the electronic wave functions of 
the valence electrons follow the core motion in an adiabatic way, and one 
can in principle find the “Morse function” for the solid just as for the 
molecule. 

Some of the most important phenomena in the theory of the solid state 
concern the interactions between the valence electrons in the valence band 
and the motion of the core ions. Examples are the electrical resistance 
of a metal, superconductivity, and the polaron. {Polaron is the name giv(m 
to an electron excited into the conduction band of an ionic crystal. We 
might mention that in an ionic insulator crystal like NaCl, the interaction 
of an electron in the conduction band with the lattice vibrations is not small 
as it is in other cases.) In § 6 we shall discuss the electrical resistivity of a 
metal as an example of the interaction between electrons and lattice. 

The core ions also contain electrons, but we are able to separate these 
from the valence electrons in much the same way as it is done in the many 
electron atom. We define a core electron as one which does not respond 
to the specifically crystalline field. This is simply a matter of definition 
for any practical case; if an electron has an orbit which is large enough to 
overlap the neighboring atoms, then we call it a valence electron, otherwise, 
it is a core electron. 
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1. Free Electrons in e Box 

Before starting the main body of our discussion, we shall make a few 
remarks about a very simple model of a solid. This is the model of the free 
electrons in a box. Many times in our later work, we shall find a cor- 
respondence to the results of this model, and it wiU be important to have 
it well in mind. Indeed, some of the simplest metals are reasonably well 
represented on the model. 

Let us take a cube with side L, assume that at ^he edge of the cube 
the potential makes an infinite jump, and that inside the cube the potential 
is zero everywhere. Let us assume there are N electrons in the box. The 
Schrddinger equation for a single electron inside such a cube was solved in 
Vol. I, Chapter 3, § 1.2; the wave function ift and energy E are given b^/ 

t/t = Asia (A* x) sin {ky y) sin {k, z), E = h^k'^l2m (1) 

with 

kx ^ • • • 

etc., 

** + Ay + k\ = 

It will be convenient to use exponential wave functions rather than the 
sinusoidal functions of (1). In order to dd' this, we make a slight change in 
the boundary conditions for the problem. Instead of requiring that the 
wave function becomes exactly zero at the boundary of the box, let us instead 
think of the box as a three-dimensional periodic box, with periodicity L in 
each of the coordinate directions (Vol. I, Chapter 4, § 1). In this case 

iff = A exp (tk • r), E = (2) 

with 

A* = , etc., hi ky + k] — k^, n = . . . —2, — 1, 0,1,2. . . etc 

In the solutions, (2), the addition of the length L to any coordinate direction 
leaves the wave function unchanged. 

There is a very good reason for using the periodic or Bom-von K&rman 
boundary conditions. They dispense with surface problems. With the 
periodic boundary conditions, there is no place where the wave functions 
go to zero, and they are everywhere homogeneous. On the other hand, in 
(1). the surface planes through the oilgin and at x,y,z =■ L introduce purely 
surface effects in the electron density function, etc., which we would like to 
eliminate in a discussion of bulk properties. 
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The energy of an electron with wave vector k is simply £ »* k* 
where m is the mass of the electron. If the temperature T is zero the system 
of N electrons is in its lowest state, which means that the lowest iST states 
of the single electron wave functions (2) are filled. Each allowed point in 
k-space represents two states (counting spin), and the number of states in 
a spherical shell of thickness dk is 


n[k) dk — Snk^ 




dk. 


(3) 


The integral of (3) yields the maximum value of k when N states are filled, 
and finally, we have the maximum energy is 


E,= 


8mL* 


\ Jr / ~ 2m ‘ 


(4) 


This energy is called the Fermi energy of the system. 

When T is not zero as we have assumed above, Fermi-Dirac statistics 
must be employed. In all cases of interest to us, the temperature will be 
low enough that the Fermi gas is in a state of extreme degeneration. The 
fraction of the total number of electrons which are excited is very small. 
This fact is easily seen when the temperature corresponding to the Fermi 
energy is computed. T, 10* °K for a t 5 T)ical metal. 

With the help of the formulas of the last chapter and the ones of this 
section, one could proceed to calculate the average energy as a function of 
temperature, the specific heat, the susceptibility, and so forth for the free 
electron gas. 

A more accurate theory with better wave functions shows that the 
form of these formulas is in many cases correct even for cases where the 
free electron model is not applicable. However, some of the physical constants 
which appear must be considered as parameters which are to be calculated 
on the basis of another theory. For instance, the charge on the electron 
for bands that are nearly full must be taken as positive, and the mass of 
the electron must be looked on as a parameter which may differ from the 
mass of the free electron. This picture of the electrons in a solid is called 
the effective mass approximation. 


2. The One-Electron Approximetlon 

If we write down the Schrodinger equation for the entire solid, we have 
something like the following. 

^f(Xj, X|, . . . I Xj, Xj, . . .)lf^(Xj, Xg. • • I Xj, Xg. . .) £(¥^(Xj, Xg. , . Xj, Xg, • .)• 

(fi) 
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Here the wave function, W, is a function of both the electronic coordinates 

and the atom core coordinates X,. The Hamiltonian contains all the 
interactions between the electrons as well as the interactions of the valence 
electrons with the atomic cores, or lattice. 

The first reduction of (6) which we shall consider is to tie the core 
electrons to the nuclear or lattice coordinates. In practice, we treat the core 
electrons as if they are on free atoms or ions of the proper sort, and take the 
results of the Hartree calculations for their wave functions. This procedure 
cannot be far wrong for electrons whose wave functions do not overlap the 
neighbouring atoms in the resultant sohd. As we have said, it is a matter 
of judgment when to call an electron a valence electron and when to call 
it a core electron, and any particular assignment will depend on the kind 
of calculation under way. The category in which an electron belongs depends 
on the lattice spacing which is the final solution of the problem, so we need 
to know the answer before we start, so to speak. In (5), we have allowed 
the intemuclear distance to take any values, but m practice we know that 
a given solid has a crystalline structure, and the nuclear motion is only a 
very small motion about the equilibrium positions of the lattice. Thus, it 
will depend on the accuracy desired and the amount of work one is willing 
to do, whether one takes the free atom Hartree wave functions for an 
electron, or includes it in a larger band calculation. An example of a case 
where it is difficult to make the proper choice is the d shell electrons of the 
transition elements. The results of the experiments and theory of ferro- 
and antiferromagnetism suggest that one must use the band theory for 
these electrons, even though the resultant band is quite narrow compared 
with the usual valence band. 

When the decision is finally made about the core-band category, then 
one can, from the Hartree functions, work out potential functions between 
the ion cores amongst themselves, and the potential between the electrons 
and the cores. Let us call r,(Xi, Xg, . . . ) the potential function amongst 
all the ion cores, and F(Xi, Xj,, . . ; Xj, Xj - • •) the potential function of all 
the electrons with the ion cores. 

If we invoke the Bom-Oppenheimer theorem, the Schrddinger problem 
(6) breaks into two parts. The total wave function becomes a product 
function IP = ^(X^, Xj. . Xj, . . . ; Xj, x,. . .). Here ^ is the wave 

function des<»ibing the motion of the ion cores, or "lattice motion,” and 
satisfies a Schrddinger equation of the form 

Xi- • •) + E(Xi. X| •• •)]} * “ 


(») 
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<7* operates on the lattice coordinates X,, and . .) is the potential 

of the lattice defined above. The function 0 is the electronic wave function, 
but is a function of both the lattice coordinates as well as the electron 
coordinates. The equation it satisfies is 




^ = £(Xi.X8....)^. 


( 7 ) 


Here, the lattice coordinates are taken as parameters to be varied in an 
adiabatic way. The electronic energy eigenvalue £(X„Xa,...) is then 


I 
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Fig 1 A schematic diagram of how the atomic levels of the atoms change and split 
into bands as the atoms of the crystal are brought closer together. Deeper levels, cor- 
responding to little overlap, do not split as much as the higher valence levels. 

plotted as a function of the normal coordinates of the lattice, and is used 
in (6) as a part of the potential funct*on. It is the solids counterpart of 
the Morse function in the theory of niolecules 

The lattice-valence electron breakdown which we have described is not 
entirely rigorous because of the electron-lattice interaction, and is only true 
m first order. In fact, when the interaction is large, as in the case of the 
ionic crystals, we are not allowed to make the breakdown at all, but must 
include electron coordinates in the lattK-e functions. 

The problem we have set up in the previous paragraph is indeed for- 
midable, and if it could be solved, we could presumably predict the crystal 
structure of acny solid. A prediction of this kind cannot be made at preset 
from first principles. Hence, ordinarily, we assume that we know the crystal 
type from experiment, and usually it is also necessary to take the lattice 
parameter itself as known. Then (7) is an ordinary SchrOdinger equation 
for all the electrons of the solid in a ’static lattice. (The problem of smaU'^ 
nuclear motions will bf a later topic.) 
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Thus OUT problem is simplified to the classical problem of solids theory: 
the solution of the Schrddinger equation for the valence electrons, given the 
potential of a perfectly periodic crystal structure. Equation (7) can now 
be written as 

-OU-Ef (8) 

The potential F(Xi, Xj. . .) is the potential of the electtpnic system in a static 
lattice of ion cores. It contains both the potential of the electrons with the 
ion cores, which is simply a sum of terms for each electron, as well as the 
interaction of the electrons with each other. The interaction of the electrons 
with the cores is the simplest part of the problem because presumably the 
potential may be computed on the basis of the numerical results for the atomic 
Hartree functions, as we have mentioned before. If the electron-core interac- 
tion were the only term in the potential, the Schrodinger equation would be 
separable, because this part of the potential is a simple sum over each electron 
However, the interaction of the electrons with themselves in the case of 
a metal is not so simple, because it contains as its most important term 
a sum over the Coulomb interactions between the individual electrons, 

This part of the potential makes the Eq. (8) nonseparable, and represents 
the essential difficulty of the classical problem of the theory of solids There 
are other potential terms in the electron interaction besides the coulomb 
term, namely the spin interactions, but these terms are ordinarily much 
less important than the ones we have mentioned, except for interactions in 
which the spin interactions are specifically studied. The electron correla- 
tion terms are not important, of course, when the number of electrons in the 
band under consideration is negligible, as for instance in the excited bands 
of insulators or semiconductors 

There are two ways we might try to proceed We might try to keep the 
troublesome terms, and attempt a transformation of the problem as it 
stands into something more tractable. A simpler method would be to hope, 
and it is at this stage not more than a hope, that the electron correlation 
effects due to the coulomb repulsion terms are not important, and that 
^sonable answers may be obtained by working with only the simpler 
interaction of the electrons with the ion cores. This second method is the one 
wh^ has been used in by far the largest part of the theoretical work <m 
to date. We shall now discuss some of the reasons why it is as successful 
it itaa he«i. 

^ I* pKit df teaamt why other methods are not wmkI is 

lot Ihe omtiotim i&rm am only moently beiiiff 
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discovered. Wigner' did the pioneer work in an attempt to include the 
correlation terms, but it has not been till recent years that fundamental 
progress has begun on the problem. Bohm and Pines* and others have 
developed a method of treating the problem which focuses attention on 
the correlation forces themselves, and provides a good deal of insight into 
the way they behave and the effects to be expected. We shall return in § 4 
to a short discussion of some of the simpler features of these attempts to 
treat the many-body problem, but for the time being, we shall concentrate 
on the successes of the traditional one-electron treatment. 

Off hand, one would not expect this mode of treatment to show much 
correspondence to the physical results, because the coulomb forces between 
the electrons would be expected to be as large as the forces between the ion 
cores cmd the electrons. What happens is that a kind of screening occurs 
which we shall discuss more at length in § 4, with the result that the one- 
electron approach has a wide applicability. 

2.1 Hartree and Fock Methods in Solids 

In the one-electron approximation, one attempts to solve Eq. (8) in the 
way suggested by either Hartree or the later modification of Fock. According 
to Hartree, we try a solution of the t 3 q)e 

and by a variational procedure, find the propier equation to solve for the 
one-electron wave function, The derivation of the one-electron 

equation is precisely the same as has already been given for the atomic case 
(Chapter 1, § 13, in this volume), and the result is 

( 10 ) 

The effective one-electron Hamiltonian is 

^ ^ r* -I- F,(Xi) + ^ d(x^. (11) 

In (11), we de not sum over the wave function, ^,(X 2 ), which is the solution 
of (10), The potential P^i(Xi) (where we shall sometimes drop the subscript / 
when the meaning is clear) is the potential of a single electron in the IMd 
of all the ion and the last term is simply the average coulomb 
of electron 1 in the fidd of all the other elections, is the distmioa. 

1 % — *§!• 
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The method of Fock takes into account that the Pauli exclusion principle 
must be satisfied, and attempts to solve (8) with a better starting solution, 
namely the determinant solution, 

^i(2) ^i(3) ... 

^ 2 ( 1 ) ^ 2 ( 2 ) 




1 


]In\ 


(12) 


IM^) ••• MN)A 

Again, with the use of the variation theorem, one can show that the one 
electron function, ^.(Xj), must satisfy the equation, 




f 

^ j ^12 

11 spin ^ 

y 

. J ^12 


ix^J ^.(xO - (13) 

ix,| ^,(Xi) = F^,(Xi). 


This equation does not even have the form of a Schrodinger equation, 
because of the last term on the left-hand side. The summation is over all 
the ijtj functions, and the wave functions have been thoroughly mixed up 
by the operation of a permutation operator. One can, however, interpret 
the difficult term as due to the exchai^ge charge density, ^*(X 2 )^,(X 2 ). 
We refer the reader to an excellent discussion by Slater® on the physical 
meaning of these terms in the Fock equation. The equation can be forced 
to have the conventional SchrSdinger form, ^f^,(Xi) = E0,(Xi), by writing 
the Hamiltonian as 


{ ^;*( 2 )^»* ( 1 ) 0 « ( 2 )^ 7 ( 1 ) 

. J 

In this equation, we have multiplied and divided the exchange term by 
the quantity Lastly, we note that the exchange term is only 

sununed over those states in which the spins are the same. 

The one-electron problem is npw well defined. If the correlation due 
to the coulomb forces between the electrons is neglected, the electrons of 
the solid satisfy either the Hartree or Fock equations, depending on whether 
the spin correlations are included. At this stage, there are two fundamentally 
different paths to take in the solution of the equations. One corresponds 
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to the treatment given by Heitler and London in the theory of molecnks, 
and the other to the Hund and Mulliken approach. One can, in short, either 
localize a given electron wave function about a particular site of the crystal, 
or one can make the wave function spread out over the entire crystal. We 
note one possible error in thinking at this point. When we 'localize" the 
electron in the Heitler-London treatment of the Fock equation, we do not 
mean that the electrons are distinguishable and actually localized on partic- 
ular atom sites. But the one-electron wave function from which we build up 
the determinantal solution of the Fock equation is localized in space. In 
the alternative Hund-Mulliken or Block procedure, the one-electron func- 
tions themselves are spread throughout the crystal. 

Suppose that we wished to solve the Fock equation with the Heitler- 
London technique. Then the wave function is the determinant (12) and 
we seek a solution of the Hamiltonian (13) which is locahzed about a 
particular atomic site. That a solution of this type probably exists is shown 
by the fact that if the other atoms of the lattice are sufficiently far away, 
the problem is simply that of a single isolated atom or ion. Indeed, we can 
use the solution of the isolated ion or atom in what would seem to be rather 
crude approximation of the correct result. However, the principal error in 
a straightforward substitution of the atomic orbitals into the final deter- 
minantal solution is the fact that some overlap occurs between neighbours, 
and the one-electron functions, ^,(x), are not orthogonal. One of the specific 
assumptions of the derivation of the Fock equation is that the one-electron 
function, ^^(x), which is isolated at the atomic site R^, is orthogonal to any 
other function i/rj(x) localized at any other point R,. There are various tricks 
for orthogonalizing a set of one-electron functions by taking linear combina- 
tions of the set. However, we refer the reader to the literature for these 
special procedures.^ 


2.2 The Bloch Theorem 

The alternative to the Heitler-London method is the one that is analogous 
to the Hund-Mulliken method in the theory of molecules, where the one- 
electron function is spread out over the entire crystal. Bloch is the originator 
of the method when applied to solids, and proved the basic theorem which 
is that one of the solutions of the Fock equation (13) is 

^(x) = e*^*«k(x). (15) 

The solution (16) is called a Bloch wave, and the function ^^(x) is periodic 
in the lattice. That is, 


Mk(x + R»') = Wk(x). 


(16) 
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B^ is the vector between the origin (assumed to be at a lattice point) and any 
other lattice point of the crystal. B^ is called a lattice vector. 

Bloch's theorem is in its essence a result of the translational symmetry 
of the crystal. Thus the Hamiltonian for the crystal commutes with all 
the elements of the basic translation group of the crystal. The elements 
of the translation group also commute with each other. The translation 
operators are just those which satisfy the equation 

r,x = x + R,. \ (17) 


Hence, it is possible to choose solutions of the Fock equation which diagonalize 
simultaneously the Hamiltonian and all the translation operators. The 
result of operation on one of these wave functions with any of the translation 
operators must be to multiply the wave function by a constant of absolute 
value 1, We choose to write this constant in a particular way: 

Wx) + (18) 

This way of writing the constant points to the fact that when we operate 
twice with two displacement operators, the result on the wave function is a 
translation by the sum of the two individual translations. The exponential 
form of the constant automatically gives us this result. Equation (18) is 
essentially a definition of k. 

If we multiply P-q. (18) by liken 

^-k *^(x) - e-"‘ ‘*+"r)^k(x 4- R,). (19) 

which shows that = Mit(x) is periodic in the crystal. Hence, 

we can write ^^(x) in the form of Bloch 


^k(x) = e*‘>Mk(x), 

«k(x) = «k(x + R,). 


( 20 ) 


We have introduced in Bloch’s theorem a general solution to the one- 
electron equation which has the form of a modulated plane wave. It is a 
kind of marriage of the solutions of the particles in a box problem with the 
more atomic like functions, Wk(^)* 'v'^hich are centred about the lattice sites, 
R,-. In the tight binding approximation of the next section, we shall take 
precisely this point of view. 

With the introduction of plane waves into the solution, we have also 
introduced the propagation vector k, and there eu-e some important relations 
involving vectors in k-space which are related to the symmetry of the crystal 
that we shall now demonstrate. First of all, we still assume that the crystal 
satisfies the periodic boundary conditions which we explained in connection 
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with the box iHoblem. The wave function must be periodic math 
periodicity L in each of the coordinate directions. Since «ij(x) is already 
periodic in the lattice, the plane wave * must then have the periodicity L, 
and we have the same conditions on the vector k as earlier, namely Eq. (2). 

There is a set of k vectors which are particularly important, called the 
reciprocal vectors. They are defined by the relations 


K,*R, = «,,. (21) 

is an integer which depends on K, and R,. The K vectors are reciprocal 
to the lattice vectors, Rj, and form in k-space a reciprocal lattice to the 
lattice Rj. We shall see the usefulness of the reciprocal vectors in later 
sections. 

The Bloch and Heitler-London methods give rise to two quite different 
solutions to the problem of electrons in a solid. The question arises, in what 
cases should the one or the other be used? The most striking difference 
between the two is that the Bloch method leads to a l>and of levels (the 
next section takes up this question in detail), while the Heitler-London 
method deals primarily with the lowest state of the system. The Bloch 
solutions are themselves running waves, and thus make a discussion of the 
conduction properties of metals simpler With the localized wave functions 
of the Heitler-London method, running waves have to be constructed by 
superposing a large number of excited states; while on the other hand, this 
method is admirably suited to the discussion of an insulator where there 
is a gap between a full and an unfilled band. One can, in principle, construct 
a band of levels by superposing excited states, but the procedure becomes 
very cumbersome, and the results would ’>e equivalent to the Bloch approach 
if enough excited states are introduced We gain further insight into the 
difference between the two methods when we note that when the atoms of 
the solid are far removed from each other, the solution of the problem must 
resemble the solution of free atoms, and hence the Heitler-London solution 
IS most appropriate. However, for very small lattice spacings, the 
Bloch solution is most appropriate becadiie of the large amount of overlap 
between the wave functions. Hence, summing up, Heitler-London solutions 
are used for insulating solids like the ionic crystals, diamond, and the lowest 
level of semiconductors. The Bloch method is used for metals and to discuss 
the empty bands in semiconductors. 

We do not mean to imply that the Heitler-London and Bloch solutions 
are intrinsically different from one another, and indeed it has been shown 
that they are equivalent for closed shblls or filled bands. But they each 
lead to somewhat different physical pictures of the solid and suggest different 
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ways of making further approximations. For example, we may calculate 
the cohesive energy of the NaCl crystal either from the point of view of 
the band theory or the Heitler-London theory. However, the calculations 
and approximations made in the two methods will be quite different, although 
the calculated answer should be the same. 

3. Band Approximation 

In this section, we shall turn our attention ei|clusively to the Bloch 
treatment of a solid and the connected idea of electron bands The physical 
idea of bands has already been given in the introduction to this chapter. 
There are many different ways of demonstrating their properties analytically. 
Perhaps the most popular first demonstration is to use perturbation theory 
on the free electron model. According to this model, one assumes that the 
atoms contribute a small periodic potential to the free electron "box.” 
However, we prefer to do the problem with a method which has a greater 
correspondence with reality, and which shows in some detail the cor- 
respondence between the atom in its free state and in its condensed crystalline 
state. We shall, then, illustrate the original tight binding scheme of Bloch* 
and a simplified version of the cellular method of Wigner and Seitz® suggested 
by Bardeen.’ 

3.1 Tight Binding Method 

In the tight binding method, we again try to use information about 
the solution of the atomic problem to solve the solids problem. In particular, 
let us try to solve the Fock equation (13) using a wave function of the form 

«AkW = (22) 

; 

The sum is taken over all the lattice sites of the crystal. We rewrite (22) 
in the form 

; 

The summation is now obviously penodic in the crystal, because it is not 
changed by the substitution x = x' -f R„ and is thus a Bloch type func- 
tion. We shall assume that the x functions are solutions of the free atom 
wave equation. We write the Fock or Hartree equation in the one-electron 
approximation m the form 




( 24 ) 
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The potential F(x) is the "crystal potential," which we compute either 
according to the Fock or Hartree prescriptions. With the substitution of 
(22), it becomes 








(26) 


We write the Schrodinger equation for the free atom as 


is in effect the ionization energy of the atom. We should have written 
a subscript on x to show which atomic orbital is being used, but we have 
suppressed it for clarity since at any stage, we shall always be concerned 
with only one type of atomic orbital. Finally, Eq. (25) becomes 


(El. - £.) 2" ;e. = ( ^' - >'.) 2 X,- (2«) 

We have used Xj as short for x(^ ~ Rj)- Wc use one of the standard 
tricks of quantum mechanics, and multiply Eq. (26) by Xm> then integrate 
over the variable x. There will be some terms like 

in the result. The essential approximation of the original Bloch tight binding 
method is to neglect these, ^cause if an electron is "tightly bound” to 
an atom it will not overlap appreciably in the solid. However, if we are 
able to construct functions which are linear combinations of the atomic 
functions, and are really orthogonal to '^ne another in the above sense, then 
the integrals will be rigorously zero, while the functions themselves still 
satisfy the free atom Schrodinger equation. This is one of the possible 
modifications of the Bloch tight binding procedure. The other is to retain 
the overlap terms throughout the discussion. For the moment, we simply 
assume that the functions on different lattice sites are orthogonal, either 
because they belong to tightly bound electrons, or are artificially constructed 
orthogonal by some independent method. With these assumptions, the 
equation can .ultimately be written 

= iB. + 2 6*“ *®/“*"*’ 

R. ^ 




( 27 ) 
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Equation (27) gives the electronic energy of the lattice as the atomic binding 
aiergy plus a correction term which is essentially the matrix element of 
the difference between the crystalline and free atom potentials, summed 
over all the lattice sites of the crystal. 

It the electron is tightly or nearly tightly bound, then the term for 
the reference site and those for the nearest neighbors are the most important 
terms of the crystal summation. This approximation gives us the band 
splitting results we seek, and we shall now restriCi^ ourselves to this case. 
Suppose we have a set of atoms all of the same type distributed on a simple 
cubic lattice with lattice constant a. The sum (27) performed over the atom 
at the origin and the nearest shell ^f atoms about the atom at the origin 
becomes 


Ek = £a + ^^0 + 2V'i (cos A* « + cos Ay a + cos A, a), 

(28) 





Fig. 2. A plot of £q (28) along the direction. We have chosen the basic periodicity 
region to extend from * — a to ^ a. Note that the band we have drawn has 
a minimum at A sr 0, which would be true for s functions. The band also corresponds 
to a case of positive binding because the average energy of the band lies below the free 

atom energy, 
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Fo is the matrix element of V* for the atom at the origin, is the same 
quantity for the nearest shell. Equation (28) shows that for each atimiic 
energy level, we can expect a spreading out of the energy eigenvalues of the 
crystal We have sketched the E{k) in the A, direction in Fig. 2, where 
the energy has a minimum at = 0. This is the situation one would expect 
for s type x functions, and corresponds to the potential difference term, 
V being negative (Binding will occur only if F' is negative!) 





Fig 3 Bnlloain's construction in two dimensions for a cubic lattice. The zone 
boundaries are made up of tbe planes which are the perpendicular bisectors of the 
K vectors. The perpendicular bisectors for the first four K vectors around the ongm 
in k-space form a square, which we have cross-hatched horizontally. This first zone 
IS the only one we have discussed, and it is sufficient to limit one's discussion to it; 
however, for some purposes, it is convenient to include higher zones. The construc- 
tion for the second zone proceeds as before, aid is made up of the next region formed 
by the bisecting planes to more distant K vectors. We note that the total area of the 
sectors which make up the second zone is just equal to the area of the fust zone. 

Equation (28) is periodic in k-space, and repeats itself in each of the cells 
defined by the reciprocal vectors of (21). That is, if we add any of the 
reciprocal vectors to a given k, then the energy is unchanged. For this 
reason, one usually only plots the energy in one cell, remembering that it 
is repeated in all others. Hence in our ^ig. 2, we have only drawn the energy 
in the k-space cell en clo sing the origin. Obviously, the way in which ond 
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chooses the shape of t||J0PiKiiundary of the basic cell is quite arbitrary, and 
will be chosen in one^ijl^^ of problem in a slightly different way than in 
another. It is only impojTant to choose a cell which contains a complete 
region of periodicity. 

The construction of Brillouin for a two-dimensional crystal is shown in 
Fig. 3. A complete zone of periodicity is usually called a Brillouin zone. We 
have shown in Fig. 4 two of the more common three-dimensional first 




Fig. 4. (a) The Brillouin zone of the face centered cubic crystal. The lattice of the 
reciprocal vectors is a body centered cubic lattice, (b) The Brillouin zone of the body 
centered cubic lattice. The K vectors form a face centered cubic lattice (J. Reitz). 

/ 

Brillouin zones. We note that the cubic lattice has a cubic zone, while the 
zones for the body centered and face centered lattices are more com- 
plicated. 

There is a further sense in which the division of k-space into zones is 
"complete.” It can be shown, and we leave it as an exercise to the reader 
to demonstrate it in the case of the cubic crystal, that the number of allowed 
A-values in the lowest zone is just equal to the number of atoms in the crystal. 
Since each of the periodicity zones in k-space has the same volume, the 
statement also holds true for all the zones. Thus if we start in each of N 
atoms with a single nondegenerate atomic orbital, then there will be N 
states in each Brillouin zone. Usually, the atomic orbital has spin degeneracy, 
and, for example, the *Sj /2 orbital will lead to 2N levels. 

It is very instructive to compare the energy as a function of k which we 
have just calculated with the energy of N free electrons in a box the size 
of the crystid. The energy of the free electrons is simply E — [h*f2m)k*. 
For small values of k, we can expand (28) to obtain a similar expression 
quadratic in k : 


= £. + Ko -I- - V'l a*k*. 


(29) 
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In order to force the form of (29) to be the same as the expression for free 
electrons, we can define an effective mass m* to be 


m* = 


2a* V'l 


(30) 


One can show that under the action of electric field in the cr 5 ^tal, the 
electrons will actually accelerate as if they possessed the mass tn* (see Eq. 97). 

We note one other characteristic feature. If the energy is expanded 
about one of the cube comers of the Brillouin zone, one also obtains a 
quadratic function in k, but since the curvature of the E{k) function is 
negative there, the effective mass is negative. The “particles” accelerate 
in the opposite direction to which they should in a field. This phenomenon 
is called hole conduction. Instead of looking at the electron behavior, if we 
had noticed that the Brillouin zone is nearly full except for some “holes” in 
the distribution near the top, we could say that these holes appear as positive 
charges in the full band. So instead of saying that the mass is negative, 
it is usual to say that the mobile entities at the top of the band are actually 
the holes in the otherwise full Fermi sea. They behave as if they have a 
positive mass m* and a positive electronic charge. 

At all other points m the Brillouin zone, the curvature of the E{k) func- 
tion is complicated, and a single effective mass is not defined, but will depend 
on the direction of the field. 

The periodicity of the energy function in k-space is not a property which 
is restricted to the present model. We can show quite easily that the 
periodicity and the resultant concept of energy levels interspersed between 
other bands of forbidden regions is du* simply to the Bloch form of the 
solutions, (16). The energy periodicity theorem rests upon the fact that 
two wave functions which differ from each other in their values of k by a 
reciprocal vector, that is, k — k' = K, are essentially equivalent to each 
other. Hence the energy calculated from the one is equal to the energy 
calculated from the other. 

It will be convenient in the demonstration of this theorem and for some 
of our later work as well to write out the equation satisfied by the «|[(x) 
functions. If we substitute the Bloch form of the solution into the Fock 
equation, a simple series of steps leads to the equation we seek, 

feS k8S2\ 

— (F® «k — 2*k • F«k) 4- F«k = ( £^k 

F(i) is the crystalline potential of {he one-electron problem, discussed 
earlier. 
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Assume that we have two wave functions, ^^(x) and such that 

/ .k' X ( 32 ) 

^k' — * **k' 

The vectors k and k' are related by 

k' - k = K. 

With this substitution, the second Eq. (32) becomes 

^k' = *»k']. 

where the quantity in brackets has the form of another «|j function; that 
is, it is periodic in the crystal. The new function, «ij, must hence satisfy 
the same Eq. (31) as the first function (31) does, since it goes with the same 
exponential e'^ *, and is likewise periodic. It must therefore have the same 
value of the energy Eijt), which proves the theorem. 

We have already mentioned that the approximation which makes the 
present form of the tight binding method inapplicable to the usual crystal 
problem is the neglect of the overlap integrals due to the fact that the atomic 
orbitals in actuality extend considerably further than the interatomic 
distance in the solid. There are two ways to remedy the situation' the 
present method could be used, except that terms greater than nearest 
neighbor interactions must be taken in^) account in Eq. (37), and the overlap 
terms must be kept and treated explicitly. The second method, which is 
just equivalent to the first, is to develop a set of functions like the atomic 
orbitals which are centered about specific lattice sites, but constructed m 
such a way that the function centered about one lattice site is rigorously 
orthogonal to those centered about all other sites. (See § 7.1) This extended 
tight binding type of calculation has been applied in an important way to the 
valence electrons of a solid by Slater and Koster.* The method is exceedingly 
tedious to use because the overlap terms add greatly to the complication 
of the numerical work, but with the use of computer machines, the method 
seems to have a future.^® 


3.2 Cellular Method 

We shall now continue our discussion of band structure by developing 
a slightly different point of view of the problem, which was first suggested 

anti in thear paper on the cohesion of metals. The SO-cailed 
c^uiar method proposed by these authors affords a particularly useful 
picture of what happens to the wave functions of the electrons when the 
at(Mns are brought together in the solid. And from this picture, it is easy 
lo see what the basic mechanism of metallic cohesioa is. 
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The basic idea of the method is to pay particular attention to the way 
in which the boundary conditions of the Fock equation for the free atom 
are changed when the atom becomes part of a crystal. Of course, the potential 
of the Fock equation changes somewhat due to the influence of the other 
atoms in the vicinity, but in the case of simple metals like Na, this change 
is not the most important factor. When the atom is placed in the crystal, 
we can draw a polyhedron around it which is representative of the space 
of the crystal allotted to the atom. In a perfect cubic crystal, the cell is 
simply a cube with side equal to the lattice parameter. These cubes with 
the atoms at their centers fill up the space of the lattice. The space filling 
cells of the more complicated lattices are obtained in the real lattice space 
in the same way as the Brillouin zones were constructed in k-space. The 
polyhedron is defined by taking the volume formed by placing i>erpendicular 
bisecting planes on the radius vectors between the atom and its various 
neighbours. The boundary conditions must be specified^ on the boundaries 
of the polyhedrons. 

We now try to solve the Fock equation in the volume of one of these 
cells, and choose our boundary conditions on the boundary of the cell so that 
the wave function of one cell fits smoothly onto the wave function of a 
neighbouring cell. If we remember that the wave function of the solid has 
the Bloch form and that the «ii{x) are periodic between one cell 

and another, we can focus our attention only on the equation for Uj^ in a 
given cell and its boundary conditions on the boundary of that polyhedron. 
The function ifself and iio first derivatives must be continuous on the 
boundary between one cell and the next. 

Let us consider a specific example for the application of the cellulau* 
method Suppose that the valence electrons are s electrons, which is the 
first system to which the method was applied. Then we can replace our 
polyhedra by spheres around the atoms which have the same volume, and 
solve the Fock equation in a sphere. If the wave function is to have a 
continuous first derivative at the boundary, it is then necessary that the 
first derivative tend to zero there. 

The equation for «ij is given in Eq. (31), and we assume that in the first 
approximation, the potential function is just the potential of the ion core 
of the free atom. There is one very simple way of treating this equation, 
and it is to notice that without the term, k • Fu^. the equation has exactly 
the same form as the Schrddinger equation for the free atom. So it is very 
tempting to adopt the perturbation procedure for this term. FerturbafikM 
theory will, of course, only be applicable lor. small values of the* wctot k, 
and for functions which ate reasonably smooth. We note 
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though the Hamiltonijui is the same as for the free atom, the boundary 
conditions are different, and thus the wave functions and eigenvalues will 
be different. 

We shall take up first the change m the wave function. Wigner and 
Seitz have given the numerical solution of the equation for A = 0 in the 
case of the valence electrons of Na for the spherical cell. We have plotted 
this wave function and the one for the free atom for comparison in Fig. 6. 

We note t^at there are two dif- 
ferences between the two wave 
functions. First, the % for the crys- 
tal is a much smoother function, 
and thus has a lower kinetic energy 
than the valence electron of the 
atom. Also, since the is nor- 
malized to the volume of the sphere 
instead of throughout all space, 
the electron density is higher in 
the region near the atom, and 
hence the potential energy of the 
% function is also lower because 
f it is closer to the nucleus and the 
core. (Of course, there is always 
present the compensating effect of the Pauli principle to supply the repulsive 
force.) Thus the average energy of the tty^ function is lower than that of 
the free atom valence wave function. This energy is the seat of the bind- 
ing energy of the metal, and we see that it is due to the change in the 
boundary conditions of the problem when the atom is put into the crystal. 

We have only given a discussion of the equation for ^ = 0, however. 
When k^O, the Hamiltonian is not identical to the free atom Hamiltonian, 
but contains the perturbation term ?k • Vuy^. However, to the extent that 
perturbation theory is applicable we see from (31) that the zero order energy 
for A 7 ^ 0 is related to the energy £* = o equation, 

£» = £*= 0+2^**. (33) 

To the extent that the perturbation can be neglected, Eq. (33) gives us 
a very suggestive interpretation of the results. The excess energy over the 
energy at the bottom of the band of an electron when it has a wave vector k 
is (ft®/2w)A® This is just the kinetic energy of a free electron with the same 
wave vector k. Thus we see in an analytic way the manner in which the 
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Fig. 5. A companson of the func- 
tion (k = 0) for Na with the 
free atom wave function The free 
atom function appears with the 
dotted tail where it diverges from 
the u function 
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electrons of a metal behave approximately as if they were free electrons 
in a box. Indeed, the condition that (33) really is valid for all k is that the 
functions are constant In that case, the perturbation would indeed be 
zero, the total wave function would be simply the running wave c* * 
and the mass would be the free electron mass. The calculations for the 
alkali metals show that the wave function does flatten out to a remarkable 
degree, as depicted in Fig 5 Since the wave function oscillates for small r, 
and becomes essentially constant for larger r, volumewise the function 
IS nearly constant over the cell, and the free electron approximation is 
remarkably good. 

We now complete the picture by including the effect of the perturbation 
term of Eq. (31) We have so far only allowed ourselves to speak of s type 
functions If we still restricted the solutions of (31) to this type, the energy 
to second order in k would still be the same as the free electron result. 
However, the actual solution of (31) should contain functions of higher 
angular momentum Indeed, even the solution for A == 0 should contain 
higher terms, although in the case of the alkali metals, these added terms 
for A == 0 are small and we will continue to neglect them We solve (31) 
with the perturbation expansion 

— 'U'O (34) 

is the unperturbed solution, and we have the equations 

^ p2«o+ F«o = £:o«o. 

I F* + _ k • r'«o- (35) 

If we still assume that «q is an s type function, then the second equation (36) 
shows that must be an odd function in the origin. Since must also 
be periodic from one cell to another, it means that Kj must change sign 
from one cell to another If we replace .»ie polyhedron by the sphere of 
equal volume our boundary condition can be expressed that must disappear 
on the surface of the sphere. The second equation (36) is an inhomogeneous 
differential equation, and a particular solution to it is the function, 

ik • x«o(^)- (36) 

In order to satisfy the boundary condition, we have to add to (36) a solution 
of the homogeneous equation Vi(r) so that 

Ml = *k - X [vj(r) - «9(r)], t»i(r.) = «„(»,). 


(37) 
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Our total wave function is now 

0k = * [«oW + *k * x(*'iW - «oW)] 

= [«oW + «iW]. (38) 

If we compute the average value of the energy with this wave function, we 
have, using our previous notation, 

£ = I («o* + u^*){Ho + 

= ^ «o 

+ I {u* Hft Ui + u* Uff 4- «o* «o) (39) 

+ I (u* Ml + « 1 * ffi «o + «o* ffi «i) dx 

+ j (u* ffi Ml) dx, 


Hi= - 2tk • F. 

The first term is just the free electron approximation given earlier. The 
next three first-order terms are zero because the integrands are odd func- 
tions. The next three terms are quadratic in k; the last is cubic in k, and 
we will neglect it because it is of higher order in the perturbation than the 
other terms. Equation (39) now allows us to write the energy of the electrons 
in the same form as for free electrons, but with an effective mass. The 
effective mass is given in terms of the wave functions above by the equation 


£=^0 + 


ft* 

2m* 


ft* 


m 


= 1 -H ^ j (Ml* -1- Ml* + Mo* H,Ui)dX. 


(40) 


The procedure we have sketched for the cellular method is that due 
to Bardeen,’ and is really only {applicable to the alkali metals, where the 
perturbation theory is valid. An important feature of the theory is the 
inclusion of the higher angular momentum wave functions. Mj turns out to 
be essentially a p function. The presence of wave functions of the higher 
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bands is important in other ways. The alkaline earths, in their atomic 
configuration, have two s electrons, and if in the solid, there were no mixture 
with the p band, we would expect them to be insulators. Such is not the 
case, and further, we have experimental verification from X-ray evidence 
that the Ca electrons have a strong intermixture of p functions. 

We shall not trace out in detail any further attempts to extract the wave 
function of the solid from the theory. Beyond the rather general discussion 
we have given up till now, most progress has been made by restricting the 
work to some particular direction in k-space. To work out the energy or 
wave function for any value of the k vector is a formidable task, as we have 
seen. However, if one chooses the value of k to lie in a highly symmetric 
direction of the crystal, then the labour of construction of the wave func- 
tion is greatly lessened by bringing into play the theorems of group theory, 
which restrict drastically the family of possible functions which can be used 
for solutions of the Schrodinger equation. We do not havf the space to enter 
here into a discussion of this subject, but refer the reader to the article 
by Slater® in the Handbuch der Physik. 

3.3 Solid Types on the Basis of Band Theory 

In the rest of this section, we shall turn to a short discussion of some 
of the results of the theoretical work, and make some general comments 
about the types of band structures found and the consequences of these 
structures for some of the prc| -rties of solids. 

One can make an attempt to classify the solids into broad types or 
categories. Exactly what the categones are, and which solids are included 
in one and which in another depends on considerable subjective judgment, 
and the point of view of the general discussion. It perhaps fits best into our 
discussion to make the classification on the basis of the forces which hold 
the solid together. There will be many borderline cases where the dividmg 
line is difficult to draw, because in most materials, the total cohesive energy 
is actually made up of several different rontributions. Nevertheless, with 
this essential ambiguity in mind, we shall list four types: (1) covalent 
crystals, (2) ionic crystals, (3) metals, and (4) molecular crystals, 

3.3 I Covalent Crystals 

The prototype of this class is the diamond crystal. The number of 
nearest neighbors is usually related to the valence. For example, in diamond, 
the nearest neighbor shell forms a tetrahedron about the reference atom, 
while the valence of carbon is four. Qualitatively, the bond in this case 
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is the same type of bond as is met in molecular binding, and the cohesive 
energy per atom is of the order of the binding of the carbon atom in saturated 
molecules. As soUds, these cohesive energies are high, compared with the other 
types. The highest band containing electrons is completely full, with no 
overlap with other bands. Hence, the cr 5 rstals are either insulators or 



Fig. 6 . The diamond lattice. The figure shows the tetrahedral arrangement of nearest 
neighbors, and also that the lattice is ba^cally two faced centred lattices displaced 
from one another along the body diagonal (W Shockley) 

semiconductors. An intrinsic semiconductor is a covalent crystal in which the 
separation between the filled band and the next excited band is small enough 
for thermal fluctuations to throw an appreciable number of electrons into 
the excited band at ordinary temperatures Germanium is such a crystal 
A very intensive study has recently been made of some of the covalent crystals 
because of the tremendous practical application of the semiconductors 
We shall describe some of the results because they show very beautiful 
examples of what one can expect from band theory in cases which are 
somewhat more complicated than the alkali metals 

We have plotted in Fig. 7 the results of two papers on the band structure 
of diamond. The end points of the curves were calculated by Herman^® 
using the orthogonalized plane wave method which is a method of calculating 
band structure which we have not discussed, but is one of the more powerful 
modem techniques which have been developed. These points have about 
as much accuracy as one is able to attain in band calculations. The curves 
in between them were found by Slater and Koster* with the extension 
of the tight binding method which we have already treated. 
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We remember that there are four valence electrons in carbon, two 2s 
electrons and two 2/>. At A = 0, the two states and Tg arise from the 
two 2s states, and each state has room for one electron each. The and F^ 
are states which arise from the 2p 
states of the atom, and each is triply 
degenerate, containing room for three 
electrons per atom. The symmetry 
of the state at k = 0 in k-space is 
considerably different from the sym- 
metry along either the (100) or (111) 
directions, so one expects that the 
mixture of the atomic-like states will 
change as one progresses away from 
the origin. In fact, such is the case, 
and the various s and p states be- 
come considerably mixed from the 
simple k — 0 situation we have de- 
scribed. Of course, on a given curve, 
the degeneracy cannot change from 
the degeneracies we have quoted 
at k = 0, except where the curves 
cross. 

We have cross-hatched what one would call the forbidden band in the 
figure. In this figure, we have only shown the energy as a function of k 
for two directions in k-space. Complete knowledge of the energy surfaces 
would include the region between these two directions; however, it is 
reasonable to suppose that the E(k) function in this unknown region holds 
no particular surprises. 

There are several important features of the energy bands to be seen in 
this work. The first is that diamond is an insulator The two lower curves 
supply just four energy states per atom, with a gap separating them from 
the upper valence band containing the remaining four states of the original 
atomic degenerate levels. An older work by Kimball^^ applied the cellular 
calculations to diamond, and shows how the splitting necessary to make 
diamond an insulator comes about. As the carbon atoms move closer 
together from a great distance, the s and p levels split and overlap. At 
a certain point, the lower states become a mixture of one 2s tod three 2p 
states, just as we have seen in the detailed work of Herman and Slater and 
Koster. The second interesting feature of the work is that the "valence’ 
band” or first empty band does not have its minimum value at the or^g|in 
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Fig. 7. The band structure of 
diamond E(A) is plotted in both 
the (100) and (111) directions of 
the crystal (H. Y. Fan). 
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it J«S been 'known tor some time that P bands are mverted. That ts. tie 
msximum energy of the band is st k = 0 and the nininium energy is at ^nu*- 
It is not difficult to understand this result from the tight binding discussion 
which we have already given.® However, in the case of diamond, the 
minimum is not in a special place along the (100) direction, but occurs 
somewhere between the minimum and maximum Value of k. 

The last point of interest in Fig. 7 is that the energy surfaces about 
the minimum point in the valence band need not be spherical. Indeed, in 
the similar case of Ge, the surfaces have a definite ellipsoidal character, 
and any electrons excited into the empty band have an effective mass which 
depends on their direction of propagation in k-space. 
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Fig. 8. The band separation in diamond, 
plotted as a function of lattice spacing 
The figure shows how the s and p func- 
tions of the free atoms, which have room 
for 8 valence electrons, split apart for 
small lattice parameter into two groups 
The lower group has room for just 4 elec- 
trons per atom (G. Kimball) 


The general qualitative features of the diamond band structure are 
repeated in the cases of the other materials having diamond crystal structure. 
And in fact, this statement of similanty is true for all structures. Since the 
symmetry of the crystal is of supreme importance for the qualitative 
structure of the bands, it is found that as the potential function is changed 
by going to a different type of atom, only the magnitude of the band gaps, 
etc., are changed. For example, in the case of Ge, the forbidden band is 
very narrow compared to that of diamond, but otherwise the general picture 
of the bands is unchanged. 


3.3.2 Ionic Crystals 

The ionic cr 3 rstals are made up of two or more different atoms, and 
the atoms of the crystal become nearly or completely ionized. Actually, 
the ionization of the constituent atoms of any crystal with more than 
one type of atom is more widespread than mie generally realizes. For instance, 
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ev&i in a metal alloy, there is some degree of ionization of the aton^i but 
the ionization does not proceed so far in this case as to destroy the essential 
metallic character of the mixture. In general, the good ionic crystals occur 
between elements which are far separated from each other in the elec- 
tromotive series. Then the high chemical affinity of one of the constituent 
atoms for the valence electrons of the other overcomes the tendency of the 
mixture to become metallic. 



NaCl is an almost perfect ionic crystal. It satisfies tfie condition concern- 
ing the relative chemical affinity of the two atoms. The binding force is 
simply the electrostatic force between the ions. A positive ion surrounds 
itself with nearest neighbors of the opposite charge, with other positive 
ions farther away, and the lattice constant is determined by the balance 
between the attractive coulomb force and the repulsive force of the closed 
shells of the ions. The band structure of NaCl is one of the simplest. It 
is obviously an insulator because the electrons are tightly bound to the 
ions, so there is a large gap >etween the highest filled band and the next 
(empty) band. It is in this type of material that the Heitler-London method 
has been applied with considerable su.'cess. The difficulty from the non- 
orthogonality of the wave functions un different atoms mentioned in the 
discussion of this method is not too bad in the case of the ionic crystals. 
The closed shells keep the overlap from becoming large because of the veiy 
sharp repulsion due to the Pauli principle. The Heitler-London method, 
of course, does not give the band structure, but does give the energy of the 
crystal, since one deals with the lowest nergy wave function in this case. 
However, one can calculate the cohesive energy, compressibility and the 
lattice constants by this method. 

The band structure of several of the ionic crystals has been calculated 
by means of the cellular and tight binding approximations, with varsdng 
degrees of success, 

3.3.3 Metals 

We have already outlined the results for the a lk al i metal, Na. On^ 
of the most interesting problems for the metals is to calculate the cohesive 
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energy from first principles, because the cohesive energy is so intiinately 
related to the details of the wave function of the valence electrons.^* Some 
degree of success has been attained for the simpler metals, but only after 
considerable labor. In addition to the calculation of the one-electron energies, 
it is necessary to include a correction due to the correlation forces. This 
correction is of course difficult to estimate, and is one of the more important 
reasons for the error when the calculated value is compared with the exper- 
imental one. The values of the cohesive energy for ♦he metals are generally 
not as high as for the covalent and ionic crystals. 

From many points of view, the most interesting metals are the transi- 
tion metals, especially the ferro- or antiferromagnets. In the transition 
metals, the d and s shells are very close to one another in the free atoms, 
and a similar situation prevails in the crystalline solid. The band structures 
for all these metals are characterized by an overlap of the bands cor- 
responding to the d and s atomic levels. All the evidence points to a relatively 
narrow and densly populated band due to the d electrons. Hence, these 
electrons do not contribute appreciably to the electrical conductivity of 
the metal because of their very high effective mass. The s band, on the 
other hand, is quite broad, with an electron mass approaching the free mass. 
The conduction electrons, then, are essentially the s electrons, but they 
are highly scattered by holes at the top^of the d band, which fact leads to the 
relatively high resistivity of these metals. However, the d electrons do 
contribute to the cohesive energy in a positive way, and are responsible for 
the relatively high cohesive energy of metals like tungsten. 

The ferromagnetic properties of the transition metals must still be 
labelled essentially not understood except in a very rough qualitative way. 
One of the early attempts^® to understand the existence of ferromagnetism 
suggested that the Heitler-London method could be applied to the d shell 
because it was very narrow. However, this theory predicts that the spin 
moment per atom must be an integral number of Bohr magnetons. Actually, 
the moment is not integral, but is a fractional number of electron spins per 
atom. This result points to an intimate interaction between the s and d 
bands, and shows that some form of the Bloch theory must be applied to 
the s — d band mixture. So far, the complexity of the transition metals is 
great enough that the theory has not progressed very far. 

3.3.4 Molecular Crystals 

In the molecular crystal, molecules are bound together by the van der 
Waals force, leaving the electronic structure o4 the molecules essentially 
unchanged in the solid. The cohesive energy in this case is the weakest of 
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the four catagories, being in the case of He only a fraction of an electron volt 
per atom. The very loose configuration of the molecular crystals does not 
split the molecular levels enough to form conventional bands, and the 
techniques we have been describing in this chapter are not necessary in 
this case. 


4. Correlation Problems 


We have already pointed out how in the one-electron theory we have 
made a fundamental approximation which changes the character of the 
Schrodinger problem of the solid. We have assumed that the effective poten- 
tial of an electron at any given point of the crystal is averaged over the 
motion of all the other electrons. This potential energy does not contain 
the instantaneous positions of the other electrons. This procedure was the 
most obvious way to separate the SchrSdinger equjition, and make it 
amenable to practical calculations. However, as we pointed out earlier, 
in doing this, we have replaced the many-body problem by a one-body 
problem. 

Historically, there is one many-body problem which has been solved, 
albeit by numerical methods. This is the helium atom. The solution in this 
case has given a value of the energy which is in agreement with the exper- 
imental value of the ionization energy of He within the experimental accuracy 
of the measurement. The wave function obtained possesses a very strong 
correlation between the instantaneous positions of the electrons, which 
lowers the energy of the system by keeping the electrons separated from 
each other. That is to say, there is a "hole” in the charge distribution of 
the second electron in the immediate vicinity of the first. The primary 
result of any theory of the many body interaction must then be to introduce 
the correlation hole. 

There is one type of correlation which is introduced into the wave func- 
tion when the Pauli principle is imposed on the system by making the wave 
function a Slater determinant. Let us take two electrons (without spin) 
in the two lowest states in a one-dimensional box of unit length. Using the 
pieriodic boundary conditions, the wave function is 


¥"( 1 . 2 ) 


jL Igimxt _ 

1/2 


(41) 


If we assume that one electron is at the origin, then the probability distribu- 
ti<Hi of the other is given by 

W*{xl =r 0, = 0. Xg) 2 sin* (42) 
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(4^) shows that the probability distribution of the second electron is Wrongly 
peaked in the middle of the box. Hence the Pauli exclusion principle 
forces the second electron out of the vicinity of the first, and produces 
a "Fermi hole” in the wave function. This correlation has nothing to do 
with the Coulomb repulsion between the two electrons. Nevertheless, it 
does serve to lower the total energy of the system by reducing the average 
Coulomb energy between the two electrons over that qf the simple product 
function, W{1.2) = ^(1)^(2). 

The result for the two electrons shows that if one electron is at the comer, 
the other essentially inhabits the middle of the "box.” The three-dimen- 
sional, N-electron case is a little more complicated, but the results are still 
almost the same. Wigner and Seitz® showed, if one has N free electrons in 
a certain volume V, that the probability function for electron number 2 
when electron 1 is at the origin, averaged over the wave functions of all 
the other electrons, has the same character. Namely, there is a volume 
around the first electron of size VjN within which a second electron is 
excluded, but its probability outside the volume rises asymptotically to a 
uniform value, 1/F. 

Obviously, with the introduction of the Pauli principle, we have come 
close to solving half the problem, because the Pauli principle digs its own 
hole which is not too far different from the hole which includes the Coulomb 
potential. At least the energy of the system with the Pauli hole is not far 
different from that with the correct wave function, although, of course, we 
do not in fact solve the »-body problem by simply including the Pauli 
correlation. However, for two electrons which have different spin, there 
is no Pauli principle correlation at all, and it is for this part of the problem 
that we need an estimate of the correlation energy. 


4.1 Perturbation Treatment 

One might attempt the »-body problem by trying to use the results of 
the one-electron theory as the basds for a perturbation theory treatment 
with the interparticle Coulomb interaction as the perturbing Hamiltonian: 


H' = 




V 


r.' 


(48) 


One would not offhand expect this perturbation to be a small one since the 
valence electrons are as close to each other as they are to the ions of the 
solid. However, as we shall see, there is a still more important failure. The 
poturbation theory has a peculiar divergence in second order. 
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Let us again treat the two free particles problem, because the results 
will provide us with insight into the n-particle problem. The three-dimen- 
sional lowest state Hartree-Fock wave function (again neglecting spin) for 
a cube of unit length is 

^o(l .2) = ■ *•) ; (44) 

kx = 2JI, ky =0, kt = 0. 


We shall now compute the perturbation to the energy of the system in the 
ground state in the second order. The first-order correction is straightforward 
and leads to the usual Coulomb and exchange energy terms. The second 
order energy correction is 



in which is the matrix element between the ground state (44) and the 
excited state, 

Wn{l,2) = [exp 0(k, • Xi -f- k, • x^)} - exp {i(k, • Xj + k, • Xg))]. (46) 

The energy of (46) is given by 

En=~{k^.+k]). (47) 


We shall now compute the matrix element. When we make the change 
of variable x^ = (r^ + Ti)l]/2 and Xj = (Fj — ri)/]/2. we have 



With the introduction of sphericaJ coordinates in space, we have 


Hon == 27te^ j dT 2 exp (tH • r^) j A dr^ d{cos 0) 

[exp {ikr^ cos S) — exp {iyr^ cos 0)], 

x=(k, + k,-k,)/f2; («) 

A=|k,-k,-k,|/i^ 
y-|k,-k, + k,l/l/2. 
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At this point, we shall manipulate our integrals as if the size of our 
box were infinite, even though we have normalized our wave functions to 
unit volume. The justification is that if a limit exists for the infinite integral, 
the integrals will be independent of the size of the box for a sufficiently 
large box. The integrals as they stand would be very difficult to do for a 
finite box, and would introduce surface effects which we would like to 
eliminate. We shall find, however, that the integrals are not independent 
of the size of the box, and shall return to the meanii% of the results in a 
later paragraph. 

The integration over dt^ in (49) yields a delta function, and is the 
expression of the conservation of momentum. After integration over the 
angle 6, vfe finally have 

= (60) 


The integration in (50) is seen to be slightly pathological, but does possess 
a limit. If we multiply the integrand by and take the limit a ->0, 
we obtain 

H'on = S2n*e^d{H){~--^ (61) 

When we substitute this result in the formula for the second-order energy 
correction, we obtain, using the conservation of momentum. 




(jk. 

J Aj(k,-ki)*(Af-k.-kj 


(62) 


This integral has a very bad singularity at the origin of k-space, where the 
integral may be written as 



dk 


(63) 


The lower limit of integration in k-space is of course finite for the finite box, 
because we ax€ really performing a summation over the points of the recip- 
rocal lattice in k-space, and that sunuaation is always a discrete and finite 
sum, not an integration. However, the lower limit is dependent on the 
size of the box in a very peculiar and tuiphysical way, and by taking the 
box large enough, we can make the contribution from this term as large 
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as we please. (Note that (52) is still correct for a box of any size ev^ with 
proper normahzation of the wave functions.) Essentially, we are involved 
in an infrared catastrophy. Due to the long range nature of the coulomb 
interaction, it is possible to run into trouble with scatterings between electrons 
which are far apart in which very small changes of momentum are involved. 
A similar difficulty arises in the solid when N electrons are put into the box. 
However, the singularity there is only logarithmic, instead of third power 
at the origin. This change is due to the fact that only a small fraction of 
the electrons can interact with small momentum transfers, namely those 
on the Fermi surface, and they must interact through intermediate states 
which satisfy the Pauli principle. 

Physically, we know of course that no such singularity occurs in the 
energy of N electrons in a box, and something very basic is wrong with our 
description of the system. The thing which is wrong, of course, is that the 
electrons are not really free — we have not used a very sensible zero-order 
description of the »-particle system. Or, if we do use this description, great 
care must be used in summing the perturbation series with its singularities. 
There is an extreme sensitivity of the system to the motion of even one 
electron; that is, when we displace one electron from its initial position; 
the entire system reacts in a gross way due to the long range nature of the 
force field. We are thus reminded that the «-electron system is more like 
a bowl of jelly than a nebulous gas. A more qualitative description of the 
actual behavior of the w-electron system follows. 

4.2 Plasma Oscillations and Coulomb Screening 

There are two important aspects cf the electron gas which are rather 
surprising from the point of view of the free electron picture, and which are 
very difficult to demonstrate on that model. One is that the “rigidity" 
of the system due to the long range nature of the forces leads to a spectrum 
of oscillations which can be excited. These oscillations are entirely analogQus 
to the oscillations which have already been observed for a long time in plasftia 
discharges in evacuated tubes, and for this reason are called plasma oscilla- 
tions in the case of the electrons also. The second, and for us the more impor- 
tant, property is that the electron gas does not actually behave, when an 
extra charge is introduced, as if every electron in the system interacts with 
the extra charge. Instead, the electrons in the immediate vicinity of the 
extra charge screen out the field of the charge, and the effective potential 
within the metal of the extra charge plus the polarization furnished by the- 
neighboring charges amounts to a Yukawa-like screened coulomb field. 
There is of course notlung special about an extra diaige, and the same 
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Statement concerning the screening can be made about the electronic sdf- 
interaction itself, when the effects of the neighbouring electrons are accounted 
for. The screening and polarization effects are simply another way of 
describing the "Coulomb hole" we spoke of earlier. 

These two properties of the electron gas are difficult to demonstrate in 
a rigorous way. Bohm and Pines* have adopted a treatment, which by 
means of a canonical transformation on the Hamiltc^ian and wave func- 
tions, brings in a set of variables which describe the' collective motion of 
the system. The collective motion is just that which describes the way in 
which the entire system tends to react to a charge imbalance, and is 
responsible for the plasma oscillations. It is a beautiful feature of this 
treatment that a characteristic length comes up in a natural way, and 
corresponds to a breakdown in the collective mode of behaviour. In other 
words, at distances shorter than a characteristic length, the electrons behave 
like single particles, while at greater distances than this, the individual 
potentials of the electrons become screened out, and the system interacts 
in a more rigid or collective way. 

An independent treatment of the problem is perhaps more attractive, 
but less physically pictorial, and is represented in the work of Gell-Mann 
and Bruckner.** This method is to adopt seriously the perturbation expansion 
point of view of the first part of this section, but to sum the peiturbation 
series in a complete way and include all the higher order scattering processes 
which are important. It is accurate for high electron densities. 

We shall adopt here a definitely less satisfactory, and less complete 
treatment than those quoted above. The reader is referred to the excellent 
review article by Pines in the "Solid State Physics" series** for further 
discussion, and, indeed, we shall use his point of view in the following. 

Let us suppose that we have an electron gas and that the charge of the 
diectrons is compensated by a uniform distribution of positive charge. On 
the average, the potential at any given point is zero. However, let us 
introduce an extra charge, q, at the origin and hold it fixed there. There 
is a redistribution in the electron distribution in the vicinity of the origin. 
Let us suppose that the number of electrons at any given point is given by 
the Fermi-Thomas solution, that is, the electron distribution is governed 
by statistical laws in the vicinity of the extra charge. In the presence of a 
potential which does not change appreciably over a space containing several 
dectrons, we can write the local Fermi (kinetic) energy as equal to 

Et{x) = £,-}- eV{x). (64) 

where is the Fermi energy in a region where the potential F(x) is zero. 
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In writing (64), we have assumed that the total energy of an electron at the 
top of the Fermi distribution must be the same throughout the solid. Then, 
according to the formulas for free electrons in the first section of this chapter, 
we can write the local density of electrons as 


ft(x) 


[2m(E,-heV(x))]»/‘ 


( 66 ) 


The change in the electronic charge density due to the presence of the extra 
charge at the origin, and which causes the potential V, is then 


e [«(x) - no] = ^ c* V. (66) 

We have calculated the local density in terms of the potential F(x), 
which includes the potential of the charge at the origin and the additional 
potential due to the redistribution of the neighbouring^ electrons. On the 
other hand, classically, the potential is governed by the laws of electro- 
magnetism, so we can write Poisson’s equation for the potential V, 


V(x) = ^nq - e^V 
El 


(67) 


The solution to this equation is 


V{r) 




xU 


E, 




1/2 


( 68 ) 


The discussion we have just given is a modification to the Debye-Huckel 
theory of electrolytes, where we have used the Fermi statistics instead of 
Boltzmann statistics. However, the results are the same: we have found 
that the neighbouring electrons act to screen the effects of an additional 
charge held fixed at the origin. The screening length. A, is the Debye length 
for the electrons and is a measure of the distance over which the individual 
potential of any one electron is noticeable. In the theory of Bohm and 
Pines, it forms the short wavelength limit of the plasma oscillations. Over 
distances larger than this length, the electrons behave collectively. 

We shall now give a derivation of the frequency of the plasma oscilla- 
tions, and show that the frequency corresponds to a larger energy than the 
Fermi energy. Hence the existence of the plasma oscillations is imp<Htant 
only for outside excitations of the electrons; for example, these oscillations 
are excited by energetic bombarding 'particles, and can be observed as 
structure in the absorption spectrum for such particles. 
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Suppose that we take a slab of electrons and displace them rigidly a 
distance x perpendicular to the face of the slab. If the slab is also of thickness 
X, it is then attracted to the hole which is left with a force which is simply 
the force between two condenser plates, and we have 

/ = mx = — 47tWQ e* x. (69) 

The slab undergoes vibrations of frequency 

to = y43rnQe®/w, (00) 

which is the plasma frequency. When the appropriate numbers are sub- 
stituted in (60), the excitation energy of the first plasma excited state is 
found to be greater than the Fermi energy for all metals, which shows that 
a considerable energy is required to excite one of the plasma oscillations, 
and the ground state of the solid is undisturbed by them. Hence, from the 
viewpoint of the theory of the solid, the most important result of this work 
is the screening effect, which shows that one does not really have to worry 
about the long range nature of the force field and its resultant divergencies 
when calculating the wave function. When calculating the detailed electron- 
electron interaction in the solid, which we have averaged over m the electron 
theory of the last section, it is necessary only to use the screened coulomb 
interaction, which does in fact lead to a small correction term instead of 
the large one we feared earlier. 


5. Lattice Vibrations 

In the previous sections, we have either assumed that the underlying 
lattice was either a smoothly distributed positive charge (free electron 
theory), or that the atoms and ions were rigidly fixed in space on some sort 
of space lattice. However, the forces holding the lattice together are not 
capable of holding the atoms rigidly on their lattice, and indeed, we shall 
see that even when all possible vibration excitation is removed from the 
lattice, there is a zero-point residue related to the Heisenberg uncertainty 
principle. 

The effective attractive forces between the atoms of a solid can arise 
in a multitude of ways, as we have already discussed. In an ionic crystal, 
they are the coulomb fields of the ions; in a metal, the cohesive force is 
due to the free electrons themselves; and in the covalent solid, the force 
is the covalent bond. When the atoms approach too close to one another, 
other forces, which are perhaps best described as due to the Pauli exculsion 
ixindple, come into play, and act to prevent the inner cores of atmns from 
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overlapping. The repulsive force is usually very sharp and of short range, 
while the attractive force is softer and longer ranging. Thus the potent!^ 
energy of the crystal, plotted in the 3iV-dimensional configuration space of 
the crystal, is a generalized super Morse potential, with a minimum at the 
measured value of the lattice constant, where the repulsive and attractive 
forces balance each other. 

Since the potential has a minimum value, we can expand it in a Taylor's 
expansion about the minimum, and the first nonzero terms in the expansion 
are quadratic. If we keep only the quadratic terms, the crystal becomes 
a system of harmonic oscillators, whose description we shall give in later 
paragraphs. However, we must remember that the higher terms in the 
expansion do exist, and are important for various reasons. Obviously they 
must exist in all solids, because there is no physical system in which the 
force is Hookean as the distance increases indefinitely. Hence, as the vibration 
amplitude increases, we can expect that the anharmonic terms will increase 
in importance. One of the properties of an oscillator with cubic terms in 
the potential is that the equilibrium position of the oscillator shifts as the 
amplitude changes. This phenomenon is the cause of the thermal expansion 
of a solid, and a measure of the thermal expansion gives a direct indication 
of the size of the neglected terms. It has even been suggested that the 
melting point of a solid might be due to the existence of a singularity in 
the mathematical solutions of the composite anharmonic oscillator. The 
anharmonic terms are also the cause of the heat conductivity of crystals, or 
rather of their resistivity, since without the anharmonic terms, the con- 
ductivity of insulators becomes very large. 

In this section, we shall only derive the fundamental equations of the 
vibrating solid, and we refer the reader to the excellent works of Peierls,“ 
and Bom and Hueuig“ for further discussion. 

The most general quadratic expression for the potential energy of a 
crystal with atoms of equal mass, »*,, and one atom per unit cell is 

= (61) 

•.» 

Here AuX^ is the force vector on atom 2 when atom 1 is displaced a distance 
Xj. By xAx is meant the dot product between the second rank tensor A and 
the two vectors x and y. This tensor product is then summed over aU the 
atom pairs of the crystal, x, is the displacement in a cartesian coordinate 
system of the atom at lattice position i. Note that the indices i, j in (61) 
are not the tensor indices, which we have suppresed. The lattice point at 
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(' will also be called R,, in accord with our earlier notation. The kinetic 
energy of the lattice is then 


We shall now try to find the normal coordinates of the vibration problem. 
Our kinetic and potential energies are quadratic forties in the x*s and i’s, 
and, according to a theorem,*® they can both be diagonalized by the same 
coordinate transformation. The new coordinates are the normal coordinates 
of the system. Also, since the kinetic energy is already diagonalized, it 
will not change its form in the normal coordinate formulation, while the 
eigenvalues of the diagonalized potential energy are the frequencies of 
vibration. In the normal coordinate form, the kinetic and potential energies 
are then 


V = -^Nm^2J(o^k)q^k). (63) 

k 

The vector k labels the normal coordinates as i did the original coordinates. 
There are 3N of them. We shall try to solve the problem with a system of 
normal coordinates which are running waves in the lattice. Physically, 
this is a very reasonable solution, because we know that the meaning of the 
normal coordinate is that it is a mode of vibration in which the entire system 
vibrates with a fixed frequency, and a sound wave in a continuous medium 
is just such a mode. It is to be expected that the discrete lattice will not 
differ from the continuous one in the limit of long waves. The solution we 
try is 


x. = ^q{k,A,0 

k,A 

q(A,A,0 =s ?(k,A,/) e(k,A). (64) 

(64) is a general solution, and is made up of a superposition of the running 
waves e(k,A)«*^*‘ The q(k,A,^) vector has the form e(k,A)^(k,A,^) and e 
is a unit vector which describes the polarization direction of the particular 
vibration mode. Note that we have introduced into (64) a new index. A, 
separate from the k vectors. The A labels the polarization vectors. If we 
have an elastic wave exp (ik • r) in a continuous solid, the polarization of 
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the wave is described by the decomposition of the wave with respect to 
three orthogonal unit vectors, two of which represent transverse waves, 
and one of which represents a longitudinal wave. Thus to a given value of k, 
we have three degrees of freedom represented by the three different polariza- 
tion possibilities. We assume that these results can be taken over into the 
solution of the normal coordinate problem. For a given k vector, we assume 
there are three separate values of A which correspond to three directions 
of polarization. For the moment, we shall not specify the directions of these 
vectors, but only assert there are three of them, and that they preserve 
the property of normal coordinates in that they are orthogonal to each other. 
In the continuous solid, the transverse waves have a different velocity than 
the longitudinal waves. The same will be true for the normal coordmates, 
and to(k) will in general be different for different e vectors. Occasionally, 
when the meaning is obvious, we shall drop the index A and the sum over 
the piolanzation vectors, and remember that in any sum over k, each k is 
threefold degenerate and that sums over k are also sums over the different 
polarization vectors We shall proceed by showing that the choice of solution, 
(64) does indeed diagonalize the potential energy without changing the 
form of the kinetic energy 

Before going further with our discussion of the diagonalization, however, 
we need a result concerning lattice sums which is called the completeness 
relation. The theorem is 


K- (66) 

The sum is over all the lattice points, R,, and the k vectors are the k vectors 
of the Born von Karman boundary conditions. Suppose we displace the 
crystal by a lattice vector, R,. Then the entire sum is multiplied by the term 
g»k R, other hand, the sum is not really changed, since we have 

only relabelled the lattice sites by our displacement. Hence, the sum must 
either be zero, or the phase k • R, must be a multiple of 2n, that is, k must 
be a reciprocal lattice vector, K. On the other hand, if k is such a reciprocal 
lattice vector, the sum yields the number of lattice points, N. The reader 
will note the similarity of (65) to the Fourier representation of the delta 
function. 

At this point, we shall take notice of another fundamental relationship. 
We have already said that the normal coordinates should correspond to the 
sound waves in a continuous medium, ftence the usual boundary conditions 
at the surface should still be satisfied by our normal coordinate vibraticms. 
We shall again use the Bom-von Kirmin boundary conditions, and leqnke 



m 


R. M. THOMSON 


that the waves repeat themselves with a fundamental cube which contains 
N atoms. This requirement is exactly the same one that we have seen before 
for the k vectors of the Bloch functions, and the allowed k vectors of the Bloch 
functions are precisely the same ones which we shall use for our normal 
coordinates. We also said that the number of k vectors in the first B-zone 
of k space is just equal to the number of atoms, N. Since we must have only 
as many normal coordinates as we had original i^oordinates, x^, whose 
number is ZN, we have in the first B-zone a very convenient choice for the 
region of k-space we shall allow in picking the normal coordinates of the 
system. (We have assumed that for each vector k, there are 3 separate 
polarization directions so that the total number of normal modes is the 
required ZN.) There is just one reciprocal lattice vector in the first zone, 
namely the origin. Hence in (66), the Kronecker delta should be written 
dj, Q or A = 0, and (65) becomes 

^e‘>‘“; = JVdk,o- (66) 

We can now write the kinetic energy as 

T = <) exp [*■»; • (k + k')]- (67) 

1 k,k' 

With the help of (66), the sum over the index (;) can be carried out, and 

7'=^2rq*(M-q(M- (68) 

k 

which shows that the kinetic energy is still diagonal. In (68), we have used 
the fact that j*(k,/) = q{— k,<), which we know because in (64), x, is real. 
The summation over the polarization indices. A, in (67) leads to no cross 
terms in (68), because of the assumed orthogonality of the three polarization 
vectors for a given k. 

The potential energy becomes 

Y = i 2^2^ q(k,<)A„ q(k',0 exp [t(k • B. + k • R,)]. (69) 

♦.> k,k' 

In this expression, we have the matrix 

^ At, exp [i(k • R, + k' • R,)]. 


(70) 
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This double sum can be simplified by realizing that the force tensor or matrix, 
A,,, is invariant under a primitive translation of the lattice. That is, A,, is 
only a function of the relative distance between two atoms, because all the 
atoms of the crystal are equivalent. The sum over all the pairs of the crystal, 
(70), then, can be written in the form of a sum over the lattice, (t), and a 
second sum over the difference vectors of the lattice, (Rj — R, — R,)- 


^ At exp [t(Rj 4- R.) • k' 4 - t'R, • k] 


(71) 




== ^\,exp(tR/ •k')|^exp [tR, • (k' 4- k)] = N6v'+\i,o ^ Ai exp (tk' -R,). 


The potential energy now becomes 


V = ^N 2^' e(k,A) 2! A/ exp (tk -R,) e(k,A)| |q(k,A.0r 


(72) 


Except for the quantity in the braces, the potential energy is diagonalized. 
However, the matrix A mixes up the polarization vectors together, and 
(72) is not a simple sum of squares so far as the polarization vectors are 
concerned. We can remedy the situation, however, by carrying out a separate 
diagonalization process, for each vector k, of the quadratic form in the braces. 
Or, the problem can be written uxthe slightly more familiar eigenvector form 

l^2J A, exp (- ik • R,) j e(k.A) = e(k,A). (73) 


The eigenvector solutions, e(k,A), determine the directions of the polariza- 
tion vectors which we left unspecified in (64); and the eigenvalues, <(>(k,A), 
are the frequencies of the normal coordinates. The rank of the matrix A, 
is 3, and the eigenvalues for a given k are the solutions of the determinant 


2’a I exp (tk • Rj) — U 


<u*(k) 

N 


= 0 . 


(74) 


U is the unit matrix. There are just three solutions, corresponding to the 
three independent polarization directions possible. Since the eigenvector 
solutions of (73) are orthogonal to one another, we see that our assumption 
that three mutually orthogonal polarization vectors exist for each k is 
consistent. Two of the waves will be transverse, and one will be longitudinal 
for long waves, although we shall not prove this statement. 
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In order to be complete, we shall note the time dependoice of q(k,/). 
Suppose that we only excite one of the normal vibrations for a given k. 
Then the total energy is 

r+F=^^(|j|» + a,«|,|!). (75) 

This is the energy of a single harmonic oscillator, and 

q = ac’"*. (76) 

5.1 Phonons 

Our discussion thus far in this section has been classical. We shall, 
however, want to quantize the oscillators of the solid, and we do it by making 
the usual commutator between the momentum and position coordinates. 
First we show how to write the Hamiltonian of the system. The total energy is 

T^V ^”**^(|q(k)|2-+ ft,2(k)|q(k)|2). (77) 

Hence, we see that the momentum of one of the oscillators is simply 

p(k) = Nm, q(k) = ikfq(k). (78) 

M is the total mass of the solid. From this last equation, we have the 
Hamiltonian operator 

k ^ 

The commutator between the operators and is, as always, 

[p,(k),?,(k')]=i(5k,k'. (80) 

There are several ways to solve the quantum mechanical problem. We 
could write down the Schrodinger equation for the Hamiltonian we have 
given, and obtain the usual Hermite polynomial solution. However, there is 
a more elegant method, a method which gives us immediately the matrices 
for ^(k), which we shall need later. We introduce the so-called creation and 
destruction operators for a given (A,k), a(k) and a^(k), by the equations 

p(k) = j/^ (at(k) - fl(k)). IPI* = fp. 


( 81 ) 
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The operators p and q have the proper commutator if the a-operators satisfy 
the following commutation relations 


[a(k).«(k)]= [«t(k).at(k)] = 0. 
[«(k).at(k)] = l. 


(82) 


All pairs of a-operators are assumed to commute if they are associated with 
different values of k. A matrix representation for the «-operators, which 
satisfies the commutation relations, is 



0 

1 

0 

0 ... 


0 

0 

0 

0 ... 


0 

0 

|/2 

0 ... 


1 

0 

0 

0 ... 

a = 





= 




1 

1 


0 

0 

0 

y 3 ... 


0 

w 

0 

0 . . . 

1 


d^a = 1 + ad^ 


1 


2 


0 



In terms of the a-operators, the Hamiltonian becomes simply 


// = 1 27 "(k) K(k)«(k) + «{k)«nk)). 

k 


(83) 


(84) 


and when reference is made to the matrices of (83), we see that the 
Hamiltonian is diagonal. The energy eigenvalues of the system are simply 




( 86 ) 


Here, n(k) is the quantum number associated with the oscillator k, and is 
a p>ositive integer or zero. In order to obtain the total energy, we have 
summed over all the oscillators. The J is the zero-point energy of vibration, 
which in the case of the lattice vibrations is real and detectable. In assures 
us that the Heisenberg uncertainty relations are satisfied for the atoms of the 
lattice. 

There is a very widely used interpretation of the equations we have 
just written. The quantized equations (at the sound wave vibrations of the 
solid are very similar tq the quantized dectromagnetic equations. The 
electromagnetic equations on the other hsmd, lead to the cmicept of particle 
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photons. Our Eq. (86) can be interpreted in the same way. We can say 
that each quantum of excitation possessed by a particular oscillator is a 
kind of particle, because we see that the energy of the oscillator in excess 
of the zero-point energy is just «(k) (the number of particles) times A€t>(k) 
which is the quantum of energy of each particle. We call these particles 
phonons by analogy to the photon case. 

The a-matrices are called creation and destru6|ion operators, because 
when they operate on a given state vector, fl(k) increases the number of 
phonons in the oscillator k by one, and a^(k) decreases it by one. Thus they 
create or destroy one phonon of a given k vector at a time. 

Before leaving this section on lattice vibrations, we shall make a comment 
on the zero-point vibrations of the solid. We have stated that they are real. 
They are, in principle, perfectly detectable to an X-ray machine or to 
neutrons which can be used to compute the lattice constant at absolute 
zero temperature. On the other hand, the zero-point vibrations of the solid 
do not constitute scattering agents for the electrons of the solid at absolute 
zero. We have seen how the Bloch theorem leads to the concept of an 
electron running through a crystal with no interference with the lattice if 
the lattice is rigidly fixed in space. The Bloch theorem should be expected 
to break down when the lattice atoms 4re allowed to move. However, we 
will show in the next section that the zero-point motion of the lattice is, from 
the point of view of Bloch’s theorem, no motion at all! 

5.2 Thermal Behaviour 

If we use the particle terminology for the normal modes, then we must 
indicate how to deal with the many-particle system in a statistical way. 
Since there is no restriction to the number of phonons in a given oscillator 
(see Eq. 86), the phonon system satisfies the Bose-Einstein statistics. Hence 
the number of phonons in a given oscillator mode k at the temperature, T, 
is given by 

The thermal properties of the phonon system are quite complicated 
because we do not know the functibn co(k). To find it, one would have to 
solve the eigenvalue problem (83), which for the three-dimensional crystal 
is very difficult. A related quantity to the function a)(k) is the density of 
states curve, i.e., the number of k states corresponding to a given value 
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of the frequency. Some numerical attempts have been made on simplified 
models to compute the density of states curve, and the density of states 
turns out to be quite complicated. However, a much more primitive procedure 
due to Debye is usually used to describe the situation. Debye suggested that 
the function ct)(k) might be approximated by the continuum elastic value. 
Thus there should be two transverse and one longitudinal modes, and the 
two types of modes should be characterized by their separate sound velocities. 
He assumed these velocities were constant over the entire frequency range 
and that the crystal was elastically isotropic so the velocity does not vary 
with direction. If we neglect the fact that the longitudinal and transverse 
sound wave velocities are different, we have that w = ck. With this 
assumption of ft>(k), we can find the highest frequency since we can find 
the maximum k vector by requiring that the number of points in k-space 
enclosed by a sphere with k = is equal to N. (There are ZN degrees of 
freedom, but also 3 polarization directions for each k vector.) 


N 


6jr* 671* c3 ■ 


(87) 


With this approximation, Debye was able to give a theory of the specific 
heat of the lattice which has many of the observed experimental features. 
The calculation is feasible because now one has a wa^ of deriving the density 
of states for a given energy, and from this the average energy of the crystal 
follows. We refer the reader to other books for a discussion of the results. 
However, it will be important for us to define a parameter which is useful 
whenever lattice effects are important. We note that the maximum fre- 
quency of (87) can be expressed in terms of an energy, and this energy also 
has an equivalent temperature. This temperature is the Debye d, or the 
Debye temperature. 


= d. (88) 

* N. 

In this formula, k is Boltzmann’s constant. The physical importance of the 
parameter d is that it represents the dividing line between the low tem- 
perature and high temperature effects. At temperatures well below the 
Debye temperature, we can expect quantum effects to be important, while 
at higher temperatures, the thermal energy is sufficient to excite all the 
modes of vibration, and the phonons should be distributed approximatdy 
according to the classical Boltzmann statistics. Above this temperatnre, 
then, the specific heat ot the lattice approaches its classical value of Sit 
per mole for a monatomic crystal. 
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6. Electron-Lattice Interactions 

We have already indicated the possible importance of the motions of 
the lattice atoms on the electronic structure. As we mentioned in the introduc* 
tion, we deal in this case with the breakdown of the broad division of our 
study of the solid into electrons and lattice. We have shown in the previous 
sections how the electronic structure can be studied separately, with a view 
to such things as the cohesive energy and band structure. On the other 
hand, there are also specific lattice effects. One of these is the specific heat 
of the crystal due to the thermal motion of the lattice atoms. It is also 
possible to discuss certain t3^s of lattice defects with only a cursory mention 
of the existence of the underlying electronic structure. Examples are the 
diffusion in solids and the mechanical properties of crystals. When, as we 
shall do now, we begin to discuss how the lattice motion disturbs the 
electronic structure, we can expect the subject to be intrinsically more 
difficult than the previous topics, and our models of the solid often have 
to be extremely simplified. However, on the other hand, one of the most 
important recent advances in the theory of solids is the explanation of the 
superconductivity of certain metals on the basis of the electron-lattice 
interaction, so it is possible to construct quite adequate and even quan- 
titative theories in this field. 

In both the metal and the ionic cr5rstals, the interaction between the 
electrons and the lattice vibrations is large enough so that a straightforward 
application of the perturbation theory leads to questionable results. In the 
ionic crystals, the interaction is large because the ions of the crystal are 
charged, and the motion of the charged ions is able to have large effects 
on any free electrons present. In the case of the metal, the interaction is 
large for the reason that the ions of the metal are held together by the rather 
nebulous sea of quasi-free electrons surrounding them, and any motion of 
the ions of the lattice tends to upset the delicate electronic states. In fact, 
Wentzel®^ has shown that the simple electron-lattice interaction is so strong 
that a one-dimensional lattice of atoms with free electrons is unstable and 
will collapse. Specifically, he shows that one can solve exactly the problem 
of the electrons interacting with the phonon system with any strength of 
the interaction constant, and that the size of the interaction constant in 
a metal is indeed in the unstable region. Peierls^ has suggested that this 
tendency for the lattice to be unstable is connected with the experimental 
fact that the metals are found with generally rather complicated crystal 
structures when compared with the other solids. That is, the balance 
between the ion motion and the electronic structure is rather delicate and 
can lead to lattice structures which are not close packed. 
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Of course, the true metal is not unstable, and the reason is the added 
coulomb interaction between the electrons, which we have already discussed. 
Bardeen et al. have noted** that these two interactions are of about the 
same amount but of different sign. The lattice interaction essentially is an 
attractive one between the electrons because it decreases the energy of the 
system, while the coulomb interaction is of course repulsive, and keeps 
the lattice from collapsing. Indeed, Bardeen et al. have shown that it is 
the relative sizes of these “self-energies” for a given lattice which determines 
whether the electrons gang up with the phonons to create the superconducting 
state, or whether the coulomb energy keeps them separated and in the 
normal Fermi distribution. 

6.1 Metallic Conductivity 

As an example of the effect of the lattice motion on the electronic struc- 
ture, we shall now turn to one of the oldest problems in the theory of metals, 
namely, the explanation of the temperature dependent part of the resistivity 
of the metal. In fact, Lorentz in the 19th century gave a classical theory of 
the resistivity which bears considerable similarity in general outline to the 
quantum theory which we shall present. 

We have stated before that the resistance of a metal is caused by the 
scattering of the electrons by the phonons of the lattice. However, if our 
discussion is to be quantitative, we must calculate how the distribution of 
electrons in k-space is disturbed, in the first place by the application of the 
electric field, and in the second place by the interaction between the excited 
electrons and the elastic vibrations. The problem is then in reality simply 
one of kinetic theory, and we find ourselves discussing the quantum equivalent 
of Boltzmann’s transport equation familiar in the kinetic theory of gases. 

Consider a wire of metal with an external electric field, F, in the z-direo- 
tion, and a net current of electrons dowi» the wire. In the normal Fermi 
distribution, the number of electrons going in one direction is exactly 
balanced by the electrons going in the opposite direction. However, the 
effect of the field is to shift the whole distribution rigidly in k-space until 
the extra collisions suffered by the unbalanced portion of the electrons 
cancels the tendency of the field to shift the distribution to higher and 
higher values of net current. We can express the new state of equililnium 
by means of the equation 
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Here, we require that the density of electrons, /(k,/) for a given quantum 
state k is a constant in time, so that the number of transitions into the state 
is cancelled by the number of transitions out of the state. {dfldt)p is the 
change in the occupation number of the state due to the acceleration of the 
electrons in the field, and (9fl9t)cou change in the occupation number 

due to the collisions with the lattice vibrations. 

The change in the electron density function, /(k),Viue to the acceleration 
in the field is the easiest half of the problem. We can make this calculation 
very directly with the use of the Dirac density matrix. The total one- 
electron 0 function for the 7 th electron can be expressed in terms of the 
complete set of Bloch waves by means of 




(Note the difference between the present definition and 11 .) We shall restrict 
ourselves to the wave functions of a single band. The density matrix, p**/ 
is then defined in terms of the expansion coefficients, a^, by 


m = ^a;(^',/)a,(k,0. 


(91) 


The Heisenberg equation of motion for the density matnx is 


p=j-[p.H]. (92) 

The Hamiltonian in this equation is made up of two parts. (So far we are 
not including the interaction with the phonon field.) It contains the complete 
periodic crystal Hamiltonian, which leads to stationary solutions in 
terms of the Bloch waves. The time dependence is contributed by that 
part of the Hamiltonian due to the electric field, — eFz. 


Hence, we have 


eFZ. 


(93) 


P = 



(94) 


In order to proceed further, we need to find an expression for the matrix 
of (s). For the sake of a simple calculation, we shall assume that the Bloch 



6. THEORY OF SOLIDS 


401 


wave functions are the free electron wave functions, so the matrix of (a) 
takes the form 

Zit''k — f E ~ * 



g.{k-k”> 


(96) 




(The results we shall obtain for the plane wave solutions are still valid for the 
more general Bloch functions, but are somewhat more awkward to derive.) 
When we make the substitution of into (94) and perform the matrix 
multiplication by summing (integrating) over the index k", we find 



Pk'k 


eF VT 


ok, 0fc 


(96) 


Since the diagonal elements of the density matrix have the meaining of 
the occupation number of the corresponding states, we have that 


eF d 

/WA ^ . 

\ dt Jf dkz 


(97) 


This last equation is identical to one we might have derived for the more 
general Bloch functions, and it is eilso identical to the classical result cal- 
culated on the basis of Liouville’s theorem Boltzmann.*® 


6.2 Electron-Phonon Collisions 

In the second part of the problem, we have to calculate the rate of change 
of the density function due to the collisions with the phonons. For this 
purpose, we can use the famihar formula from first order time dependent 
perturbation theory (Vol. I, Chapter 8, § 6.1.1) for the rate of transition 
from state 1 to state 2. 


Tx^2=~\H\2\*d(E^-E^. 


(98) 
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We apply (98) to the Bloch one-electron wave function and since we 
are calculating the interaction between the lattice and electrons, we musi 
also include the wave function of the lattice. Hence the matrix element is 

ific is the wave function of the crystal which we discussed in section 5. 
H' is the interaction Hamiltonian. 

The interaction Hamiltonian, H', which causes an electron to be scattered 
from one k vector to another is simply the difference between the perfectly 
periodic lattice potential and the potential when the ions of the crystal are 
shifted by various amounts. If we expand the potential function of the non- 
periodic lattice with a Taylor's series which contains the perfect lattice as 
the zero-order term, we have 

y{x) = 2." - «.) + xr W(x - R,)], 

flOOl 

W(x — R,) is the gradient of the potential, Fp(x), evaluated at the position 
of the cell R,. Since l^o(*) periodic, the function W(x — R,) is also periodic. 
The term x, is the displacement of the atom in the cell at R^. We have, 
as always, assumed only one atom per cell for the sake of the simplicity of 
our formulas. Hence, (100) becomes a sum of products between one function, 

W, which is a function of the electron coordinates, and another function, 

X, , of the lattice coordinates. The total matrix element is then simply the 
sum of a set of products of the matrices W in the electron Hilbert space 
with the matrices x in the lattice Hilbert space. (These products are the 
so-called outer matrix products, and are not ordinary matrix multiplication 
or inner matrix products.) When we decompose the lattice into normal 
modes, we find, according to (64) 

H'= e ' ^e(x) • W(x - R,). 11011 

We remember from (81) and (83) that the matrix q has matrix elements for 
each mode of vibration in which the number of phonons in each mode, n(x), 
is increased or decreased by one. The matrix element is proportional to 
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V»(x) + 1 or y»(x), respectively, when the number of phonons is increased 
or decreased. 

In (101), we have a lattice sum, 

( 102 ) 

which can be simplified. The matrix W is written 

{W(x - R, )}*.*. = jix,^*t(x)W(x - R,)^*.(x). (103) 

The integration here is over the cell R,. Because of the periodicity of the 
potential and Bloch's theorem, we can write (103) as an integral over the 
cell at the origin. Then the lattice sum, (102), becomes 

2^ exp [t{k, - kj - X) • R,] [ ixo^: (X - R,)W(x - R,)^*.(x - R,). 

With the use of the completeness relations, (65), the lattice sum becomes 

(W)*,*,iV<5(ki~k8-x,K). (104) 

This expression contains the statement of the conservation of the wave 
vector when the electron is scattered, 

ki - kj - X = K. (106) 

In the formula (101), we still have the sum over the modes of vibra- 
tion X Because of the necessity to conserve both energy and wave vector 
or momentum, it will not be possible to scatter the electron from a given 
state into a completely arbitrary state In fact, the scattering becomes very 
complicated for the general case because one does not usually know q>(x) 
sufficiently accurately. However, there will be two separate cases. It will 
in general be possible to find a final state in which one phonon of the 
mode X is destroyed, and another final state kg' in which a phonon of a 
different mode is created. We can write the rate of transition into each of 
these final states, after making use of the value (81) for ^(x), in the following 
way 

Creation ; 

.£», = £;,. + >0>(x), 

k,-(k, + x)-K 


( 106 ) 
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Annihilation; 


"‘''"''‘■’I’’ 

£*. + fico(i<) == (107) 

ki + H — kj = K 

We have also written the conditions on the energy and momentum which 
must be satisfied for the transitions. The scalar function W is defined by 
W = e(x) • W. Wj, in this equation is the mass of the atom, not the elec- 
tronic mass. 

We note here one of the striking features of the momentum conservation 
rule A strict conservation of k vector is not necessary, but only modulo 
a reciprocal lattice vector, K. It turns out that nonzero vectors K are 
important for the calculation of the resistance of actual metals in all tem- 
perature ranges. Scattering processes in which K ^ 0 are called “umklapp” 
processes in the literature. We also note that for all practical purposes, the 
electron scattering processes are elastic The energy of the electrons at the 
top of the Fermi distribution is high and corresponds to a temperature of the 
order of 10* °K, while the maximurm phonon energy corresponds to the 
Debye temperature, and is of the order of 10® °K for metals. It is thus a 
very good approximation to ignore the inelasticity of the collisions with the 
phonons 


6.3 Solution of the Boltzmann Equation 

With the development of the formulas of (106) and (107) and their 
interpretation, we are now ready to return to the discussion of the Boltzmann 
equation, (89), and specifically the term (9//3/)cou- The rate of change of the 
number of electrons in state k, (3//9/)coii is just the rate of transition into 
the state minus the rate of transition out of the state, integrated over all 
states to which, or from which, the transition can occur. Thus 

{mu = J [T2. -1 m - fi) - Ti^2 /i( 1 - /a)3 rfkj. (108) 

i. 

In this integration, we have to multiply T 2 _^i by /g and by (1 — /j) because 
these give respectively the numbe? of particles able to undergo the transition 
and the probability that the final state is vacant so that the Pauli principle 
can be satisfied. A contribution to the T's of this formula is made both from 
an annihilation and a creation process, and the x vector of the phonon 
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created is the negative of the x of the phonon destroyed. Hence, we can 
simply add the from each of the equations of (107), and we have 

^2-^1 = |(^a|W^|*i)|® (»»(>«) + «(- »<) + 1). (109) 

In any crystal which possesses a center of inversion, the energy of a phonon 
cannot depend on whether it is going in the plus x-direction or the minus 
x-direction, and we make this assumption for our case. Since the number of 
phonons in a given oscillator at equilibrium is only dependent on the energy, 
«(x) = n(— x). We shall also assume from now on that we are dealing with 
a temperature well above the Debye temperature of the solid. Hence 
»(x) 1 , and we can write 

I L = S i ^ i(ii«'i2)r {/.(> - /.) - /A- «)■ (110) 

In (110), we have made use of the Hermitian character of the matrix W. 

We now recall the nature of the problem we are trying to solve. The 
Boltzmann equation, (89), (110) and (97) is an integro-differential equation 
for /(k) which of course is intractible in any but the simplest cases. We 
shall now assume that the solution in our case is of the form 


/(k)=/o(£) + g(k). (Ill) 

/0 is the Fermi function (i.e , zero field equilibrium) and g is a small correction 
of first order in the field F. Presumably there are other terms in ascending 
powers of the field, which are negligible. Making this substitution in (110), 
the first nonzero terms are 


Since we 


If we 


only integrate over kg, 

write (113) in the form 


1 - 


?(k2) 


g{K) 


ikg. 


1 

T(ki) 



g(ki)] 


( 112 ) 


(113) 


(114) 



406 


R. M. THOMSON 


we shall confonn to the usual notation, and bring into focus the fact that we 
are trying to write the scattering process as a relaxation process. We have 
not quite succeeded yet, however, for as we shall see in a moment we can 
do this when we are able to eliminate from the expression for T(k) any 
mention of the unknown function g{k). We can proceed by noticing that 
the Boltzmann equation now reads after (89), (97), (111), and (114) 


M. 

h dk, T(k) 


(116) 


In (116), we can make the further reduction dfol^k^ = (3/o/®^) 

At this point, we shall make perhaps the most restrictive assumption of all 
by requiring that E{k) is given by the effective mass approximation, and 
moreover that the function T(k) is not a function of direction in the crystal, 
but only a function of the magnitude of k. This assumption amounts to 
assuming that the energy surfaces of the crystal are spherical and also that 
the crj^tal is elastically isotropic, so that «(x) and ft>(x) also do not depend 
on direction in the crystal. Of course, no real crystal fulfills this assumption 
even approximately, and at this point our discussion takes on a distinctly 
qualitative flavour. Now, however, we can solve the problem, for (116) 
becomes 

8W- (ii«) 


Since the quantity in brackets is now only a function of the energy (because 
of the assumption that r{k) is only a function of the magnitude of k), g(k) 
must have the form 

= (117) 

From (114), and making use of the fact that E{ki) E{k^, we now write 
the relaxation time as 


6 is the angle between k 2 and In this formula, k^ can be assumed to lie 
in the Z direction since T(ki) does not depend upon the direction of k^. We 
have now indeed solved the problem, and have also written t(A) as a true 
relaxation time, since (118) does not contain the unknown function g(k) and 
presumably can be computed. The Boltzmann equation is integrated now, 
because (116) together with (118) forms the solution. 

The relaxation time solution which we have found has an extremely 
simple meaning. Suppose that we have displaced the distribution of the 
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electrons to a nonequilibrium point in phase space, and then let it relax 
by means of the collision term which we have just calculated. Then we have 


9/ /-/o 

dt X 


(119) 


The solution is simply 

/-/o=(/.«tta.-/o)^‘^ (120) 

The deviation from equilibrium decays in an exponential manner, where r 
is the decay time. 

The reader should not be impressed by our solution of the Boltzmann 
integro-differential equation. What we have done is to guess a solution in 
an extremely simplified case, where the essential complexities of the equation 
are circumvented. Much interesting work has been donq^^to generalize the 
solutions by trying to determine the most general situation where the equa- 
tion can be solved by a relaxation time, and by trying to obtain solutions 
where no relaxation time can be defined. We refer the reader to the review 
article by Jones and to the original literature for further details.** 

Another simple result follows from Eq. (116). We can express the solu- 
tion as 




( 121 ) 


That is to say, the whole equilibrium Fermi distribution has simply been 
displaced under the action of the electric field and the collision relaxation 
by an amount along the k, direction of eFxjh. This is the solution we have 
already alluded to in an earlier part of this section. We can obtain from 
(121) an expression for the total current, and thus also for the conductivity. 
Since we have simply moved the centre of gravity of the distribution by the 
amount cFt/A, we have a total current of 




e^FNr 

m* 


( 122 ) 


(momentum divided by mass and multiplied by e). The conductivity is 


a = 


e^xN 

W 


(12S) 


This result is the same as the classical result derived by Drude and Lorentx, 
but the meaning of the effeetive mass and the relaxation time must be tak«i 
from the quantum theory of the solid. 
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6.4 Calculation of the Relaxation Time 

In principle, we have solved the conductivity problem for our simplified 
model of a metal in the previous paragraphs. However, the integral for the 
relaxation time was left in a general form. The computation of this integral 
is by no means a simple operation in practice, even when the restrictive 
assumptions which we made in order to derive it are imposed. Two general 
types of difficulty arise. One difficulty has to do wit|i counting all the ways 
the electrons can be scattered by the phonons. It will be remembered that 
the scattering was supposed to be elastic, but could be partly "umklapp,” 
in which the electron is essentially scattered from one B-zone into another. 
An accurate counting method would involve a knowledge of the function 
(u(x) for the phonons and the density of states function for the electrons. 
Usually, both of these quantities are only approximately known for a solid. 
The second general difficulty comes up in the computation of the scattenng 
Hamiltonian and the scattering matrix. We shall have opportunity for only 
a very simplified treatment here, and the reader is referred to the Jones 
article®* for an excellent review of the techniques which have been developed 
for reduction of the problem 

The relaxation time is given by 

W) = SfeJ 

We shall restrict ourselves to the high temperature case in which the number 
of phonons present in any oscillator is given by the classical limit. When 
kT'^hco, we can represent the Bose-Einstein distribution (86), by the 
equipartition law, 

kT 

«=^ (125) 

For clarity, Boltzmann's constant is written k, the wave vector as k. 
It will be necessary to make some assumption for the form of a>{x), and we 
shall assume that it is given by the Debye approximation, 

CO = cx, (126) 

in which the velocity of sound, c, is a constant and not dependent on fre- 
quency. If we used the formula (126) as it stands, the velocity of sound 
would be a characteristic parameter of the solid, and it is usual to represent 
this parameter as the Debye temperature instead, which we have introduced 
in (88). Putting (88) and (87) together, we can write (126) as 

L / 1 
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Finally, we pote that the integration over in the relaxation time, 
(124), is to be taken over a delta function in the energy. If we write the volume 
element as dk^ dkd{co& B) d<p and then as {m*lh*)k dE d{cos B) dq>, the 
integration becomes 


L.- — — 

x{k) ~ ' ' Wa h k(92 


+1 

f 


d(cos B) (1 - cos 0). 


(128) 


-1 


In this formula, we have defined the quantity a, which is related to the lattice 
parameter, by the relation I,®/iV = a®. 

According to (123), the resistivity of the metal is proportional to the 
relaxation time, and hence the resistivity of a sample at high temperatures 
is proportional to the first power of the temperature. This proportionality 
is observed. In fact, the resistivity for Na based on the foregoing formulas 
leads to very good agreement with the experimental value.®* In view of 
the extensive approximations we have had to make in the argument, this 
agreement must be regarded as fortuitous and is not to be taken as reason 
lor a wide and uncritical applicability of the formulas. 

There is one further point which we can make at the close of this discus- 
sion. We can now verify a comment made earlier that the solid at zero 
degrees does not scatter its electrons, and the electron functions can thus 
be written as Bloch waves. The reason is simply that energy must be 
conserved, and the Pauli principle must remain satisfied. Hence if we try 
to scatter an electron on the Fermi surface, we have no states to scatter it 
into. (In this statement, we specifically exclude the superconductors.) On 
the other hand, if we introduce an excited electron into the solid at zero 
degrees, phonons will be created in the various oscillators and scattering 
will take place until the energy of the electron has been turned into heat 
energy of the solid as a whole. 


7. Imperfections 

The largest part of our discussion of the quantum theory of solids has 
to do with the perfect solid. That is, the lattice, apart from the vibrations 
of the atoms, has been assumed to be a perfectly regular structure. The 
real solid differs from this model in two important ways. It will have various 
types of imperfections in the lattice structure, and it will possess discrepancies 
in the chemical composition. For exai^ple, a bar of copper will have a 
certain fraction of its atoms displaced from their normal positions in the 
lattice, and there will be a certain amount of impurity alwa}^ present in 
the form of other kinds of atoms. For many properties of the solid, we can 
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neglect these imperfections. For example, if the imperfections content is 
small, of the order of a fraction of a percent, the measured cohesive eneigy, 
or specific heat, etc., will be that calculated for a perfect ciystal. On the 
other hand, the conductivity of a metal at low temperatures is very high 
because of the noninterference with the free flight of an electron through 
the perfect metal, and the presence of a very minute amount of imperfection 
in the crystal is sufficient to alter the picture in a fut^damental way. Hence, 
there is a class of properties of the solid, called the structure sensitive prop- 
erties, where a theory must include the effects of the imperfections. 

We shall conclude this chapter with a discussion of how the band structure 
of a solid is changed with the addition of imperfections. For a very excellent 
semiqualitative treatment of imperfection problems, the reader is referred 
to the article by Seitz in “Imperfections in Nearly Perfect Crystals.”** Seitz 
has made the following hst of general types of primary imperfections; 
phonons, electrons and holes, excitons, vacant lattice sites, and intersitial 
atoms, foreign atoms in either interstitial or substitutional positions, and 
dislocations. Seitz' viewpoint is that the perfectly periodic solid at absolute 
zero IS the perfect solid, and hence phonons and electrons are included, 
because in insulators neither of these particles is present at absolute zero. 
We have, of course, already discussed t^iese “imperfections,” and it is the 
rest of the list which will take our attention now. 

An exciton is best described as being an electron and a hole in an insulator 
coupled together in hydrogen atom fashion by their coulomb fields The classic 
example is the NaCl crystal This crystal is transparent to visible light 
because the band gap is large enough that the energy of the photon is 
insufficient to excite an electron from the filled to the next unfilled band. 
However, as the photon energy is increased, a series of peaks is observed 
in the absorbtion spectrum of the crystal just before the “fundamental” 
absorbtion is reached The fundamental absorbtion corresponds to the 
excitation of free electrons into the unfilled band and free holes into the 
filled band. The peaks, however, are associated with the creation of electrons 
and holes which are bound to each other in hydrogenlike orbits. The binding 
energy is small, of the order of a few tenths of an electron volt because the 
dielectric nature of the crystal cuts down the effectiveness of the Coulomb 
field between the electron and hole. Of course, the exciton is metastable, 
and the electron and hole eventually annhilate each other and give up their 
energy to the phonons, but even their transitory existence is important for 
the absorbtion curve. They are also thought to be responsible for the produc- 
tion of lattice vacancies, since the energy released when an exciton decays is 
considerable. 
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In a vacant lattice site, we extract an atom from the p^ect crystal 
and place it on the surface. Conversely, in the interstitial case, we jam a 
surface atom into a nonlattice position in a region where all the lattice sites 
are occupied. Vacancies and interstitials again are important for the ionic 
cr 5 ^tals, since they represent an effective extra charge in the crystal, and 
diffusion of the defects corresponds to charge transport in the crystal. It 
is this charge transport which is responsible for the measurable electrical 
conductivity of these cr 3 ^tals at elevated temperatures. On the other hand, 
in a metal or semiconductor, these same defects contribute to the electrical 
resistivity, since electrons are very efficiently scattered by them. In fact, 
the low temperature conductivity of a normal metal never goes to infinity 
as predicted by our formulas of the last section because of the presence of 
finite numbers of impurities, vacancies and interstitials. In fact, one of 
the ways of studying the amount of damage done to a orystal by energetic 
protons, deuterons, neutrons, etc , is to measure the increase in the "residual” 
resistivity at low temperatures 
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Fig. 10. An edge type dislocation in a cubic lattice. Note that the dislocation is 
constructed by forcing an extra plane of atoms (perpendicular to the page) into part 
of the crystal. Around the region where the plane ends, there is considerable distortion 
of the lattice. The defect can “move" from one region to another by shifting the atoms 
slightly from the positions of the figure until another row of atoms becomes the extra 

plane. 


One of the most important experimental developments of recent years 
in the field of solids is the gradual perfection of techniques for ccmtrolHng 
the impurity content of solids. It is now quite easy to bring the impurity 
content of a germanium sample down to one part in 10*. The praetkal 
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importance in this case is due to the fact that impurities contribute free 
electron or hole current carriers at room temperature. The mechanical 
properties of crystals also are markedly affected by small amounts of 
impurities. As we shall mention in the next paragraph, the plastic flow of 
a crystal is due to the presence of a defect called a dislocation. If there is a 
marked tendency for the impurities to segregate near the dislocations, which 
is sometimes the case, the motion of the dislocations^ will be impeded. 

A dislocation in a crystal is the lattice imperfection which allows the 
crystal to "flow” under sufficient stress. One can calculate the stress nec- 
essary to move the atoms over one another in a perfect crystal for a given 
force law between the atoms. On the other hand, an actual crystal will 
begin to be plastic well before this theoretical stress is reached. The reason 
is the dislocation, which will move at the lower stress level. One can see 
from Fig. 10 how, as the dislocation moves from left to right, the top part 
of the crystal becomes sheared by one lattice spacing with respect to the 
bottom. We have pictured a so-called edge type dislocation in the figure. 
There are other types than this one, but we refer the reader to the literature 
for further discussion of this highly interesting defect. 


7.1 Band Structure in 4 Defect Crystal 

As the final section of this chapter, we shall show what changes one 
must make in the foregoing discussion of the band structure of the perfect 
crystal when there are imperfections present. Slater has given a particularly 
beautiful treatment of the subject,** and the reader is referred to his article 
for more details than we can bring into our discussion. 

For the sake of definiteness, let us suppose that we have an impurity 
atom in our crystal which may be looked on as a local variation in the oth- 
erwise periodic potential. We will write the total Hamiltonian as 


+ H'. (129) 

is the perfect crystal Hamiltonian which yields the set of Bloch wave 
functions, energy, £(k). H' is the local variation in this 

potential due.io the defect. In the solution of the problem, it will be important 
to introduce a new set of orthogonal functions, called the Wannier func- 
tions, which are constructed from ‘the Bloch functions, but which are 
localized functions. Each Wannier function belongs to a particular lattice 
site, Rj. These functions are thus analogous to the ;f(x — R,) functions of 
the B^h tight binding method, except that the Wannier functions for 
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different lattice sites are rigorously orthogonal to each other. The Wannier 
functions are defined by 

«(x - R,) = (130) 

We can see immediately that these functions are highly peaked in the 
* corresponding cell, R,, by writing the function for the free electron case, 
where the Bloch function is a running wave. Then the Wannier function 
for the cell at the origin of a one dimensional crystal is proportional to 
sm{2nNxlL)lsm{2nxlL). The functions are orthogonal because of the 
orthogonality of the Bloch functions for different k, and the completeness 
theorem, (65) 

I a*(x - R,)a(x - »,) ^ 1 (131) 

^ ^ k.k' ^ 

= = <5e,.b,+k- 

k 

The Wannier functions can now be used as a set of basis functions for 
the solution of the total Hamiltonian in the SchrSdinger equatirai That is, 
let us assume that the solution may be written as 

^=2 - »;) (132) 


The t/’s are the expansion coefficients. If we substitute the second equation 
into the first, multiply on the left by «*(x — R,) and integrate, we have 



'Ri)Ha{x — R,) dx 


(133) 


= £ 



a*{x— Rj)a(x — R,) dx= EU(B.i). 


The matrix element for Hq is written 


a*{x - R,)^o «(x = ^(k) = ®(®' - *»)• (*®^) 


We can also write the inverse Fourier series for F(k) as 

-.k.R, 


E(k) 


(138) 
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Finally, we have transfonned the Schr5dinger equation for W into a di^erence 
equation for the expansion coefficients, {/(R,), 

{e(R, - R,) + J?'{R,. R,)} L7(R,) = EU{%) 

»? 

(136) 

/f'(R,, R,) = I a*(x - R,)/f' a(x - R,^ dx. 

The solution of this difference equation is the solution of the problem of 
the defect in the crystal. The difference equation is of course difficult to 
solve in the general case, but we can make some approximations which make 
it tractable. For instance, consider the case where the H' function is slowly 
var 3 dng over a cell. Then, since the Wannier functions are orthogonal to 
one another, and are more or less localized in the space of a single cell, the 
matrix for is nearly zero when R, is unequal to R^. We shall thus 

neglect aU the nondiagonal elements of H'. 

In (136) we have terms in e, which we shall write 

2^f(R,-R,)C/(R,) = ^e(R,)t7(R,-R,). (137) 

The function, U, is defined only for the lattice points as we have written it 
in (132), but we would like to transform the difference equation into a dif- 
ferential equation. Therefore, let us make U into a continuous function of 
its argument, so that it takes on the values at the lattice points which are 
the solutions to the Eq. (136). Then we can write £7 as a Taylor’s expansion 
in the form 


C7(R,- R,) = C7(R,) - R, ’ • • • 

= U{Ri). 


(138) 


(137) now takes the form 


e{R,)U{R, - Rs) = £(R,) exp iR, • F^Jj t7(R,). (139) 

The gradient operator in this equation is the gradient with respect to R|. 
We notice that the operator in the braces is related to the functUHi E(k), 
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which we have written in (136). The only change is that we have substituted 
the operator (1/»)F for the vector k. Of course, this is a familiar substitution, 
because it is the same as setting k = p/fi = (1/*)P^* We can now write the 
difference equation as the differential equation 

U{%) = EU{x). (139) 

The operator E(k) is the energy obtained from the solution for the perfect 
crystal with the Hamiltonian, H^. We make an operator out of it by sub- 
stituting (1/»)F for k. The eigenvalue E on the light is the total energy 
of the localized electron. In the effective mass approximation, £(k) can be 
written as 


£(k) = £o + 


5 * 


k^+ ... . 


(140) 


is the bottom of the band. 

Equation (139) is frequently called the effective mass equation for a 
localized defect, because the kinetic energy operator involves the electrons as 
if particles with an effective mass. We note that the justification for the 
validity of the effective mass equation is that the local potential i7' is a 
slowly varying function. If it is not, one must use other terms in the difference 
equation, and the corresponding equation to (139) is a quite complicated 
nonlocal equation which is not an ordinary differential equation. Physically, 
the meaning of (139) is quite clear. If the electron is able to sample a region 
of the crystal which contains a large number of atoms, and the potential 
in this region is essentially periodic, then we can define an effective mass 
for the electrons in the region. Then the energy of an electron will vary 
continuously from one region to another over the local perturbation. 

Let us suppose that the local potential is that of an impurity atom, 
which has an extra positive charge. Then the local potential, H', is nearly 
Coulombic, and Eq. (139) takes on the appearance of a hydrc^en atom 
Schrddinger equation with discrete localized levels appearing below the band. 
Exactly this situation occurs in the semiconductor crystals like Si and Ge, 
and to some extent in the ionic crystals. .These crystals have high dielectric 
constants, so the potential is reasonably slowly varying, and localized levftb 
are created for either holes or electrons in the forbidden energy gaps wlum 
impurities are added. 
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There have been three main approaches to the problem of describing the 
liquid state in quantum mechanical terms. It has been found empirically 
that various very simple physical models of a classical liquid can each 
describe some of its properties with considerable success. It is therefore 
reasonable to try to adapt such models to take account of quantum effects. 
This can very often be done satisfactorily in the formal sense, but comparison 
with experiment usually gives only rough agreement — comparable with 
what can be obtained from purely empiricsd equations of state with two or 
three adjustable parameters. A second approach, due to Landau,^ was 
based upon the idea that, since the equations of classical hydrodynamics 
give a satisfactory account of many of the mechanical properties of the 
liquid, it ought to be possible to generalize them to cases where quantum 
effects cannot be neglected, by introducing the idea that quantities like the 
density p and velocity of flow v are noncommuting quantities, other words, 
one looks for some generalization of Heisenberg's uncertainty principle that 
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might be applicable to a continuous medium rather than to dngle ptarticles. 
This approach has been mainly used for liquid helium. 

A third approach, based on starting with the actual many-body wave 
equation and trying to find approximate solutions of it has also had some 
success. Since the interactions between molecules in a liquid are always 
very strong, we cannot use any ordinary type of perturbation theory, but 
we have to think of some special artifices. v 

We shall be concerned almost entirely with the inert gases, which can 
safely be regarded as having spherical molecules, and it is also a good 
approximation to treat their interactions as central, so that the force between 
two molecules acts along the line joining their centres and depends merely 
on their distance apart. Also, we shall neglect nonadditivity, i.e., we shall 
suppose that the interaction between two molecules is unaffected by the 
proximity of a third. These assumptions certainly prevent us from discussing 
"associated” liquids like water and the alcohols, for which hydrogen bonds 
and dipole-dipole interactions can be important, but they do not restrict us 
entirely to the inert gases. The approximation of regarding other types of 
molecule as spheres may seem poor, but there are instances of very symmet- 
rical molecules like carbon tetrachloride, to which one can assign a "sphere 
of influence,” since they are probably rotating in the liquid state, and a 
similar approximation can also be made for diatomic molecules and even 
for "flat" molecules like benzene. 

There is pfobably no liquid for which quantum effects can be completely 
neglected, but, by going from light to heavy molecules we can progress from 
helium, in which it is clear that quantum effects are of major importance, 
through the inert gases and other symmetrical molecules, to cases where the 
quantum effects become of minor importance. It is possible to set up a rough 
criterion which enables us to decide their probable importance. Consider 
a molecule of liquid. It can be thought of, roughly, as having access to 
a volume of the order of V JN, where V is the total volume and N the number 
of molecules. That is, the energy levels of a particle moving about in a "box" 
of linear dimension d{d* VfN) will have a separation comparable with 
h*jmd^. If this quantity is small compared with kT, where k is Boltzmann's 
constant, then we can regard the distribution of energy levels as practically 
continuous, and a classical treatment would be reasonable. If it is comparable 
with kT, quantum effects would be very important. We can easily see that 
the latter will be the case for helium, for we have dr^Z.5 x 10~® cm, 
T 4® K so that the ratio 


md*kT 


(1) 
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As we increase our molecular weight, the temperature, T, corresponding to 
the liquid region, also rises slowly, but the order of magnitude of i does not 
change since nearly all nonmetallic liquids have a density of the order 1 to 
2 gm/cm*. We' know, because of the small value of m, that the electrons in 
liquid metals have to be treated quantum mechanically even if the positive 
ions do not. It is, in fact, quite difficult to find a case in which the parameter 
(1) is eompletely negligible compared with imity, though we should not 
expect other liquids to show the extreme “quantum-like” behaviour of 
helium, and, in fact, they do not. Except for a few other cases, such as 
hydrogen and neon, a purely classical treatment is a decent first approxima- 
tion, but, as with solids, it is difficult to find any region of temperature in 
which quantum effects are wholly negligible. 

1. da Boer’s Extension of the Principle of Corresponding States 

%■ 

If we have purely classical conditions, some of the difficulties of computing 
the thermodynamic properties of a liquid disappear. In particular, a law 
of corresponding states is found, empirically, to be a reasonably valid 
approximation for “simple” (nonassociated) liquids, and their vapours. We 
recall that a van der Waals’ or similar type of equation of state, containing 
not more than two empirical constants, takes the same form for all substances 
if the pressure, volume and temperature are expressed as multiples of their 
values at the critical point. In other words, if we write P* = P/P*. 
T* = TjT^, V* = VfV^, the law asserts that the relation between P*, V*, 
and T” should be the same for all substances. So far, the argument is that a 
considerable range of data on liquids and vapours can be empirically rep- 
resented by means of fairly simple equations, and the law of corresponding 
states then follows as a first approximation if these equations do not contain 
too many arbitrary constants. The correlation between the properties of a 
series of similar substeinces, such as chemically similar compounds or 
homologous series, is sometimes quite remarkably good. The law was 
originally interpreted in terms of empirical equations of state, but it can be 
given a much sounder basis without resorting to any actual model of the 
liquid state, and the new treatment also shows us in what way “quantum 
complicatiohs” enter into such a problem. We assume that the forces 
between two molecules (assumed central and additive as before) can be 
represented by means of a universal function, thus 

V{rj^f=ef{riJa) ( 2 ) 

where / is the same for all substances and e and a are scaling constants 
characteristic of each substance. We shall show that such an assumption 
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has a law of corresponding states as a rigorous consequence in the classical 
Umit. The proof is quite independent of the actual form of /, but, in practice. 
It will involve repulsion between the molecules at short separations and 
attraction at large separations. This assumption is by no means as restrictive 
as at first sight appears, indeed, it is probably a satisfactory approximation 
in all cases for which the forces can be considered to be central at all. The 
“Lennard- Jones” type of interaction, in which the ^attractive and repulsive 
parts of the interaction are both represented by power laws, can always 
be put into the above form. If the electron distribution round the molecule 
is reasonably symmetrical, then it is to be expected that the attraction will 
be of inverse sixth power type, the so-called “London-van der Waals interac- 
tion”. The repulsion is usually represented by a high inverse power 
(12 or 14) and work on the second virial coefficient of gases shows 
that this cannot be too far from the truth, and also that it makes very little 
difference what power one actually uses for this repulsive term. 

Thus, we conclude that assumption (2) is a good approximation for simple 
molecules. The parameters e and a are at our disposal, e measuring the 
tniensity of the forces, being proportional, for example, to the minimum in 
the energy curve, while <r is a measure of the range of the forces, thus 
resembling the "gas-kinetic diameter.'^ Some standard results of statistical 
mechanics now enable us to write down the "Slater sum over states,” and 
thence to determine all the equilibrium properties. This sum, which gen- 
eralizes the concept of "partition function,” can be written, for a vessel 
with a fixed number of molecules, 

^ = t- dv„ (3) 

(«) 

where the summation is over a complete set of states appropriate to N 
molecules inside the volume of the vessel, ^ and representing the kinetic 
and potential energy operators making up the Hamiltonian. The N integra- 
tions are one for each particle, the volume of the vessel being the domain of 
integration. The expression forZ, being a diagonal sum, is independent of the 
choice of wave functions. If we knew the eigenfunctions of the problem, 
they could be inserted into (3), and expanding the exponential and using 
the relationship {S' -f- 1^)* 0* = 0* we find that Z is equivalent to 

Z exp (— EJkT), (degenerate levels being reckoned the appropriate number 
of times in such sums). 

We now examine what happens if we neglect the noncommutation of 
S' and so that we may write 

exp [- (S' -I- ir)/Ar] « exp (- tT/AT) exp (- S’/iT). 


( 4 ) 
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This is always true as a first approximation but in fact, there are, alwa3rs 
terms involving the various commutators like TY" — which ought 
to be considered. In the classical limit we neglect these, and it also turns 
out to be permissible to neglect symmetry properties of our wave functions. 
Since any complete set may be inserted into (3) we choose those appropriate 
to free particles. For simplicity, suppose that our vessel is a cube of side d, 
the appropriate wave functions vanishing at the walls, are, for just one 
molecule, 

(Vol. I, Chapter 3, § 1), p, q and r being positive integers. Under "classical” 
conditions, we can neglect symmetry properties and the appropriate wave 
functions for a set of N molecules will simply be a product of N functions 
of the type (5). The form of the operator Y is quite uJlaffected by the form 
of Y and may be written 



n 


each of which operators in the sum will affect only the wave function with 
corresponding coordinates. Thus, to this approximation, each of the separate 
kinetic energy operators introduces into (3) a factor 


exp 


- 

SdhnkT 


{p^ + q^ + r^) 


There will be one such factor for each molecule, and p, q, and r can take all 
positive integral values for each one, so that the operation S now implies 
summation over all these values for each molecule in term. For nearly all 
purposes, the summations over p, q, r can be replaced by an integration, 
and we have, since 


00 

I exp (— ax^) dx — y«/4a, 
0 



%dhnkT 


) 


{27imhTYl^d 

h 


( 6 ) 


so that the effect of the kinetic energy may be represented, in the classical 
approximation, as simply contributing to Z a factor that is the 3JVth povrer 
of expression (6), i.e., -a factor (const. X X V)^, If there is no potential 
energy, the resulting Z can be handled by statistical tltermodynamics, and 
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the standard procedures would give us simply the equation of state of a 
perfect gas. 

The remaining problem is to estimate the effect of the potential energy 
in (3), and it must be said at once that it has not yet been solved for dense 
gases or liquids for any realistic form of interaction energy. We can, 
nevertheless, deduce the law of corresponding states as a consequence of 
assumptions (2) and (4). For, if we remove from Z ihe factors corresponding 
to the kinetic energy ^ , expression (3) now calls simply for an averaging of 
exp {—i^jkT), where we are free to use any convenient set of wave functions. 
If we use again the free-particle wave functions, (3) simply calls for an 
averaging over all possible positions of all the molecules of the Boltzmann 
factor corresponding to the total potential energy. We have thus arrived 
at a result equivalent to a treatment based entirely on classical ideas, 
according to which we average the Boltzmann factor over all velocities and 
all positions of all the molecules. If, for we insert a sum of expressions 
like (2) over all pairs of molecules, we conclude that 

I S^* exp (- rikT)^,dvn = I exp(- ^ V,,lk1^dx,dy,dz, (7) 
{N) m 

and using (2) it then follows that ^ 

Z = /(T/e, F/er®) (8) 

since e can only enter (7) through the ratio Tje, and variations of a can 
be taken care of completely by a change of scale of the coordinates in the 
integration over the volume of the vessel. 

The standard formulas of thermodynamics now give 

S = ^{kT log Z). P = ^ {kTlogZ) 

from which it is evident that P a®/e should depend only on kTje and VjNa^ 
which is the law of corresponding states. It should be noticed particularly 
that there is no such law for internal energy or specific heat, because of the 
kinetic factor in Z which leads to a contribution to the energy. 
It is possible for the molecule to have internal degrees of freedom, (e.g., 
different separations of the two atoms in a diatomic molecule) without 
the interaction energy being greatly affected. In such a case, we should 
have further terms in the energy and specific heat, but still a law of cor- 
responding states for the pressure. In the above treatment, we have tacitly 
assumed that our molecules are effectively monatomic, but there is no 
difficulty in allowing for internal degrees of freedom, since a change in the 
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rotational or vibrational state of a molecule does not greatly affect its 
interaction with others. 

It is now easy to see how the failure of assumption (4) will lead to a 
departure from the law of corresponding states, and to determine what the 
form of this departure must be. To allow for the lack of commutation of 
^ and iT, it would be necessary to introduce into (4) a further factor involving 
the exponential of — y y)lk^T^ to a first approximation, and further 
corrections involving commutators of higher order may also be required. 
Since this implies two differentiations with respect to the coordinates, we 
see, using (2) that our correction must be a factor involving the quantity 
hhltna^T^ so that there is now another possible variable on which Pa^fe 
can depend, besides kTJe and VjNa^. (The extra variable introduced by 
de Boer is A* = hl{mey^^ a.) It is easy to verify that no further variable is 
introduced by the higher commutators, (which merely imply that the correct 
sum over states has to be expressed in ascending powers of A*), de Boer’s 
parameter has a simple physical meaning, £ is a measure of the typical energy 
of one molecule, and A/(we)^^® is proportional to the de Broglie wavelength 
associated with that energy, while o is a measure of the effective size of the 
molecule. If the de Broglie wavelength is not small compared with molecular 
dimensions, we may expect a “quantum departure’’ from the law of cor- 
responding states, and this departure should vary with A*. 

A remarkable application of this simple idea was made by de Boer.* 
By comparing data from light atoms and molecules he was able to predict 
the approximate temperature and density of liquefaction of Hej, at a time 
when it had not been liquefied, and there was some doubt whether it would 
liquefy at all. Since He 4 , Hj, and Dg molecules all are described by symmet- 
rical wave functions, while HCg must be descnbed by antisymmetrical wave 
functions, the quantitative success of these predictions is rather surprising. 
It suggests that, in the “near-classical’’ region of small /!*, the effect of 
noncommutation of kinetic and potential energies is more important than 
that of symmetry. When we come to the liquids themselves, the departure 
from classical conditions is very great, and the great difference between the 
properties of the two He liquids is clear evidence of the importance of 
symmetry effects in the actual liquid region. 

2. Some Simple Liquid Models 

We proceed to describe a few of the concepts that have proved helpful 
in discussing liquids.^ In some cases, purely classical ideas are involved, 
though we are free to try to graft on "quantum corrections" if we want to. 
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in others quantum effects are fundamental from the start. The present 
position is confusing, in that it is possible to describe very many of the 
properties of a liquid if we are allowed to select the model most suited to 
each set of properties, but we cannot, yet, compare their predictions with 
experiment and "decide” between alternative possibilities. The truth seems 
to be that, while the various models are, in some respects, inconsistent, yet 
any two of them probably have some common nsj^on of validity and the 
present function of experiment is probably to determine this. Most of the 
models will only be described very briefly. 


2.1 Models Based on Purely Classical Concepts 

Possibly the simplest is the "cell” model. According to this, we fix our 
attention on a typical molecule, which is supposed to be moving about 
in a potential field representing the "smoothed” effect of the remaining 
molecules. Various degrees of refinement are possible, for example we may 
simply think of our molecule in a steep-sided potential well, with the potential 
practically constant inside, or we may suppose the potential to increase 
parabolically with distance from the centre of the cell, so that the motion 
of our molecule resembles that of a 'simple harmonic oscillator. We can 
choose the constants of the cell by direct reference to experiment, or we can 
attempt, as in the work of Lenneu'd- Jones and Devonshire, to calculate the 
"cell field,” in terms of a known intermolecular interaction, by averaging 
over various possible configurations of the neighbouring molecules. Actually, 
it is rather interesting that such calculations show that the parabolic approx- 
imation to the potential is good at high densities, but that a practically 
constant potential inside the cell is more realistic at low densities. Any 
attempt to "decide between” these two possibilities experimentally could, 
therefore, have led to no definite conclusion and this is the sort of situation 
that constantly confronts us in this field. 

An apparently quite different model is based on the concept of "holes”. 
Again, this can take various forms. We may think of a hole simply as a 
vapour bubble in the liquid, its motion through the liquid and its expansion 
and contraction resulting in the pushing aside of other molecules. The 
kinetic energy associated with such motion can, if we wish, be ascribed to 
"virtual masses” as in hydrodynamics, while the "potential energy” of the 
hole is simply the energy required to create the surface against the inter- 
molecular fco-ces. Another variant of this concept is that the hole is thought 
of as a vacancy in an otherwise fairly perfect crystal lattice, a liquid thus 
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being thought of as like a solid that has lost its perfectly ordered structure, 
as a result of a percentage of the molecules occupying interstitial sites and 
leaving vacancies at some of the real lattice sites. It is even possible to think 
of a liquid as being equivalent, for statistical mechanical purposes, to a sort 
of equilibrium mixture of fragments of crystal lattice ranging in si»e from 
, a few molecules upwards. 

Over the years, emphasis has gradually shifted towards treating a liquid 
as a solid which has lost its long range structure, in preference to the older 
conception of an imperfect gas where interactions have proved strong enough 
to lead to a transition. Here again, a “decision” between these two concepts 
is impossible and inappropriate, probably because the former concept is 
useful near freezing point, where the liquid density differs little from 
that of a solid, while the latter concept is valuable in the critical region. 
There is, however, one further concept that does enable us to combine these 
two ideas to a considerable extent, namely that the quantity most suited 
to describe the liquid state is the distribution function,^ which replaces the 
mean molecular distance in a gas and the lattice structure in a solid. We 
define the distribution function as a function of the polar variable r. A 
typical liquid molecule is taken as the origin, and g(r) is defined as propor- 
tional to the probability of finding another molecule in any small volume 
at a distance r from the origin. The general behaviour of this function is 
known from geometrical considerations and simple common sense. In a 
solid, we may think of each molecule as surrounded by “Chinese boxes” 
made up of sets of other molecules at various distances, each molecule being 
surrounded first by its nearest neighbours, then by its second nearest 
neighbours and so on. At large distances, this function varies with the 
periodicity of the lattice, in a way that depends on the inclination of the 
radius vector r to the crystal aoces. 

The behaviour of the distribution function in a liquid is a sort of “smeared” 
version of that in a crystal lattice. It rises from zero to a sharp maximrun 
at a distance of approximately one miSecular diameter, and the size of the 
maximum usually corresponds to an average of about nine molecules in the 
“shell” of nearest neighbours, as opposed to twelve for close-packing. We 
should then expect a slight fall, follow'ed by another rise correspondii^ to 
a possible nearly complete shell of next-nearest neighbours, and so on. In 
fact, our function is a “damped” version of that for a solid, and approaches 
a final value, corresponding to the equilibrium density of the liquid, after 
several oscillations of diminishing s^plitude. Most of the features of the 
distribution function can be inferred from measurements on X-ray scattering, 
but some details remain doubtful, e.g., the form of its initial rise, as we go 
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out from the typical molecule, is difficult to infer with any accuracy.* 
For some proposes, as we shall see later, the data from X-ray scattering can 
be used directly. Subject to small corrections, this gives us the three- 
dimensional Fourier transform of the distribution function, which is often 
more informative than the distribution function itself. This quantity never 
departs greatly from the pattern to be expected for simple rigid spheres. , 
Consequently it has to be determined fairly accurately to be of any real use. 

The accurate distribution function would tell us “nearly all that we 
want to know” about a classical liquid, in the sense that a knowledge of it at 
various temperatures and densities probably enables us to deduce, in 
principle, all the other thermod 5 mamic and mechanical properties of the 
liquid. In the first place, deduction of the equtltbnum properties is quite 
straightforward, given the usual assumption of additive, central, inter- 
molecular forces. For the mean energy of interaction between a typical 
molecule and the remainder of the liquid, is, by the very definition of g(r), 
equal to 


= jdrr^g(r)V(r)j jdrr^g{r) (10) 

0 / ® 

and the total potential energy of the liquid is just times this. We have 
already shown that, for a classical liquid, (and, in certain circumstances, 
for a quantum liquid also) the mean kinetic energy per molecule is a known 
function of temperature, i.e., apart from possible internal degrees of freedom 
of the molecule, we know the total energy of the liquid, kinetic plus potential, 
as a function of density and temperature, from which the pressure and specific 
heats can be deduced by differentiation. 

It is probable, but not yet quite certain, that the transport properties 
such as viscosity and heat conductivity are also fixed if g(r) and V{r) are 
given, and the liquid can be treated as classical. The arguments on which 
one bases this statement are extremely complicated and still contain gaps, 
but are probably correct, or nearly so. Very briefly, our object is to find 
some solution of the equations of motion of the molecules (or of equations, 
like Boltzmann's equation, that are deduced from them) that will correspond, 
for example^ to the decay of the velocity gradient in a liquid that starts off 
by being uniformly sheared. To ggt a soluble, and physicailly meaningful, 
problem we seek the average rate of decay over a time that is long compared 

* Two atoms very close to one another would scatter radiation to high angles, and 
this is difficult to measure experimentally. 
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with the time between molecular collisions, the latter time being nearly 
always short compared with the "time of making an experimental meas- 
urement.” (This may vary from a fraction of a second for an experiment 
on the absorption of ultrasonics to minutes or hours for a direct viscosity 
determination). The difficulty is to relate an average over a time lying 
between these two limits to averages over the possible configurations of the 
assembly (which regularly replace time averages in equilibrium statistical 
mechanics). Having made such a relation plausible, we have still to reckon 
with the fact that the time over which we average may be long in some 
such sense, but can not be a mathematical infinity. (Any assembly will 
reproduce its initial configuration, to any approximation, if we are prepared 
to wait a sufficiently long time. All irreversible effects therefore disappear 
if we average over infinite times.) These difficulties of principle are still 
far from settled, but the main outlines of the theory of irreversible processes 
seem to be well established, in the sense that we know, *almost for certain, 
the quantities that we have to calculate, but methods of doing so are still 
crude. 

Thus, it is natural that much attention should have been paid to the 
problem of computing the distribution function of a liquid of given density, 
if the interaction energy be supposed known as a function of distance, and 
various approximate methods have been devised. Unfortunately, the 
distribution function never differs very much from that appropriate to a 
liquid of nonattracting rigid spheres, attractive forces, or changes in the 
repulsive forces, producing only minor changes in the calculated pattern. 
Conversely, to predict the properties of the liquid properly, we require an 
extremely accurate knowledge of the distribution function. For example, 
if we wish to calculate the pressure of a liquid the kinetic term NkTjV, 
arising from the kinetic energy, and the term arising from the variation with 
volume of the mean potential energy (10) are nearly equal and of opposite 
sign, so that any inaccuracy in g{r) will be much magnified in an isotherm 
calculated from it. Similarly, it turns out that the calculated transport 
coefficients are extremely sensitive to variations of g(r). We recall that a 
very similar situation exists in the van der Waal gas, the isotherm for whi^ 
may be written as the difference of two terms 

NkT a 
^ - V-b 

which essentially arise from the kinetic aihd potential energies of the molecules. 
It seems to be a fundamental property" of the liquid state that these tenns 
should be opposed and nearly equal, (If the attractive energy were large 
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compared with the kinetic energy we should have a solid; if it were small, 
we should have a vapour, i.e., the liquid would not hold together at all.) 

The methods at present available for computing the distribution function 
are still rather tentative, and, while the direct comparison of "calculated” 
and "observed" distribution function is fairly satisfactory, the more sensitive 
checks provided by the equilibrium and transport properties give "order 
of magnitude” agreement only, as is to be expected from the above 
discussion. 

2.2 Models Based on Quantum Considerations From the Start 

So far, our discussion hcis been based on models involving essentially 
classical conceptions, but some of these can readily be extended to quantum 
assemblies. We now introduce some models using quantum conceptions 
from the start. 


2.2.1 The Debye-Landau Model 

This is really based on the experimental fact that a liquid can propagate 
sound waves with very little attenuation or dispersion. (As the frequency 
moves outside the range accessible to ultrasonics, it becomes likely, for 
a number of reasons, that both absolution and dispersion occur.) This 
suggests that we try to represent the thermal agitation of a solid or liquid 
by superposing sound waves. In other words, we compute the possible 
modes of a block of liquid or solid and argue that, in the long run, a mode 
of given frequency will be present with a certain amplitude. The amplitude 
of any mode is determined by the fact that the energy in that mode is given 
by Planck’s function, so that the total energy lying in a frequency range 
between v and v + dv is 

,exp(Av/ft7y^ 

and we can calculate the energy and other properties of the assembly if we 
know, or can guess, g[v) as a function of frequency. If it were possible to 
neglect dispersion, we should have the well-known expression 

g(»') = 4jiv^ {\ -f - 
\ci 

Cl and C( being the velocities of propagation of compression and shear waves. 
Using this, we can take some account of the discontinuous structure of 
matter by introducing a cutoff frequency, so chosen that the total number 
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of inodes is equal to SN, the correct number of degrees of freedom for an 
assembly of N molecules. More refined calculations, on simple models of 
a solid, lead to more complicated variations of g{v) with v, but do not change 
the over-all qualitative picture. 

It is perhaps not obvious why Planck's function, originally deduced for 
a radiation field, should apply, almost without alteration, to the very 
different case of a sound field. It can, in fact, be shown that this treatment 
would be rigorously correct for the so-called "Hooke’s law solid” in which 
the energy is a quadratic function of the displacements of the molecules from 
some standard configuration. Consider, for simplicity, the "one-dimensional 
ring solid,” with interactions between nearest neighbours only. The potential 
energy is 


and the Schrodinger equation is 

2 ’^ + ^ 2 ’ ^ 

' ’ f ' 

If we put C, = Z, cos (rTis/N), S, = 2, x^ sin [rTtsjN) this equation 
separates into wave equations of simple harmonic oscillator type, with the 
same boundary condition that applies to a single particle, namely, that the 
wave function must vanish when the coordinate C, or S, becomes large. 
The possible eigenvalues of the problem are known to be JAv,, |Av„ etc., 
and summing the corresponding Boltzmann factors leads to the Planck 
function in this case also. Even this very simple model leads to a dispersimi 
of sound (velocity a function of frequency), and to a cutoff frequency above 
which no such excitations are possible. 

This is for a solid. The main problem in adapting this work to apply 
to a liquid is to decide what replaces the’^transverse elastic waves in a solid. 
The longitudinal (compression) waves present no problem, as such soimd 
waves can be propagated in a simple liquid at all experimentally accessible 
frequencies, and we can treat them in exactly the same way as in a solid. 
It is not experimentally possible to propagate transverse elastic waves in a 
simple liquid but it is, nevertheless, possible that they exist. The frequencies 
that one is most interested in for the Debye theory are of order of magnitude 
kT/h fin 10^1 — 10**, which is far outside the experimental range. Various 
attempts were made, by optical scattering experiments, to look for these 
excitations, but the results were inconclusive. Thereford^ the situation is 
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very much less satisfactory than for a solid, for which one can actually 
measure the elastic constants and the velocities of propagation of elastic 
M«aves. For the liquid, we cannot measure the rigidity modulus, so the value 
we insert for the transverse soimd velocity is little more than a guess. It is, 
of course always possible to analyze a specific heat cmve in terms of an 
"effective Debye temperature,” and to plot the variation of this quantity 
with temperature, but, with our uncertainty about th<^ physics, it is difficult 
to assign any real meaning to such a plot for a liquid, whereas it can give 
much information about a solid. 

A quite different point of view about these “transverse degrees of freedom” 
is due to Landau.i He was originally led to it by an attempt to quantize 
the equations of hydrod 5 mamics by introducing commutation relations 
between the field quantities, resembling those occurring in quantum electro- 
dynamics. If this were done correctly, or nearly correctly, it should be 
possible to discuss "idealized experiments” for measuring, e.g., density and 
current flow, and to decide what pairs of quantities can, in principle, be 
measured without mutual disturbance, and so be described by commuting 
operators (Vol. I, Chapter 2, § 3.3), and what pairs are analogous to position 
and momentum in particle dynamics, and have to be described by non- 
conunuting operators. Furthermore, it oyght to be possible to show whether 
the formalism is or is not consistant with the SchrSdinger many-body wave 
equation. Neither of these investigations seems to have ever been made, 
so the validity or otherwise of Landau's treatment remains unsettled. 

Landau's conclusions are, to a large extent, independent of the formalism. 
His picture of a liquid is that the excitations from the ground state consist 
partly of "phonons,” i.e., sound waves, quantized in the way described above, 
which must be nearly correct as long as the amplitudes are not too large. 
He originally thought that the transverse sound waves should be replaced 
by quantized vortices or "rotons.” Evidence has indeed been recently found 
for the existence of vortex filaments in the low temperature modification of 
liquid helium, as predicted by Onsager and Feynman, but the excitations 
usually referred to as "rotons” seem to be rather different. They are probably 
always present in the liquid to some extent, but vortex filaments tend to 
decay. The "rotons” probably represent states of motion of the liquid 
involving comparatively few molecules at a tiipe — one can think of one 
molecule moving through the liquid £pd pushing the others aside, in a manner 
similar to the well-known motion of a solid sphere through a liquid as 
described by elementary hydrodynamics. The spectrum of such excitations 
is hard to predict quantitatively, and it is usual to choose it to get agreement 
with the observed specific heat. The combined spectrum required to do this. 
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if we ignore the distinction between phonons and rotons, is very nmilar 
in general form to the excitation spectra calculated for simple solids, probably 
going through two maxima and a minimum as the frequency increases. 
A sound wave necessarily involves the motion of a great many molecules, 
while the motion of a single molecule through the liquid might be expected 
to involve only a few others, but this qualitative distinction cannot be 
expected to hold at all frequencies, and it is not, strictly, possible to say 
that part of the spectrum consists of phonons and part of rotons ; they seem 
to merge into one another. (In the elastic solid, it is also not possible, in 
general, to separate the normal modes into wholly transverse and wholly 
longitudinal.) 

Clearly it is always possible to devise a spectrum of excitations that 
will represent almost any data, since we have so little to guide us apart from 
the measured velocity of sound in the liquid. Theoretically, the longitudinal 
waves should use up N degrees of freedom, leaving us 2N others almost 
completely arbitrary. The complete determination of the spectrum seems 
to have been carried out only for liquid helium, where there is considerable 
evidence available that does not exist for other liquids. 

2.2.2 The ''Imperfect Quantum Mechanical Gas” 

We have just discussed a modification of a sohd model. The successes of 
the van der Waals model based on the idea of an imperfect but classical gas 
lead us to try the effect of correcting the perfect quantum mechanical gas 
by introducing “interaction” terms. 

The perfect quantum mechanical gas can be treated fairly easily. Instead 
of trying to enumerate the energy levels of the whole assembly, it is simpler 
to enumerate those of one molecule at a time. For a cubical box of side d, 
the possible wave functions for one molecule are 



where p, q, r, are integers and the corresponding energy levels are 

+ r^)ISmd^ = 

In quantum mechanics we regard the molecules as indistinguishable so 
that we distinguish between states in which these levels are occupied a 
different number of times but pay no attention to interchanges betwewi 
molecules. If a level {p,q,r) is occupied by n molecules, the Boltzmann 
factor is exp (— nE^ ,,/hr). If the molecules are described by symm^cal 
wave functions n may take any value from zero upwards, 'and so tl» levd 
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{p,q,r) corresponds to a factor exp (— nEp^ JkT) in the partition func- 
tion, so that the complete partition function is 


/ = 



A exp 


Smd^kT 


( 12 ) 


from which we have to select the coefficient of where N is the total 
number of molecules. If, however, the molectiles ^ave a resultant half 
integral spin, as a result of being made up of an odd total number of protons, 
neutrons, and electrons, such molecules must be described by antisymmetrical 
wave functions and this implies, among other things, that each elementary 
level described above can each be occupied in only four distinct ways, if 
the molecules have a resultant spin of The level can be empty, or it can 
contain one molecule spin up or spin down, or it can contain two molecules 
of opposite spin. In such a case, (12) must be replaced by 


i=n 1 -4- A exp 


Smd^kT I 


(13) 


(13) is identical with the expression for the partition function of free electrons 
in a metal, on which the Sommerfeld njpdel is based. A sufficiently good 
evaluation of expression (12) can be obtained by the artifice of taking 
logarithms, so as to reduce the product to a sum over p,q,r, expanding in 
powers of the exponential, and then replacing the summation over p,q,r 
by integrations. At very low temperatures this becomes inaccurate, but, 
in all cases, we get a sufficiently good answer if we retain explicitly the term 
corresponding X.o p = q = r = the final result being 


log/= - log|l - Aexp 


3A* 

%md^kT 


+ (“r2’ (.4) 

' ' s-l 


The evaluation of expression (13) has to be considered separately for various 
possible ranges of the parameter A, but this problem has already cropped 
up in the theory of metals. 

Expression (14) has some interesting properties. Clearly the argument 
of the logarithm must be positiA^e, jmd this implies that the series alwa 5 rs 
converges. According to the ordinary formulas of statistical mechanics, A is 
related to the number of molecule.s in the assembly by 2V = A[9()bg /)/3A] 
and we get 


JV = 


A exp {U^I%md^kT) (27tmkTyi^ y 

1 - Aexp (3fc*/8Mtd2ftT) '^ \ h* } 


(16) 
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We notice that the series converges in all interesting cases in this expression 
also, because X cannot exceed unity without making the first term negative. 
For d and V large, the exponential in (16) is very nearly unity. For 
A = 1 the sum of the series in (16) is 2.612... so that, for NIV greater 
than 2.612 {2nmkTf'^lh^, the first term in (16) becomes significant, whereas, 
.as soon as X falls appreciably below unity, this term is small compared with N. 

The physical meaning of this result is that, for NjV greater than a certain 
value, or, for a given NjV and T below a certain value, even a completely 
perfect gas, without any interactions between the molecules at all, 
would show a peculiar condensation phenomenon, the very lowest level 
{p = q z= r = 1) containing a finite fraction of all the molecules, this fraction 
increasing if the temperature falls still further.* This phenomenon is known 
as Bose-Einstein condensation. One might at first think that it has some 
connection with the liquefaction of a gas, but insertion T>f numbers shows 
that this transition occurs well below the solidification point of most 
substances, so little notice was taken of it. In 1938, however, F. London 
suggested that this transition might be connected with the transition of 
liquid helium that we shall be discussing below.* 

Many attempts were made to allow for the interactions between real 
molecules by such devices as modifying the spectrum of energy levels, or 
introducing terms of van der Waals’ type, to try and make a theory of a 
“quantum liquid,” with much the same results as for other liquid models, 
namely that certain results could be reproduced quantitatively, and others 
predicted in order of magnitude. In practice, most of such work has been 
directed towards efforts to explain the properties of liquid He^, since interac- 
tions are weak and the atoms are light, so we might expect quantum effects 
to be more marked than in other liquids. Various attempts have also been 
made to modify the accepted treatment of electrons in metals (Fermi gas) 
so as to obtain a model of liquid Hej, and the experience there has been 
much the same. This much is quite clear, there are marked differences 
between the two liquids, far more fundamental than can be accounted for 
by differences of interaction or mass, and they can be partially explained 
on the basis that there is a fundamental difference between the wave func- 

• We have used rather “rough and ready" mathematics to arrive at this result but 
a number of more refined investigations have confirmed its validity. For example, 
it makes no difference if we separate off a band of the very lowest levels and study tSiem 
separately. It is well known to mathematicians, that, if we approximate to a series by 
an integral, we sometimes have to take explicit account of the first and last terms, 
and this is what occurs here. 
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tions describing Hcg and He 4 atoms. Thus we have fresh confirmation of 
the validity of deductions based on the symmetry properties of wave func* 
tions. This was one of the essentially new ideas introduced by wave 
mechanics into the quantum theory. 

2.2.3 The “Pair” Model 

One way in which we might attempt a theory W a liquid would be on 
the lines of a Hartree (Chapter 2, § 13.3, in this volume) or Fermi-Thomas 
(Chapter 6, § 3.2, in this volume) type of "self-consistent field” calculation ; 
that is, we think of our liquid as one vast molecule, and try to find reasonable 
wave functions which shall describe the motion of a typical atom in some 
kind of "smoothed field.” This wave function also teUs us the probability 
of finding atoms at any given point, and we would go on adjusting our wave 
function until the smoothed field was consistent both with this variation 
of density from point to point, and also with the interaction function, assumed 
known. Such a programme never actually seems to have been carried out 
for any realistic case, in spite of the fact that it would certainly be a better 
approximation to the actual situation in a liquid than crude models of the 
"cell” or "hole” type. One reason for this omission is that a "self-consistent” 
calculation would still be rather a poc^ approximation (the motion of many 
particles cannot be described properly in terms of that of one typical 
particle). For example, we have nothing corresponding to the distribution 
function for describing the "correlations of distance” that must exist between 
any two typical particles because of their interactions. 

Very recently, a more ambitious programme has been tried by Brueckner 
and others,® with the object of describing nuclear matter (which probably 
resembles a liquid in many respects), and also liquids like helium and hydrogen 
where quantum effects are likely to be important. Very briefly, their method 
is as follows. A typical pair of particles is thought of as moving in a 
"smoothed potential” representing their interactions with the remaining 
N — 2 particles, and the interaction between the two particles is allowed for 
explicitly. Assuming, for the moment, that the smoothed potential is known, 
it is a soluble problem to determine wave functions for the two particles 
that takes explicit account oi their symmetry properties, EAd these wave 
functions are then used to adjust the smoothed potential, mi the same 
principles as in ordinary "self-consistent” calculations. The other refinement 
is that the smoothed potential is not now simply a scalar, but an operator. 
We are familiar with operators appearing in the Dirac wave equation or in 
the Schrddinger equation with a magnetic field (Vol. I, Chapter 8, § 5.1.4). 
In practice, the effect is the same here — the interaction of a particle with 
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the smoothed potential depending not only on its position, but also on its 
velocity and its spin function. A dependence of the "smoothed potential" 
on velocity is extremely reasonable in a liquid, if for no other reason than 
that the distribution of particles "seen” by one particular one moving thmugh 
the liquid will not, in general, be independent of the velocity. For a slow 
, particle, there is more time for the rest of the structure to adjust itself 
to its motion than there is for a fast one. In simple versions of the model 
we can either guess a smoothed potential such as a constant potential, or 
even more crudely, we can guess the form of the "pair" energy levels. A 
genuine "self-consistent” treatment must clearly include some way of 
determining, from the wave function, the operator representing the smoothed 
potential. Anything of this kind must be fairly elaborate and on a much- 
bigger scale than a Hartree type calculation. Since the latter is already 
near the limit of what can be efficiently done by hand-computing, it follows 
that the Brueckner method is essentially one for a large automatic computer. 
It has already been applied to nuclear matter and liquid HCj with promising 
results. Its application to symmetrical assemblies like He4 is more difficult. 
Investigation has shown that certain cancellations of errors that fortunately 
occur in the antisymmetrical case do not do so in the sjmimetrical one, and 
an attractive interaction proves difficult to handle. 

2.3 Attempts to "Quantize" Purely Classical Models 

A simple approach to some problems begins with one of the purely 
classical conceptions like the "cell” model by asking how it might be affected 
if we leave our smoothed potential unaltered, but work out the resulting 
energy levels quantum mechanically, instead of classically. Apart from 
symmetry effects, which cannot be dealt with properly by such a one-particle 
treatment, there are two other possibilities worth considering. In the first 
place, are we ever likely to meet conditions in which the "tunnel effect" is of 
significance ? In other words, does a typical molecule ever leak out ot its 
cell even though it has not enough energy to overcome the potential barrier 
surrounding the cell ? One might further look for effects analogous to those 
occurring in metals, corresponding to the existence of allowed and forbidden 
bands of energy, that may be expected to be the result of a spatially periodic 
field. The short answer to such questions is that such effects are quite 
possible, but would be extremely difficult to verify. Classically, there is 
always a finite probability that a molecule can escape hxnn its pell, its 
ndghbours moving aside to let it through. On this basis it is possible to 
account qualitatively for viscosity and diffusion and thermal conductivity. 
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on the basis that this "probability of escape" will vary slightly from place 
to place if there is a gradient in temp>erature, pressure or density. A quantum 
mechanical calculation could only modify this probability of escape, which 
is usually an adjustable parameter in any case. 

2.3.1 Zero-Point Energy 

There is an effect that is completely absent in^he classical liquid that 
can be of considerable importance, namely the zero-point energy. The order 
of magnitude of this can easily be computed, but, even for a very simple 
model in which molecules are represented by nonattracting rigid spheres, 
the detailed variation with density is still not known accurately. For a 
"cell” model, if d is the maximum dimension of a cell, the energy of the 
lowest possible energy level for one molecule is of the order of magnitude of 
h^ltnd^. Now, we should expect d® to vary inversely with density in a rarefied 
assembly, in which the volume of a cell is roughly the same as the "share" 
of the "free volume,” v — b oi the assembly available (6 is the van der Waals 
constant) to any one atom, whereas, in an assembly of nearly rigid molecules 
approaching close packing, we should expect d to approach a constant value 
comparable with a, the gas kinetic diameter. In this region, however, the 
increase of zero-point energy does not ^ease. As the molecules are squeezed 
nearer to one another, it becomes more and more difficult for our specimen 
molecule to escape from between its neighbours either classically or by 
virtue of the tunnel effect, and we can describe this by saying that not only 
is the cell becoming smaller, but the height of the potential barriers surround- 
ing it is going up, and both these effects have to be considered. Qualitatively, 
we can say that, over a reasonably range of densities, the zero-point energy 
should increase with a fairly low inverse power of the density, probably of 
the order of two or three. 

The zero-point energy can be roughly estimated from a Debye-like 
model also. An interaction like that given by (11) binds a typical molecule 
to the neighbourhood of the centre of gravity of its neighbours. This interac- 
tion is intended to represent the effect of intermolecular forces, and is 
assumed to be of parabolic (or Hooke’s law) form to obtain a model that can 
be solved^ completely. According to this model, the zero-point energy arises 
from the term for the lowest level of each of the virtual oscillators into 
which our assembly is decompose4. It arises for just the same reason as the 
zero-p)oint energy in the cell model, namely, it is a measure of the confinement 
of a t]iq)ical molecule by the interactions of neighbours. For the simple 
"Debye solid,” summation over all the oscillators gives an estimate QNk&jS, 
where & is the Debye temperature. It is possible to derive a Debye tern- 
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perature of a liquid by measuring its specific heat, but the difficulties asso- 
ciated with the transverse degrees of freedom already discussed mean that 
only an "order of magnitude” reliance is to be put on the zero point energy 
measured in this fashion — the theoretical backing for the Debye model 
being much less satisfactory in the liquid then it is in the solid. This approach 
^ again predicts a zero-point energy that increases as a fairly low power of 
the density. We now deduce some physical consequences of the existence 
of this energy. 

In the first place, if it varies with density, as it always will, we get a 
"quantum” contribution to the pressure. This occurs simply because, if we 
compress the liquid, its zero-point energy is increased, quite apart from 
any increase of the direct interactions between the molecules. All that we 
have to do is to include the zero-point energy in the thermodynamic internal 
energy function and an extra term in the pressure then appears when we 
differentiate with respect to volume. (The reader will easily verify that this is 
dimensionally in accord with de Boer’s extension of the principle of cos- 
responding states already discussed.) The zero-point energy is kinetic, since 
it arises from the confinement of typical molecules which is only indirectly a 
result of their interactions, and it is sometimes kept separate from the 
“ordinary” increase in kinetic energy that occurs when the temperature rises. 
Strictly speaking, the latter increase occurs because the assembly now has a 
chance of occupying states other than the ground state, and it is not really 
correct to separate the total kinetic energy of such an excited state into "zero- 
poinf’and "thermal” parts, though such a division may be convenient. For 
the Debye model at low temperatures, this leads io E = AT^ .... 

Another quantum departure from a "corresponding states” type of 
behaviour occurs when a liquid of light molecules evaporates. The zero-point 
errergy is definitely present in the liquid but absent in the vapour, and this 
means that our observed latent heat of evaporation is lower than we might 
expect. This leads to a departure from Trouton’s rule, which was discovered 
empirically but has a fairly sound theoretical basis, namely that, if a liquid 
is evaporated at its boiling point LfT is practically the same for all liquids, 
of the order of 20—26 cal/deg/mole. The theoretical basis of this is that the 
thermod 3 martuc behaviour of vapours is surprisingly close to that of perfect 
gases, so that the entropy of the vapour exceeds that of the liquid by roughly 
N/felog [F(vapour)/F(liquid)], the internal degrees of freedom of the 
molecule not concerning us here, because they are not greatly affected by 
evaporation. Thus, for substances that roughly obey the law of corresp<mduig 
states the ratio of densities of liquid and vapour depends only on the reduced 
temperature and, because of the logarithm, the entropy of evaporation is 
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nearly constant which leads to Trouton's rule. The argument still holds for 
quantum liquids, because the vapour can still be treated as classical and the 
entropy of the liquid is negligible compared with that of the vapour, but 
"work is now done by the zero-point pressure,” i.e., the zero-point energy 
disappears as the liquid expands into vapour, and a smaller latent heat is 
needed in order to lead to the same entropy change. Trouton’s rule is rather 
rough, so it is only with liquids like helium and hydrogen that we can detect 
departures from it with certainty. For He^, the effect is very important, 
we expect a latent heat of the order of 80—100 cal/mole and only observe 
14 cal/mole, the rest being due to the zero-point energy. That is to say, 
that, in this liquid this typically quantum effect plays a major part in 
determining the equation of state. 

One result of this is that the density is much lower than we might expect. 
In an "ordinary” liquid, the intermolecular distance corresponds to a rough 
balance between the attractive and repulsive forces between a typical pair 
of neighbours, whereas liquid helium is "blown out” by the zero-point effect 
to a density only about one third of what we might expect on a classical 
basis. Thus, this liquid is already giving us evidence of the importance of 
quantum effects. The repulsive forces play little direct part in fixing the 
equilibrium density, instead we have ya rough balance between the "zero- 
point pressure” and the attractive forces, or speaking more precisely, the 
liquid adjusts itself to near the region of minimum total energy. We can, 
if we like, compare the liquid with the deuteron nucleus. With this system 
we have two heavy particles bound by a short range interaction that is only 
just enough to give us a bound level. As a result, the net binding energy is 
very small, and the wave function remains appreciable out to distances several 
times the range of action of the nuclear forces. The same is true of two 
helium atoms, the interaction between them is probably about enough to 
give a bound state when two atoms interact. We can thus expect to find 
some points of resemblance between helium, particularly Hcg, and nuclear 
matter (Vol. Ill, Chapter 5). 

One very interesting consequence of the zero-point energy is that neither 
form of helium solidifies at atmospheric pressure, but requires an external 
pressure of at least 26—30 atm. The relationship between interaction 
forces and the type of crystal lattice that results from them, and, in particular, 
the circumstances in which it is profitable to form an ordered lattice rather 
than a random one, are not properly understood. A fairly delicate balance 
is probably involved in most cases, since the calculated differences in energy 
between various lattice structures are always fairly small, and the energy 
and entropy of a disordered structure cannot yet be calculated with enough 
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accuracy for comparison. The large zero-point energy term far exceeds the 
small differences between the energies of various possible structures, so it 
is not surprising that the situation is quite different from that in an ordinary 
solid. 


2.3.2 Distribution Function 

Since the distribution function technique looks so promising in the 
classical case, and since it involves concepts like the probability of finding 
one molecule at a given distance from another which figure so often in quan- 
tum mechanical investigations, it is only natural to look for a generalization 
of the work. In one sense, one can perhaps regard Brueckner's® work, in 
which the interaction of two molecules is considered explicitly and the effect 
of the remainder is “smeared out” as being this generalization. In classical 
distribution function theory an approximation in the same spirit, the so- 
called Kirkwood or "superposition” approximation is necessary in order to 
make any real progress. One suggestion has been to replace the distribution 
function by the density matrix and try to find a satisfactory form for that. 
Although the equation it satisfies is apparently quite simple, it is difficult 
to formulate properly the boundary conditions it must satisfy. An approx- 
imate treatment by Born and Green* is practically equivalent to treating 
a typical pair as moving in a constant “smoothed potential.” The problem 
then reduces to the soluble one of the motion of two molecuks under the 
influence of their interaction, and the two-molecule distribution function 
reduces to the probability of finding the two molecules at various distances, 
due regard being paid to their symmetry properties. Their theory did indeed 
predict a large difference between the properties of the two isotopes of 
helium, but gave quite wrong predictions for the distribution function 
of He4 at low temperatures, seeming to show that the above assumption is 
an over-simplification. 


2.4 Direct Attacks on the Quantum Mechanical, Many-Body Problem 

Since treatments based on tentative models tend to contain too many 
adjustable parameters, and since attempts to find quantum mechanical 
versions of classical hydrodynamics or sound theory must ultimately lead 
us back to the many body problem for their formal justification, one is 
naturally led to ask whether anything can be deduced from a direct study ^ 
of the many-body problem itself. In fact, progress has been made in two 
quite distinct directions. 
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2.4.1 The Bijl Transformation 

The idea here is particularly suitable for very low temperatures. We 
assume that we know the exact wave function of the very lowest state of 
the liquid, and we look for other solutions of the many-body wave equation, 
of the approximate form 

if,= 

where if/^ is the ground-state wave function. Substituting this into the 
many-body wave equation, and using the fact that tpQ is a solution of it, 
we can get an equation in which the troublesome interaction potential does 
not appear directly 

^ yZ ^ *•> • f'- *) + - EM = 0. (18) 

In actual fact, we know very little about ^o> which has never been worked 
out for any realistic interaction, but, for our present purposes, we only need 
some very general properties, namely that, being the ground state wave 
function, \fs^ may be expected to be real, and to be without nodes. In other 
words, no configuration of the molecules in the vessel is actually forbidden, 
but those in which, e.g., two molecuWare very near one another correspond 
to very small values of the wave function, which is largest for configurations 
in which the interaction energy is lowest, which will be those in which the 
atoms are spaced nearly uniformly. 

Equation (16) may also be written, if we choose our energy zero so 
that Eq = 0 

Now multiply both sides by <f>*, integrate over all the coordinates of all 
the atoms, and apply Green’s theorem to the right-hand side, remembering 
that must vanish whenever any one of the molecules is on the walls of the 
vessel, so that the surface integrals all vanish 

E J J lAo 2" ^ (17) 

(») (») “ 

standing for the product of* the volume elements for the n sets of 
coordinates. 

Equation (17) is exact, but to make further progress we have to assume 
some form for the function We know that when making calculations of 
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energy levels, fairly crude approximations to the wave function often give 
quite good results (Vol. I, Chapter 6, § 3.1). Abo, because of symmetry 
requirements our new wave function, and therefore must be a symmetrical 
function of the coordinates of all the atoms, so that we are led to try as the 
simplest possibility, a function of the type = /(*„, y„, z„). By a \aria- 

tional argument, we can show that the form of / that leads to the lowest 
’energy is a function of the type exp (tk • x), which is therefore the “best- 
possible” choice of wave function with this type of <f>. It is possible to give 
physical arguments to show that this proposed wave function does in fact 
give a reasonable description of simple situations in the liquid, such as the 
motion of one molecule and the consequential displacements of others near 
its path, so it should lead to reasonable results for the energy. 

Substituting this function into (17), we find, for the left-hand side. 

We can take i and / to refer to different molecules, because is extremely 
small if two molecules coincide. For any choice of t and we can integrate 
over the coordinates of all the molecules except i and ; remembering that 
i/fQ^ is, by definition, proportional to the probability that molecule 1 will be 
found near {x^, y^, ^j), and at the same time molecule 2 near (%j, y^, etc. 
After integration over the coordinates of all but two of the molecules, we 
are left with ^N{N — 1) terms of the type 

p'N - 2 £ ( exp (tk • X,;) dr, dr, 


because g(r,,) is, by definition, proportional to the probability of finding 
two specified atoms at a distance apart r,,, and is the result of integrating 
^0® over the coordinates of all but two of the molecules. Neglecting wall 
effects this probability depends only on the distance apart of these two 
molecules, and not at all on their absolute positions, so that the integration 
over the coordinates of one molecule leads simply to a factor V. Further, 
g{T,j) is independent of the direction of r,, in space, so we may integrate over 
the polar angles. Thus the left-hand side of (17) reduces to 

where S{k) is equal to 4:^/“ g(r)«’‘' 'y®<;r, the three-dimensional Fourier 
transform of the distribution function, which depends only on k, the 
niagnitude of k. With this same choice of tft, the sum on the right-hand side 
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of (17) reduces simply to a factor Nk^, and the result of integrating over 
the coordinates of all the molecules leads, by definition, to a probability 
of unity, i.e., the right-hand side is NkW^ , so that we have, finally, as 
our estimated energy of an excited level 

^jihnNSik) 

which also depends only on the magnitude of k. 

Thus, we can make an estimate of the distribution of the energy levels 
above the ground state if we know g(r), the distribution function. This 
treatment thus bypasses the difficult problem of computing the many-body 
wave functions associated with our interaction; we can, instead, take g(y) 
as the datum which is to be fed into the theory. Actually, nature is partic- 
ularly obliging on this occasion, because what we really require is S{k), 
and it is effectively this quantity that we actually measure when we make 
an X-ray or neutron diffraction study of a liquid, a maximum in 5(^) as a 
function of k corresponding to a diffraction ring. S{k) is linear for small k in 
a liquid, so that E{k) is also linear, and the spectrum of the energy levels of a 
liquid resembles that of a solid, being linear with wave number for small 
wave numbers and going through mai^ma and minima following the varia- 
tion of S{k), Thus, we are led to expect a “Debye-like” spectrum for a liquid 
very similar to that for a solid, even though the arguments that lead to them 
are completely different, and the form of the wave functions is also completely 
different. So, again, we are in difficulty when we try to confirm our predic- 
tions experimentally. Even though we arrive at a spectrum of excitations 
that agrees with experiment, e.g., with the observed specific heat, it is not 
a valid deduction from this that we have been using a nearly correct wave 
function. At present any decision between the solidlike approach and the 
present one must rest on physical arguments. For liquid helium, the solid- 
like approach is particularly unconvincing, because of the big effect of the 
zero-point energy, and the present treatment is probably preferable. For 
other liquids, for which the density is not much greater than that for close- 
packing of the molecules, the position is less clear. 

2.4.2 The Bohm-Pines Transformation 

This treatment was originally designed for the description of a plasma, 
or, of other systems of electric charges interacting through Coulomb interac- 
tions, for which it has been extremely valuable. It is, however, quite general 
Mjd is at least formally applicable to other many-body problems, but, 
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as we shall see, it has to be used with care if the interactions between the 
molecules are of "hard-core” type. We shall first carry out the treatment 
for a classical assembly with a general interaction, and we shall then indicate 
how a quantum mechanical treatment can be developed, though the details 
rapidly become complicated. 

The transformation used is quite simple, namely we use new "coordinates” 
related to the coordinates of the particles themselves by 

= ( 19 ) 

These quantities are, in fact, the Fourier components of the total “particle 
density,” which is expressed in terms of Dirac delta functions, without 
any attempt being made to smooth them off into a continuous function. 
That is, the particles are treated as separate points rather than as a contin- 
uous distribution. Thus, we have for the charge density 

<?(x) = 

1,k 

for unit volume. Assume, as usual, that the interaction potential between 
two particles is additive, central and nondirectional, and suppose the potential 
between any two particles analyzed into its Fourier components is 

k 

The equation of motion of any given paiticle is clearly 

'*'■ V (20) 

*2 dx, 

We use this to derive the equation of motion of the quantity We have 

where U, is the velocity vector of the particle i. Differentiatmg again and 
using (20) for the acceleration, we find 

-^(k-U.)*«'‘‘' *• -^^*(k-l)exp[t(l-h)-x.]xexp(-»l*x,) 
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where, in (20) we have replaced summation over k by summation over the 
similar variable 1. So far this is exact (provided that the potential function 
can be validly analyzed into a three-dimensional Fourier series). The 
characteristic Bohm and Pines approximation is the "assumption of random 
phase," which consists of neglecting all terms in the I summation except 
those for which k = 1. The summation over i then leads simply to a factor N, 
where N is the number of particles per unit volume, while the summation* 
over ;■ simply reproduces the variable q,,, so that we have 


dt^ 


m 




— tk X, 


( 22 ) 


The assumption of random phase implies that, when I is significantly different 
from k, the oscillating terms from the exponential involving may 

be expected to cancel one another out. (This is reasonable both for a plasma 
and a liquid, where there is no reason to expect correlations in the positions 
of two particles selected at random, but would not be valid, e.g., in a crystal 
lattice.) For the Coulomb interaction, it is possible to give other arguments. 
For this case, we have F* = 4ne^lk^, and, for srqall k, we obtain from (22) 
o>® = 4nNe^lm, which is the well-known expression for the frequency of 
plasma oscillations. Since the second term of (22) is certainly small for 
small enough k, this agreement makes us confident that, at least in this 
region, the effects of the random-pha^ assumption are small also. 

The Coulomb interaction is, of course, a special case, in that the char- 
acteristic frequencies are, to a first approximation, independent of k, but 
this will not be so for other forms of V 

The treatment is clearly unsuitable for rigid spheres, or for any interaction 
involving a rigid core, since the decomposition into Fourier components 
is not possible. However, if V is finite at the origin of r, or if it goes to 
infinity more slowly than 1/r, F* may approach a constant value as A -►O, 
and we again get a Debye-like spectrum of frequencies, frequency being 
initially proportional to wave number, which corresponds to a "velocity 
of propagation” that is constant for small frequencies, which it is tempting 
to identify with the velocity of sound in the liquid. This is certainly an over- 
simplification as it makes the velocity of sound proportional to the square 
root of the density, irrespective of the form of F(y), and also makes it depend 
on an integral J® r® V (r) dr, whereas, on physical grounds, one would give 
most weight to the behaviour of J^(r) for r near the mean intermolecular 
distance. However, the argument is certainly right qualitatively, and once 
again, we arrive at a Debye-like spectrum of excitations for the liquid. 
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We have not yet considered the effect of the sum term in (22), Since 
it involves k, its effect is to introduce dispersion, so that <u is no longer 
proportional to k. For Coulomb interactions and classical conditions, it 
can readily be shown, by successive approximation, that excitations of this 
kind cease to have a finite frequency for a wavelength corresponding roughly 
,to the “Debye-Hiickel distance,” that is to say the distance to which the 
field of an individual charge is perceptible, before it is screened off by the 
rearrangement of other charges in the neighbourhood. 

A similar length probably exists for other forms of the interaction func- 
tion. Its physical meaning is that collective excitations involving the 
simultaneous motion of a great many of the atoms are not possible if the 
wavelength falls below a certain value. (In the Debye specific heat theory, 
based on sound waves, this limiting wavelength turned out to be comparable 
with the intermolecular distance.) For any interaction we are left with the 
question of the possible form of other types of excitation. A very interesting 
attempt to set up a general operator theory, analysing the many-body 
spectrum into collective and individual excitations has been made by 
Tomonaga.'^ His results are practically equivalent to those summarized 
above but are expressed in quantum language, in the place of the above 
“semiclassical” treatment. He justifies the separation of collective variables 
from the Hamiltonian by an argument almost exactly equivalent to the 
“random-phase” one. As we might expect, instead of using an “acceleration” 
equation like (22), the characteristic frequencies are derived from a 
Hamiltonian containing dtffer-'ntiations with respect to the variables 
but the results are practically the same. 

We conclude this survey with a remark about the effect of splitting off 
the collective excitations from the Hamiltonian. We have seen that these 
are associated with the Fourier components V i, for which k is small, which 
are determined mainly by the behaviour of V (r) for r large. If we subtract 
out these V^, we are left, in the Coulomb case, with a “screened” potential, 
1/r exp (rjrQ), vanishing at distances much greater than the Debye distance 
Thus, we might reasonably expect the remainder of the potential energy 
in the Hamiltonian to represent “quasi particles” with an effective interaction 
potential of only short range. However, it is not so easy to see that the 
remainder of the kinetic part of the Hamiltonian, involving differentiations 
with respect to the y*’s, can be reduced to a correspondingly simple form 
if we omit all the ?*’s below a certain limit and retain the rest, but such a 
result is at least plausible (see Brenig®). If we assume it, this means that 
besides excitations resembhng the sound waves in a liquid, we may expect 
excitations resembling the motion of free particles, except that their “effec- 
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tive mass’* will probably differ from the mass of the molecules (because we 
have subtracted away part of the total kinetic energy in the Hanultonian), 
and their effective interaction with other quasi particles will be small (because 
we have subtracted out the long range part of the interaction potential). Thus, 
the motion of one quasi particle probably only affects a few of the others. 

Thus, by a quite different route, we have eventually arrived at the same, 
sort of picture as that proposed by Landau and Feynman for a quantum 
liquid. "Phonons,” or quantized sound waves of n^latively long wavelength, 
each involving the motion of a great many ato^s and "rotons” which 
probably resemble the motion of free particles, or only involve a few mol- 
ecules at a time, and do not necessarily possess any vorticity. 


3. The Properties of Liquid Helium 

Since we have no satisfactory classical model of a liquid, we cannot 
hope for a quantitative theory of the corresponding quantum mechanical 
assembly. However, a study of the properties of liquid helium has been of 
value. Until we have some understanding of them, we can never exclude the 
possibility that we are omitting something important from the description 
of other liquids. Because of this, and because of the intrinsic interest of these 
properties, much work has been done and some of the theoretical effort 
described above was inspired by the ^istence of this liquid. We shall give 
a fairly brief review of the main experimental facts, and than show how most 
of them can be interpreted in the light of the theoretical ideas described 
above. 


3.1 The Diagram of State 

The unusual features are, first, the existence of two forms of the liquid 
(for He 4 ), and secondly, the persistence of the liquid phase down to 
absolute zero for both isotopes. We have seen that the latter circumstance 
can be accounted for qualitatively on the basis of solidification being 
hindered by the leurge zero-point energy. Each isotope has a peculiarity in 
the liquid-solid curve that is not properly understood. The solidification 
curve for Hcs goes through a minimum pressure at about 0.4° K. 
This is probably connected with a magnetic transition in either liquid or 
solid aLa slightly lower temperature, and there is a little evidence for this. 
The anomaly for He 4 is more subtle, amounting to a change of sign of the 
difference in internal energy beb.veen solid and liquid, occurring at about 
1.6°K. We have 


AU fo^TAS- PAV, 
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the two tenns on the right-hand side both being positive, and P rmaining 
finite as T -*■ 0. Above this temperature, the liquid has the higher internal 
energy as usual, but below this temperature, the external work done on 
melting more than balances the latent heat. This result is not completely 
understood, but it seems clear that it is another consequence of the high zero 
•point energy in both liquid and solid. 

Much more spectacular is the transition of the liquid He 4 . At vapour 
pressure this occurs at about 2.18‘’K. The specific heat probably becomes 
"infinite,” but there is no measurable latent heat. These remarks hold good 
not only at vapour pressure, the transition line runs all the way between 
the vapour pressure and solidification curves, dividing the "liquid” region 
of the phase diagram into two portions. It was soon found that the low 
temperature form of the liquid had some very remarkable properties — the 
first one to attract attention being the fact that it does not "boil” by devel- 
oping bubbles like an ordinary liquid, but evaporates steadily from the free 
surface Further investigation suggested that the liquid was an extremely 
good heat conductor, perhaps analogous to a superconductor, but we now 
know that the true interpretation is much more complicated. 

3.2 The Transport Properties of Liquid He II 

When it was found that the apparent heat conductivity was not a 
constant, but varied in a most complicated fashion with the temperature 
gradient and the geometry of the measunng apparatus, efforts were made 
to measure other transport pioperties. Attempts to measure the viscosity 
of the liquid by "capillary tube” methods also produced a crop of nonlinear 
results, but did yield an important chie. Not only did it seem that the 
viscosity was extremely small numerically — the liquid penetrating with 
ease through channels formed by compressing jewellers rouge, estimated 
to be only about 10~* cm in lateral dimensions — but it seemed as if the 
concept itself required modification in some way, since, with a fine capillary, 
the rate of flow was almost independent of its length. However, attempts 
to measure the viscosity by an oscillating disk method seemed to give a 
finite viscosity, comparable numerically with that of He I. Now any 
"oscillation” measurement is theoretically capable of giving two quite 
separate pieces of information since we can measure, very accurately, both 
the damping and the change in period. Investigation shows that from this 
we can calculate both the viscosity and the effective density of the liquid 
“carried round” by the disk. (To get an easily measumble effect on tibe 
pmod one uses a pile of discs spaced* along a rod rather than a single one, 
but this does not affect the princi|de of the method.) The experimental fact 
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is that the "effective density,” measured in this way, is less than>the actual 
density of the liquid. This, coupled with the anomalous results from the 
capillary tube method, suggested that part of the liquid mi^t be slipping 
along solid surfaces. To be more specific, we suggest that part of the liquid 
is behaving as if it had very small viscosity and is capable of slipping over 
solid surfaces, while another part of the liquid seems to have a finite, 
viscosity and to be dragged along by the movement of solid surfaces. This 
is known as the two-fluid concept. Although seems highly artificial to 
think of anything so simple chemically as liquid helium as consisting of a 
solution or mixture of two fluids with such different properties, the concept 
has to be taken seriously. Not only does it collate a large number of exper- 
imental facts, but it soon proved itself capable of predicting others Fur- 
thermore, as we shcdl see later, at least two of the models of the liquid described 
above do lead to the two-fluid picture. Thus, this strange concept satisfies 
all the requirements for being accepted as a physical reality, it is a con- 
sequence of a reasonable model and it is capable of interpreting experimental 
facts. The apparently very high heat conductivity, associated with non- 
linearity and dependence on geometry, suggests that we really are dealing 
with a convection effect. 


3.3 The "^o-Fluid Model 

We suppose the viscosity and heat capacity of one fluid to be 
negligible, while the other behaves just like an ordinary liquid. We also 
suppose, as the oscillation experiments indicate, that the ratio of effective 
densities varies with temperature, and that each fluid has its own stream 
velocity vector, each of which may vary from point to point in the liquid, 
just like the stream velocity of ordinary hydrod5mamics. We have now 
assumed a good deal more than is required by the viscosity experiments, 
and we must examine the consequences of these Jissumptions. In whal 
follows the suffix s refers to the density and stream velocity of the superfluid 
while suffix n refers to the normal fluid. 

Since the superfluid can penetrate through very narrow channels whil< 
the normal fluid is held back by its viscosity, and since the ratio ^ytonsities 
is a function of temperature, we should expect some phenomeno^nalogou! 
to osmotic pressure, and this is observed. If two vessels containing liqui< 
He II are separated by a narrow slit, or a pad of jeweller’s rouge, and w( 
maintain a difference of temperature between them, a pressure difference 
builds up, this being known as the fountain effect. Like all osmotic effects 
it is quite large, a pressure head of centimetres of liquid He correspondini 
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to a temperature diffemice oi the order erf 0.001 ®K. We can predict the 
relationship thermodynamically. If we suppose a small mass of superflujid 
transferred from one vessel to the other, this can be regarded as a revexstiirfe 
process, since very little work is done against viscosity, and no entropy is 
transported by the superfluid. So the condition of equilibrium is that no 
» net work is done by such a transfer, that is, that 

/^\ _ /^\ 

is the same in both vessels. Thus, if A P and /IT are the pressure and tem- 
perature differences 

g{P.T) = g{P + AP,T + AT) 
or 



(s is the entropy of unit mass of the liquid, which is taken as zero at T = 0). 
The relationship was obtained by H. London by another method, and 
has been very thoroughly tested experimentally. This may be regarded as 
a check on the idea, supported by other evidence also, that the superfluid 
carries no entropy 

Now suppose that we establish steady conditions and then gradually 
widen the slit connecting the two vessels It now becomes possible for the 
normal fluid to flow through the slit under the influence of the pressure 
difference. The position now becomes analogous to that of an attempt at 
the measurement of osmotic prt -.ure with a "leaky” semipermeable 
membrane that lets some of the solure through. The end result would be an 
equal concentration on both sides of the membrane and no osmotic pressure. 
If, however, fresh solute were supplied as fast as it diffuses through the 
membrane a pressure difference would persist. We can carry out just such 
an experiment by supplying heat on the high pressure side of the slit. Because 
of the difference in temperature, the concentration of superfluid is less on 
this side, so superfluid can travel through the slit to try and redress the 
balance. However, it absorbs some heat from the supply and some of it is 
converted%tto normal fluid. The normal fluid then moves back towards the 
cold side under the influence of the pressure difference. We can compute the 
rate of flow using Poiseuille's law (neglecting ahy mutual force between the 
two fluids) and the rate of heat transfer then follows if we know the hfisA 
capacity. Since the rate of flow is proportional to A P, an4 APi& prt^iortkli^ 
to Jr by (23), we get a linear law for small rates of heat transfw; thk 
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is not true conduction, but depends on the peculiar convection niechanism 
of "conveyor belt” type, the superfluid carrying no heat. For small enough 
jr we get predictions of the apparent heat conductivity in agreement with 
experiment, but, if the calculated rate of flow becomes too large this simple 
treatment ceases to hold, the observed rate of transfer becomes less them that 
calculated and ceases to be proportional to A T, and, at the same time (23) 
ceases to hold. It is natural to suspect some interaction between the two 
fluids if the velocities rise to too high values; ijvhat is surprising is that 
there seems to be a range of velocities for whicn there is no measurable 
interaction of the two fluids, the flow of each seeming to take place just as 
if the other were not there ! 

This success in interpreting further experimental facts leads us to ask 
whether we cannot set up a two-fluid hydrodynamics, assigning a density 
and a velocity field to each of the fluids, as is already done in the theory 
of pseudo heat -conduction. This can be done fairly easily as follows: From 
continuity we have 


div (ps Vs 4- Pn Vn) 4* 



( 24 ) 


From Newton’s second law we conclude that 


^ / P» Vs 4- Pn . gr^ P 

dt\ p r p' 


( 26 ) 


these two equations being fairly obvious generalizations of the laws of 
ordinary hydrodynamics. If we suppose that all the entropy is transported 
by the normal fluid, we find 


{pn S) + div (psVn) = 0 (26) 

while, if we suppose that the superfluid is completely free to move under the 
influence of the osmotic forces, its acceleration will be proportional to the 
gradient of the Gibbs function per unit mass, that is 


-^4-gradg = 0. (27) 

This equation has been derived by a physical argument, but can be derived 
more rigorously by the use of an energy equation, i.e., we suppwjse that each 
of the fluids makes its own contftbution to the total kinetic energy of the mo- 
tion. It can be seen that (27) is dimensionally correct, but the first argument 
we have used cannot exclude the presence of some ratio of drasities like pjp. 
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Equations (24) and (26) describe mass transfer of both flmis togetha^ 
under the influence of pressure gradients, that is to say to ordinary sound 
waves. If We wanted to discuss situations in which viscosity was not neg- 
ligible, such as flow through a narrow slit, we should have to add the usual 
Navier-Stokes terms to (26). Equations (26) and (27) indicate the possibility 
of another form of flow, relative motion of the two fluids, and, since pjp^ 
is a function of temperature, we expect this to be associated with load 
variations of temperature. If the velocities and changes of density are small, 
we may write the left-hand side of (26) as 

4 - 4 . 

p dt p dt p 

and we subtract (27) from this, using the equation dg — sdT dPjp 
from thermodynamics, so that 


s grad r = (v, - v„) (28) 

p 01 

Substituting dpjdt from (25) into (26) and again dropping second-order 
terms, we find 


P + s/j, div (v, - v„) = 0. (29) 

To complete the theory of this type of motion, we need a relation between s 
and T, just as we need a i elation between P and p to complete the theory 
of ordinary sound. Now, the coefficient of expansion of liquid He II can 
usually be neglected, in other words the entropy depends almost entirely 
on the temperature and very little on the pressure. [{dsldP)j- is equal to 
— {dv/dT)p by one of Maxwell's thermodynamic relations ] Furthermore, 
with a small coefficient of expansion the specific heat at constant volume and 
constant pressure are practically the same Thus we may write ds = Cp dTJT, 
and using this to eliminate T from (28) we can eliminate s (or v, — vj 
between (28) and (29), and we arrive finally at a wave equation, with velocity 
of propagation given by 

( 30 ) 

Pn t-#. 

This velocity is usually known as the velocity of second sound, on account 
of the formal analogy between Eqs. (28) and (29) and the theory of ordinary 
sound. Actually the prediction* is that temperature differences cari be 
propagated in a wavelike fashion by virtue of the relative motion of the two 
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fluids. This phenomenon was predicted theoretically by Tisza and Landau 
and has been verified experimentally. It is something essentially different 
from a high heat conductivity. A little experience with the ordinary heat 
conduction equation soon convinces one that, no matter how high a numerical 
value we give to the conductivity, a large attenuation of any “temperature 
wave" must occur in a distance of the order of a wavelength, whereas the 
experimental result with “second soimd" is that waves and pulses can be 
propagated for many wavelengths without significant attenuation. In 
certain conditions the modes of motion corresponding to ordinary and second 
sound beceime coupled, and are no longer independent of one another, but 
there is a wide range of conditions for which they are practically independent. 
Thus, once again the two-fluid concept is successful in interpreting observed 
facts so that it becomes almost certain that H has some physical basis, in 
spite of its artificiality. 


3.4 What is the Superfluid? 

A hint on the possible nature of the superfluid is given by the theory of 
Bose-Einstein condensation outlined above. This phenomenon occurs for 
a large class of assemblies, and it is very tempting to regard the state of 
lowest energy as being related to the superfluid. The observed absence of 
entropy transfer associated with flow of xhe superfluid is then nicely accounted 
for, as is the variation of with temperature, the transition temperature, 
at which />, becomes zero, being identified with the temperature at which 
condensation sets in and atoms start “crowding into" the very lowest level. 
There is little doubt that this view is, in substance, correct, but it leaves 
certain things unexplained. For example, it is not at all obvious why a 
molecularly rough solid should be able to slide past such an assembly without 
dragging along some of the atoms that are occupying the very lowest level. 
Some light is thrown on this question by an alternative derivation of due 
to Landau. His argument applies to any model, but, for simplicity, we 
consider the Debye-like model. The fundamental point is that the excita- 
tions can, in such a model, be considered to resemble sound waves, though 
we do not, as yet, know very much about the actual form of the wave func- 
tions and, as we have seen, we obtain very similar energy spectra from a 
variety of models. To account for the observed pressure of sound, one must 
suppose that a sound quantum “carries” momentum as well as energy, 
though it is not always obvious that this is so. For example, in the “solid- 
like" model, aU momentum of an assembly is apparently associated with 
the one variable Cq, and none with the variables C, and S,. (See p. 429). 
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The state of affairs considered by Landau was that of a solid boundary 
moving tangentially relative to the assembly. This is a fair idealization of, 
say, liquid flowing through a tube, or a disk oscillating in the liquid. We 
ask what is the situation when the motion has gone on long enough for 
conditions to have become steady. In an ordinary liquid, the layers imme- 
diately in contact with the solid would be moving with it, while those further 
away would be moving less rapidly. In a gas, some “slip” can occur even 
at the boundary. For simplicity, we restnct ourselves to the case of a single 
velocity of sound and low temperatures. A sound quantum of energy hv 
will be assigned a momentum hvjc which may be in any direction, 2 uid we 
wish to find the mean momentum of a layer of liquid in contact with a soUd 
boundary moving with a tangential velocity v. We can derive the result by 
either of two practically equivalent arguments. 

We may say that the apparent frequency of a quantum moving in a 
direction inclined at an angle 6 to the wall will be modified by the Doppler 
factor 1 — r cos Bjc when observed from a pomt fixed in the wzill, from 
which it follows that there must be corresponding changes in the energy 
and Boltzmann factors for such a quantum. Or we may be more sophisticated, 
and say that we specify in advance the total momentum of the liquid in the 
X direction, compute the mean energy of the assembly as a function of this 
momentum, and then compute the corresponding velocity of translation 
by means of the relationship = 3F/3P, This is a somewhat more 
complicated argument, using the general theory of selector variables in 
statistical mechanics, but 1 ids to exactly the same result in practice. For 
the total momentum, we find the result 


Vq 7I/2 


hv cos t 


sin 6 dd 


exp 


Av(l — V cos 0/c) 

W 


- 1 


(31) 


where the first factor represents the number of possible frequencies in the 
range v to v ^ dv for an assembly of unit volume that occurs in the ordinary 
Debye theory, while the final factor rejiresents the modified Planck function. 
Exp an di ng in powers of vjc and retaining only the first order term, we find 
for T small 


327tk*T* 
V ~ 6®C« 


It will be noticed that this vanishes with T. This expression is of the dimen- 
sions of a momentum per unit voluifte divided by a velocity and we axe thus 
tempted to identify it with p^, the density of normal fluid. NmnKical 
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comparison with values of deduced from measurements of Cg, the velocity 
of second sound, by the use of formula (30), shows that the simple Debye- 
like model is a good approximation below about 0.6 "K but that, at higher 
temperatiures, other excitations besides ordinary sound quanta have to be 
considered also. This is reasonable — we have already noticed the difficulty 
of finding what, in a liquid, correspond to transverse elastic waves in a solid. , 
If we accept this model quite literally, using (32) for p^^, and calculating 
the entropy according to the ordinary Debye t^emy, we find the result 
Cj -► Ci/Vs as T -*0. This prediction was, at one time, thought to have 
been accurately confirmed experimentally, Cj and having, apparently, 
both "levelled off” by about 0.6 “K, but more recent work suggests that Cj 
rises to a limiting value in the neighbourhood of C^. This does not contradict 
the simple model, since there are many reasons for thinking that the approx- 
imation of regarding the two modes of motion as independent fails at the 
very lowest temperatures ; for example, the effects of true heat conductivity, 
viscosity and long mean free paths of the sound quanta all seem to intervene 
in much the same range of temperatures (below about 0.4 “K). Any one of 
these can, in principle lead to coupling between the two modes of motion. 

It is possible to carry the idea of treating the total momentum and 
the velocity v as a pair of thermodynamically conjugate variables a little 
further. For example, one can calculate the mean energy as a function of v 
and one obtains an additional term \pjD^ per unit volume, as one might 
expect. One can further show that the entire entropy of the sound field is 
transported with the velocity v, thus obtaining a theoretical justification 
for Eqs. (26) and (27) which were originally obtained as deductions from 
experiment. Thus, we arrive at the idea that the quantity is a measure 
of the departure of the helium from its ground level. In a Debye-like model, 
we must be careful to avoid the phrase "number of excited atoms, which 
is sensible for a gaslike t 3 rpe of model, because the excitation of a single 
quantum of sound involves a great many atoms. The problem of "describing” 
the superfluid then becomes practically equivalent to that of finding a good 
approximation for the ground state wave function in the many-body 
problem. For the solidlike model, this is easy; the work on p. 429 showed 
that the coordinates C,, 5, obey a simple harmonic oscillator t)^ of wave 
equation, and the wave function of lowest energy is then a product of 
Gaussian functions, one for each coordinate. In the plasma-like model 
(p. 442) the coordinates obey, approximately, the same type of equation, 
so the lowest wave function foi!^ this model is also a product of Gaussian 
functions, but this time of the However, both these models, are, as we 
have seen, probably rather rough approximations, and it is possible, as 
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Bijl and Fe)^man showed, to deduce qualitatively the form of the eoiogy 
spectrum without any knowledge at all of the ground state wave function. 
It need hardly be said that the gaslike model also gives little information 
on this point, since it neglects correlations in the positions of atoms altogether. 
Attempts have been made to improve this, but they are still rather tentative. 

Of much more interest than the quantum mechanical description of the 
superfluid is the search for an explanation of why superfluid effects occur, 
or, to put it in another way, why it is possible for the superfluid to flow at 
finite velocity without the occurrence of irreversible effects? The issue 
is somewhat confused because the theory of transport effects in ordinary 
assemblies is not yet in a completely satisfactory state. If, for example, 
we study the “Hookes’ Law solid,” we can solve its wave equation rigorously, 
and determine its "stationary states.” This, however, implies that a sound- 
quantum once excited would persist for ever, and have a very long mean 
free path, and this seems to remain true even if we ii^roduce cubic or quartic 
functions of the displacements of the atoms into the expression for the 
energy. Thus, it is usually necessary to assume aubitranly the existence 
of a finite “phonon mean free path,” which is difficult to calculate so we 
seem to be faced with the double task of explaining the existence of this 
in ordinary assemblies, and then having done this, to account for the existence 
of reversible effects in liquid helium II. 

Subject to this, the accepted explanation of superfluid behaviour runs 
as follows. A finite tangential boundary velocity is required to treate new 
excitations. 

(1) Because of the symmetry between atoms, Feynman* showed that 
the only excitations of low energy are phonons, corresponding to small local 
compressions of matter and the consequent movement ol many atoms. The 
macroscopic motion of a single atom, and the consequential motion of a few 
others near it corresponds to large values of A; in the Bijl-Fejmman treatm^t 
(p. 440) and therefore to higher energies (“rotons”). The exchange of posi- 
tions of several atoms “following one another round a ring” does not lead 
to anything new, because, according to the identity principle, the final 
state is the same as the initial one. 

(2) Rough calculations by Landau^ showed that it would be a difficult 
matter to excite another phonon in a Debye-like liquid by the tangential 
motion of a rough solid past it, a velocity of the order of the velocity of sound 
apparently being required to excite a phonon. A roton would stiU require 
velocities of the order of metres per second, compared with observed critical 
velocities of the order of centimetres per second at which irrevwiriUA effdeti 
set in for experiments in flow through slits. 
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(3) As a result of recent experiments, it is now believed that the tangential 
motion of a solid boundary leads to the appearance in the superfluid, of 
quantized vortex filaments. This was originally predicted by Onsager from 
a purely hydrodynamic picture. Their proper quantum mechanical descrip* 
tion in a real, discontinuous fluid is not yet possible, but their physical 
existence in liquid helium that is being strongly sheared, or rotated above 
critical velocity, seems to be established beyond all doubt by experiments 
in which pseudo heat-conduction and the propagation of second sound are 
shown to be affected by such motion — a discovery of Kapitza's. The 
observed effects can be explained reasonably well on the basis that the 
phonons and rotons are scattered by the vortex filaments (in addition to the 
scattering of phonons and rotons by one another, which is the accepted 
explanation of the ordinary phenomena of viscosity and the absorption of 
first and second sound, the details of which have been worked out very 
elaborately by Landau and Khalatnikov. The agreement with experiment 
is good, although a number of parameters have to be chosen arbitrarily). 

The vortex filaments seem to differ in an important lespect from the 
phonons and rotons, in that they are not permanently present in the liquid. 
(According to the Debye model of a liquid or solid at a finite temperature, 
sound quanta are always present, the numbers of quanta of each frequency 
fluctuating about mean values in the ^sual way.) However, if liquid helium 
is rotated or sheared, and then left, experiments on the propagation of second 
sound shown that it gradually reverts to its "virgin” state in a time of the 
order of minutes. This is attributed to the very slow decay of vortex filaments 
once they have been formed. The mechanism may be essentially the same 
as the decay of turbulence in an ordinary liquid, but very little is actually 
known about it. It seems to require a finite, but very small, viscosity of the 
superfluid. Feynman has suggested that the vortex lines eventually break 
up into rotons, but this is only a speculation at present. 

The "imperfect Bose-gas” model of the liquid is by no means dead. 
Much of the work summarized above could have been based on this model 
as a starting point. In its present form, it does not lead itself very well to 
predicting numerical values for irreversible effects such as viscosity and 
absorption of soimd, simply because we do not know how to set up such 
calculations in a gas-like assembly with strong interactions. There is some 
evidence that, at all events, near the transition temperature the gaslike 
model is preferable to the Debye-like model. The latter does not predict a 
discontinuous transition when />„ Ibecomes equal to p at all, but such a result 
follows naturally from the gaslike model. Indeed. Landau^ had to assume, 
quite arbitrarily, that his Debye-like model broke doum at the transition 
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temperature. However, such a model is wanted for liquids in general, and 
for He I in particular, which it seems capable of describing quite well, and 
it is a pity to have to abandon it simply because it is already in use for He II.* 

It also seems likely that the gaslike model can be helpful in unders tan ding 
the flow under small pressure differences; the ground level of a perfect 
gas being strongly affected by a gravitational field; the approiMiate wave 
function is confined to a distance from the bottom of the vessel of the order 
of 10“* cm, instead of spreading throughout the vessel as it does in the 
absence of a field. It seems unlikely that the interatomic interactions 
obliterate cdl traces of this veiy violent effect, llie model is also likely to 
be of help in discussing the interaction with solid boundaries. The interesting 
point here is that the interaction between two helium atoms is about enough 
to lead to a bound level, so that the liquid may contain aggregates of small 
numbers of atoms resembling the deuteron in having no excited state. The 
collision of such an aggregate with a solid boundarji. differs essentially from 
that of an ordinary molecule (which can suffer changes in its vibrational — 
rotational degrees of freedom, and can therefore carry up entropy to a solid 
boundary, or carry it away) but an aggregate devoid of excited levels can 
have no such internal store of entropy. 

3.5 Film Phenomena 

Much work has been done on the thick absorbed film, of the order of 
100 atoms thick, discovered by Rollin It seems to cover any solid surface 
to which liquid He 11 has access, and it shows super fluid properties very 
like those of the bulk liquid. This fact leads to some rather spectacular 
effects iike “flowing uphill.” A surface dipped in He II is rapidly covered, 
and, if a path to another vessel at a lower level is available, the liquid transfers 
itself to it, the flow being capable of taking place even if the difference in 
levels is a fraction of a millimeter and the barrier is several centimetres 
high. Various theories of the film have been proposed, mostly involving 
modifications of existing models of ;idsorption intended for thin films and 
high adsorption energies, but the present tendency is to regard the film as 
closely akin to bulk liquid, its properties being modified by the effect of the 
van der Waals attraction of the walls. These effects are by no means neg- 
ligible, even though these forces are very weak in comparison with other 
substances. It is probable, for example, that their effect is equivalent to 
a pressure sufficient to solidify the four or five layers nearest the wall At 


See Tempeiley^o f^r an account of the strengths and weaknesses of tiie two models. 
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one time, it was thought that there was a sharp drop in thickness at the 
transition temperature, and this led to various suggestions that the sudden 
thickening of the film was a manifestation of Bose-Einstein condensation 
of the liquid, the atoms in the very lowest liquid level forming a convenient 
and inexhaustible supply of atoms for adsorption. However, it has recently 
been shown that films of about the same thickness can be formed with He I, 
provided that great precautions are taken to keep out radiation. The general 
tendency now is to regard the superfluidity, rather t|ian the Bose condensa- 
tion, as the explanation. A thick film does not normally occur for He I 
because the atoms are readily knocked off by radiation, and cannot be 
quickly replaced, but in He 11 the superfluid flow does permit true 
equilibrium to be attained very quickly, which is notoriously difficult to 
attain in an ordinary adsorption experiment. The variation of thickness 
with height above the bulk liquid is then the result of the competing claims 
of gravity and the van der Waals attraction. Put in another way, the vapour 
at some distance above the liquid is slightly unsaturated, because of the 
pressure head pgh associated with a column of vapour of height h, so 
the layer of absorbed liquid in equilibrium with it is slightly thinner than 
for a portion of the same solid very near the liquid free surface. 

3.6 Liqui^ Heg 

The properties of this liquid were eagerly studied as soon as it became 
available, in order to test the h 3 q)othesis that He^, being a "quantum liquid,” 
should owe some at least of its properties to the symmetry properties of its 
wave functions. It was soon found that superfluid properties were absent, 
the viscosity seeming to behave like that of an ordinary liquid, so that the 
above view seemed to be confirmed, but the liquid quickly became an 
interesting theoretical problem in its own right. The most natural idea is 
to try to modify the theory of a Fermi gas, which even in its crudest form 
has given good results in the theory of metals. Another point of interest is 
the connection with the problem of nuclear matter (Vol, III, Chapter 6). 
In both cases we have an interaction that is probably attractive with a 
repulsive "core” and is of about the right strength to lead to a bound state 
for two interacting particles, an excited state being absent. Now, in spite 
of the fact that an interaction as strong as this cannot be neglected, it has 
been found that quite crude models of the nucleus can give worthwhile 
results. For example, we can consMer the motion of all the nucleons in a 
"smoothed-out" field, leading to the “shell model.” Thus, we might hope 
that this liquid could be regarded as a simplified "scale model.” One 
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consequence of Fermi statistics is that, apart from the effect of interactions, 
wave functions tend to be small when two particles approach one another. 
This means that the details of the interaction function probably play a less 
important part than they do in He4, where the effect of the statistics is to 
give an apparent attraction, and, as we have seen above, it is quite likely 
that loosely bound aggregates of two or three atoms are physically present 
in the liquid. (In the nucleus, one sometimes thinks of the presence of 
"virtual a-particles,” but this is because their binding is very strong, and 
it is much less useful to think of virtual deuterons or tritons.) 

An experimental fact that is not available for He4 is that it is possible 
to measure the magnetic properties indirectly by using the techniques of 
nuclear resonance. Thus, it is possible to test whether the system of 
interacting spins behaves in the ways that the theory of a partially degenerate 
Fermi gas would suggest. We say partially degenerate because, in the absence 
of interactions, the Fermi temperature of liquid Hcj of the observed density 
would be about 6°K, so that is seems that here at last we have a Fermi 
assembly with a reasonably accessible Fermi temperature. However, the 
results of various attempts to “hot-up” the conventional theory of a Fermi 
gas in order to allow for the interactions have been rather disappointing. 
It is possible to introduce van der Waals like terms to try to allow for the 
interactions and finite size of the atoms. This model can, in certain cir- 
cumstances, predict two transitions that one can identify with liquefaction 
and solidification, and behaves in the way that such models usually do; 
one fixes the constants from some properties, whereupon others are predicted 
in order of magnitude. There have also been various attempts to combine 
the Fermi model with a Debye-like model, making use of the observed 
compressibility when it became available. (Even a perfect Fermi gas has a 
finite compressibility as a result of the exclusion principle, so it is difficult 
to say whether the compressibility is mainly determined by this, or by the 
interactions. The zero-point energy is also finite even if there are no interac- 
tions, so the "blowing-up” effect that occurs with He4 is present here also.) 
We can develop the model in various ways, either postulating the sim- 
ultaneous presence of the two types of excitation, or we can attempt a 
detailed model, in which some of the atoms are supposed to form a quasi- 
crystalline lattice, while others form the Fermi gas. It is, however, not 
easy to find such a model agreeing both with the specific heat and the suscep- 
tibility data, the latter suggesting a much lower Fermi temperature than 
does the former. , 

Another model that is successful in describing most of what is known 
about the liquid is the- "pair” model. At very low t^peratuies, the exdta- 
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tions of most importance are those associated with pairs of atoms moving 
in a smoothed field, and a reasonable guess^ about the distribution of these 
levels, based on the Heitler-London picture of the hydrogen molecule, is 
capable of accounting both for the specific heat and susceptibility. At 
“high” temperatures, collective excitations take over, and we have, effec- 
tively, the Debye model once again. It is interesting that this situation is 
just the reverse of that in He4. Here the “low” temperature excitations are 
generally agreed to be sound quanta, and it is alset.^ agreed that the high 
temperature excitations each involve only a few atoms. The “pair” model 
has been developed further by Brueckner’s method. At very low tem- 
peratures, he arrives at substantially the Fermi-gas picture, but with the 
important generalization that the actual mass of the atoms is replaced by 
an “effective mass” which is not constant but varies with density. With 
such a model the specific heat and the susceptibility are not "tied together” 
in the way that they are in the simpler Fermi models, thus removing one of 
the great difficulties confronting the latter. In fact, it is difficult to calculate 
the susceptibility properly as, unlike some of the properties of an assembly 
of antisymmetrical particles, this turns out to be rather sensitive to the details 
of the interaction. 
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notations for, 224, 251, see Molecular- 
orbital 

ortho-modifications of, 267 
para-m^ifications of, 267 
symmetry properties of, 264 
spectra of, see Spectrum 
Dictionary order, 138 
Digonal hybrids, 235 
Dihedral and related groups, 158, 159 
Dimensions of an irreducible representa- 
tion, 127 

Dipole moment, 76 
Dipole radiation, 
electric, 75 
magnetic, 76 
Dirac, 

delta function, 443 
density matrix, 400 
wave equation, 434 
Direct product of, 
groups, 135 
matrices, 138 
representations, 1 39 
vectors, 138 

Direct product representation, 139 
character of, 141 
Direct sum matrices, 103, 116 
Dislocation of a crystal, 411 
Distribution, Boltzmann, 328, 426 
Distribution function, 439 
Fourier transform of, 426, 441 
Dissociative equilibrium, 333, 338 
Double bond, 228 
Doublet fine structure, 19 
Doubling, /1-type, 260 


E 

Einstein condensation, 339 
Effective charge, 10 
Effective density of a liquid, 448 
Effective mass approximation, 
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for solids* 35d* 374* 415 
for liquid helium* 446 
Effective one-electron Hamiltonian, 238, 
242 

£ffecti\e quantum number* 14 
Electric dipole radiation* 75 
Electric quadrupole moment of a nucleus* 
193 

Electric quadrupole radiation, 76 
Electron, 

conduction, 324, 335 
correlation, 358 
d * in metals* 380 
distribution in a molecule, 188 
equivalent, 14* 23, 56 
free, see Free electron 
-lattice interaction, 398 
•phonon collisions, 401 
spin, see Spin 
valence* 14 

energy band of, 352 
Elementary method of statistical 
mechanics, 324 
Element of a group, 
character of, 128 
order of. 111 
period of. Ill 

Elements, periodic table of, 23 
Energy, 

band of a solid, 352, 364 
exchange, 215, 360 
-sequence notation, 224 
spin-orbit, 6, 60 
Equilibrium, 

configuration, 328 
dissociative, 333, 338 
ionization, 336, 338 
Even permutations* 171 
Exchange density, 216 
Exchange energy, 215, 360 
Exchange integral, 42, 216, 241 
Exchange operator, 242 
Exchange symmetry, 25 
Exclusion principle, 23. 201, 315 

F 

Factor group* 114 

Factonzatipn of secular deterlnmants, 164 


Faithful representation, 116 
FD, see Fermi-Dirac 
Fermi-Dirac gas, 
degenerate, 347 
liquid as, 433, 458 
perfect, 347 

Fermi-Dirac statistics, 326 
Fermi energy, 355 
Fermi hole, 382 
Fermions, 326 
systems of, 346 

Fermi-Thomas theory. 349, 434 
/-function, 173 
Filaments, vortex, 430 
Film in liquid helium, 457 
Fine structure, 
alkali, 18 
doublet, 19 ^ 

Finite continuous groups, 199 
Fixed-nucleus hypothesis, 191 
Fluctuations, 332 
Forbidden lines, 83 
Fountain effect, 448 
Fourier transforms of distribution func- 
tions, 426, 441 

Fractional parentage coefficients, 66 
Frank-Condon principle, 264 
Free electrons, 354 
effective mass of, 374 
Fermi energy of, 355 
in alkali metals, 373 
Function of an operator, 198 
Function space, operator in, 98 
representative of, 100 
Functions that belong to a representa- 
tion, 149 

G 

Gas, 

Boson, see Bose-Einstein gas 
degenerate Fermion, 347 
Fermion, see Fermion gas 
quantum mechanical, perfect and 
imperfect, 431 
van der Waal, 427 
* Gerade (even), 197 
Grand ensembles, 380 
fluctuations m, 332 
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Group, 

abstract, 110 
Abelian, 110, 157 
alternating, 171 
continuous, 155 
cubic, 162 

cyclic, see Cyclic group 
dihedral and related, 158, 150 
direct product, 135 
factor, 114 

finite continuous, 199 
homomorphic, 112 
identity element of, 108 
inverse element of, 108 
irreducible representation of, see 
Irreducible representation 
isomorphic. 111' 
multiplication table of, 109 
order of, 110 
permutation, 156 
point, 

definition, 155 
crystallographic, 156 
tables of characters for, 171 
irreducible representation of, 162, 163 
properties, 108 

representation of, see Representation 
rotation, 155 

Schrddinger, see Schrddinger equation, 
group of 
space, 155 

subgroup, see Subgroup 
symmetric, 169 
translation, see Translations 

H 

205 

H 2 , James Collidge wave function for, 222 
Hard sphere Boson gas, 342, 350 
Hard sphere model of liquid helium, 342 
Hamiltonian, 
core-, 2f38 
effective, 238 
molecular, 190 
rotational, 293 
separation of, 248 
symmetric properties of. 194 


Harmonic oscillator, 256 
Hartree-Fock equations, 73, 241 
Hartree-Fock method, 
definition of, 71 
for liquids, 435 
for solids, 359 

Heitler-London approximation, 
for H*. 211 
for Hcj, .460 
for solids. ^360. 379 

Helium atom, 40, see also Liquid helium 
Hellmann-Feynman theoreom, 188 
Heteronuclear diatomic molecule, 226 
Hindered rotation, 287 
HjO, see Water 
Homomorphic, 112 
Homonuclear diatomic molecule, see 
Diatomic molecule 
Hund's case (a). 260 
Hybridization, 232 
Hybrids, 233 
digonal, 235 
trigonal, 234 

Idempotent operator, 146 
Identity element of a group, 108 
Identity operation, 92 
Identity principle for superfluids, 455 
Imperfect Boson gas, 456 
Imperfections in a solid, see Solid 
Imperfect quantum mechanical gas, 431 
Index of a subgroup. 111 
Induced transformation, 98 
Intensity, 

spectral, alternation of, 267 
relative, of multiplets, 79 
Interactions, (see also Coupling) 
electron-lattice, 398 
Lennard- Jones, 420 
London-van der Waals,420 
spin-orbit, 191 
spin-spin, 191 
Intercombination lines, 83 
Intermediate coupling, 63 
Interstitial, 411 

Intrinsic (spin) angular momentum in 
molecules. 195 
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Invariant subgroup, 114 
Invariant subspace, 118 
Inverse of a group, 108 
Inversion of a group, 93 
Inversion spectrum, 
definition of, 286 
of ammonia, 287 
Ionization equilibrium, 336 
Ionic crystals, see Crystal 
Irreducible representation of, 
a group, 

dimensions of, 127 
functions belonging to. 149 
number of, 132 
an operator, 89, 107 
a point group, 162 
notation for, 163 

the SchrOdmgcr group for a molecule, 
196 

Iso-electronic sequence, 17 
Isomorphic, 111 

J 

Jahn-Teller effect, 201 
James-Coolidge wave function, 222 
;; coupling, 40, 63 
Jordan-Klem matrix, 331 
Jordan- Wigner matrix, 331 

K 

Kekul4 diagrams, 236 
Kirkwood approximation, 439 
Klein- Gordon equation, 191 
Kronecker product, 138 

L 

Lagrange multipliers, 70 
Lambda-transition of liquid helium, 339 
Landau-Fey nman model of a liquid, 446 
Land4 g-f actor, 22 
Land4 interval rule, 62 
Lattice, 

completeness theoreom, 391 
specific heat of, 345 
vibrations, 324, 388 
LCAO approximation, 209 
Left co-set, 110 


Lennard- Jones interaction, 420 
Linear molecule, 194 
Liquid hehum, 

effective density of, 448 
film, 457 

fountain effect, 448 
He^, 433 

magnetic properties of, 469 
models, 

Brueckner, 460 
pair, 459 
shell, 458 

symmetry properties of, 468 
lambda-transitions of. 339 
models, see also Hej, 
hard sphere, 342 
London, 449 
nuclear matter, 350 
perfect Bose-gas, 344 
two fluid, 448 
properties of, 446 
second sound in, 451, 452 
superfluidity m, 346, 452 
vortex filaments in, 430 
Liquids, 

associated, 418 

models of, see alsoLiquid helium, models 
Born and Green, 439 
Brueckner, 434, 439, 460 
cell, 424 

Debye-Landau, 428 
imperfect Bose gas, 456 
Kirkwood, 439 
Landau-Feynman, 446 
Sommerfeld, 432 
superposition, 439 
quantum mechanics of, 417 
Localized orbitals, 231 
London theory of liquid helium. 449 
London-van der Waals interaction, 420 
LS coupling, 39, 60 

M 

Magnetic dipole moment of the nuclei in 
a molecule, 193 
Magnetic moment, 
dipole, 76 
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spin, 6 

Magnetic properties of liquid He,, 459 
Mass, effective, 374, 415. 445 
Matrix, 
adjoint, 97 
block-diagonal, 103 
constant, 121 
density, 330, 360 
diagonal supermatrix, 103 
Dirac density, 400 
direct product, 138 
direct sum, 103, 116 
Jordan- Klein, 331 
Jordan-Wigner, 331 
Kronecker product, 138 
supermatrix, 103 
trace of, 128 
Mesonic molecules, 191 
Meson, jr-, 192 
Metals, 379 

alkali, free electrons in, 373 
conductivity of, 399 
models for, see Solid 
Methane, 186, 203, 233 

vibrational fundamentals of, 285 
Methyl chloride, 273 
Molecular crystals, 380 
Molecular-orbital, 214 
approximation, 213 
bonding and anti-bonding, 214 
description of homonuclear diatomic 
molecules, 223 
notation for, 

atomic parallel, 224 
energy sequence, 224 
separated atom, 224 
Molecules, 

accidental degeneracy of, 196 
angular momentum of, 194, 195 
aromatic, 235 
as separated atoms, 209 
as united atoms, 209 
axial symmetry of, 194 
benzene, 197, 235 
chemical ^ifts in, 193 
CICH,, 273 

diatomic, see Diatomic molecule 
fixed nucleus hypothesis for, 191 
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Hamiltonian for, 190 
H,0, see Water 
jahn-Teller effect, 201 
Kekul4 diagrams for, 236 
Klein- Gordon equation for, 191 
linear, 194 
mesonic, 191, 192 
methane, 186, 203, 233, 285 
polyatomic, 269 
relativistic effects in, 191 
Schrodinger wave equation for, 190 
spin, 195 

spin-orbit interaction of, 191 
spin-spin interaction of, 191 
states, Z, 77, J, etc., 194, 251 
symmetry properties of, 194 
gerade and ungerade, 197 
zeta sum of, 301 

Momentum space, condensation in, 343 
Multiplication rule, conservation of, 96 
Multiplication table of a group, 109 
Multiplet, 39, 79 

relative intensity of, 79 
Multiplicity, 39 


N 


Negative rotations, 93 
Non-commuting operators, 430 
Noncrossing rule, 203, 210 
Normal coordinates, 271, 390 
Normal divisor, 114 
Notation for, 

cyclic groups, 169 
dihedral and related groups, 159 
irreducible representations of point 
groups, 163 

molecular orbitals of diatomic mol- 
ecules, 223, 224 
Nuclear matter, 335, 350, 434 
Nuclear resonance, 451 
Number of irreducible representations of 
a group, 132 


o 

Odd permutations, 171 
One-electron approximation, 355 
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Operation, 
covering, 90 

symmetry, sue Symmetry operation 
Operator, 
adjoint, 97 
commuting, 29, 430 
commutation properties of, 97 
Coulomb, 242 
creation, 394 
density, 330 
destruction, 394 
exchange, 242 
function of, 198 
idempotent, 146 
in function space, 98 
non-commuting, 430 
projection, 145 
representation of, 95 
representation of a function space, 100 
scalar, 36 
symmetrizing, 144 
translation, 155 
Orbital, 

anti-bonding, 207 
atomic, 12 
bonding, 207 
delocalized, 231 
localized, 231 

molecular, see Molecular orbital 
spin-, 222 

Order of an element, 111 
Ornaments, 157 
Orthogonality relations, 125 
Orthogonal properties of functions, 152 
Ortho-modifications of diatomic 
molecules, 266 
Ortho-states of water, 316 
Oscillator, harmonic, 256 
Oscillations of plasmas, 385 
Oscillator strength, 82 
Overlap density^ 216 

P 

Pair model of a Uquid, 434 
of Hcj. 459 

Parallel bands in polyatomic molecules, 
281 


Para-modifications of homonuclear di- 
atomic molecules, 267 
Para-states of water, 316 
Parent term, 66 
Parity, 27, 77 
Partition function, 420 
Partition table of the spherical harmomcs, 
166 

Partners, 143 

Paschen-Back effect. 22, 38 
Passive interpretation of symmetry 
operations, 92 

Pauli exclusion principle, 23, 201, 315 
Perfect Bose gas, 338 

model of liquid helium, 344 
Perfect Fermion gas, 347 
Periodic boundary conditions, 354 
Periodic table, 23 
Period of a group element, 111 
Permutation group, 156 
Permutations, 
cyclic, 170 
even and odd, 171 
transpositions, 171 
Perpendicular bands in polyatomic 
molecules, 282, 296 
Perturbation treatment of a solid, 382 
/^-function (group theory), 173 
Phonon, 

-electron collisions, 401 
in a lattice, 394 
in a liquid, 345, 430, 446 
Planck's function, 428 
Plasma, 

Bohm-Pines transformation of, 442 
oscillations, 385 

Point group, see Group and Irreducible 
representation 
Polyatomic-molecules, 269 
assymmetric top, 307 
bands of, see Bands in polyatomic 
molecules 
C1CH„ 273 
group theory of, 273 
spectra of, see Spectrum of polyatomic 
molecules 
spherical top, 305 
symmetnc top, 295 
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vibrational spectrum of, 269 
Positive rotations, 93 
Potential, 

Lennard- Jones, 420 
London-van der Waal, 420 
Morse, 258 
Screened, 445 

Principal rotation axis, 158 
Principle, 

Frank-Condon, 264 
of corresponding states, 419 
Pauli exclusion, 23, 201, 315 
Product of classes, 115 
Product of complexes, exceptional and 
standard definitions of. 111 
Projection operators, 145 
Proper rotation, 155 
Properties of liquid helium, 446 
Px* Pyi Px functions, 99 

Q 

Quadrupole radiation, electric, 76 
Quantized vortices, 430 
Quantum defect, 14 
Quantum mechanical gas, perfect and 
imperfect, 431 

Quantum mechanical many-body 
problem, 439 

Quantum mechanics of liquids, 417 
Quantum number, effective, 14 
Quantum theory of angular momentum, 
30 

Quasi particles, 445 

R 

Racah coefficient, 80 
Radiation, 
electric, 75 
magnetic dipole, 76 
quadrupole, 76 

Radiative transition probability 75 
Random 7 >hase assumption, 444 
Reciprocal, 
space, 158 

symmetry operation, 92 
vectors, 363 

Reduction of a representation, 


of an operator, 103, 107 

of a group, 117 

Reflection, 93 

anti-symmetnc, 197 

rotary, 93 

symmetric. 196 

Relative intensities, 79 

' « 

Relativistic effects in a molecule, 191 
Relaxation time, 406 
calculation of, 408 
Representation of a group, 116 
associate, 171 
basis of, 116, 118 
direct product, 139 
irreducible, see Irreducible representa- 
tion 

faithful, 116 
reduction of, 117 

Representation of an operator, 105 
basis of, 95 
reduction of, 103, 107 
span, 101 

Representation of a point group, 162 
Representative, 

of a function space operator, 100 
of an operator, 95 
Residual charge, 10, 11 
Resonance, nuclear, 459 
Right co-set, 110 
Roothaan equation, 243 
Rotary reflections, 93 
Rotation, 92 
group, 155 
hindered, 287 
lines, 262 

P, 0, and R branches of, 262, 263 
negative, 93 
positive, 93 
principal axis of, 158 
proper, 155 

transformation properties of, 168 
Rotons, 430, 446 

s 

Saha formula, 333, 338 
Scalar operator, 36 
Scattenng, umklapp, 404 
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Schrddinger ^uation, 
for a moleculiet, 191 
group of, 120 

irreducible representation of, 196 
Schur's lemma, 124 
Screened potential, 445 
^Screening length, 387 
Second sound, 451, 452 
Secular determinants, factorization of, 1 54 
Secular equation, 28 
Selection rules, 

for complex atoms, 4, 77, 79 
from group theory, 154 
Self-consistent field, 
definition, 10 
for atoms, 4, 73, 348 
for molecules, 238 
Seperated atom, 209 
designation, 224 

Separation of electronic and nuclear 
motions, 187, 248 
Shell, closed, 23, 48, 64 
Shell model of a liquid, 458 
Similarity transformation, 102 
Single bond. 228 
Slater sum over states, 420 
Smoothed field, 434 
Solid, see also Metal and Crystal 
approximations in theory of. 
band, 364 
Bloch, 361 

Born Oppenheimer, 356 
cellular, 370 

Heitler-London, 360, 379 
perturbation, 382 
Roothaan, 359 
tight binding, 364 
time-dependent perturbation. 401 
Debye, 436 
imperfections in, 409 
dislocation, 411 
interstitials, 411 
vacancies, 411 
thermal behaviour of, 396 
Debye temperature, 397 
types, 376 

Sommerfeld model of a liquid, 432 
Space group, 155 


Span of a representation, 101 
Specific heat of a lattice, 345 
Spectral term, 39 
centre-of-gravity of, 62 
multiplicity of, 39 
parent, 66 
Spectrum, 
continuous, 3 
forbidden lines of, 83 
inversion, 286 
of diatomic molecules, 261 

alternation of intensities of, 267 
rotational, 262 
vibrational, 263 
of polyatomic molecules 269 
parallel bands of, 281, 296 
perpendicular bands of. 282, 296 
vibrational. ^9 
Spherical harmonics. 11 
addition theory of, 46 
form of, 174 
formulas for, 172 
partition table of, 166 
transformation properties of, 164 
Spherical top molecules, 305 
Spheroidal coordinates, 211 
Spin, 

functions, 12 

in a molecule 195 

magnetic moment, 6 

orbital, 222 

orbit energy, 5, 60 

-orbit interaction, 6, 18, 191 

-spin interaction, 191 

waves, 324 

States, molecular 27. 11, A, etc , 194, 261 
Matistical mechanics, 
elementary method of, 324 
of the atom, 348 
partition function, 420 
Statistical weights, 75 
Statistics, 

Bose-Einstein, 326 
Fermi-Dirac, 326 
Subgroup, 110 
index of. 111 
invariant, 114 
Sum rules, 82, 301 
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Superfluidity, 346« 452 
Supermatrix, 103, 117 
Superposition approximation for liquids, 
439 

Symmetric group. 169 
Symmetric top molecules, 295 
Symmetrizing operator. 144 
Symmetry adapted function. 143 
Symmetry. 

axial, in a molecule, 194 
degeneracy, 196 
exchange, in an atom, 25 
Symmetry operations, 90, 91 
active interpretation of, 92 
identity, 92 
inversion, 93 

passive interpretation of, 92 
reciprocal. 92 
reflection, 93 
rotation, 92 

Symmetry properties of, 
a Hamiltonian, 
of a molecule, 194 
of diatomic molecules, 264 
He,, 458 

wave functions, 434 
Systems of, 

Bosons, 338, see Boson gas 
Fermions, 346. see Fermi-Dirac gas 
phonons, 345 

T 

Tables of characters for the point groups, 
171 

Term values, 4, see Spectral term 
Thermal expansion of a solid, 389 
Debye temperature, 397 
Thomas-Fermi theory, 349, 434 
Tight binding method, 364 
Trace of a matrix, 128 
Transformations. 

Bohn^Pines, 442 
Bijl. 440 
induced, 98 
properties. 

of spherical harmonics. 164 
of rotations. 168 


similarity. 102 
unitary, 102 
Transitions, 
lambda, 339 

radiative probabilities for. 75 
selection rules for, 154 
Translation group, 155 
Bravais lattices, 156 
Trigonal hgj^brids, 234 
Triple boncf^ 228 
Tunnel effect, 287 
Two-fluid model of He^, 448 

U 

Umklapp process, 404 
Ungerade (odd), 197 
Unitary operator, 96 
Unitary transformation, 102 
United atom, 209 

V 

Vacancies in ionic crystals, 411 
Valence electron, 14 
f energy band of, 352 
van der Waals gas, 427 
van der Waals attraction, 468 
Variation method, 68, 188 
Vectors, reciprocal, 363 
Vibrational fundamentals of methane, 285 
Vibrational spectrum, 

of diatomic molecules, 263 
of polyatomic molecules, 269 
Vibrations, 

lattice, 324, 388 
zero point energy of, 395 
Virtual particles. 459 
Vortex filaments, 430, 456 
Vortices, quantized, 430 

w 

Wannier function. 412 
Water molecule, 

as an asymmetric-top molecule. 307 
bands of, 314 

molecular orbitals for. 228, 245 
ortho- and para-states of, 'SIO 
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S 3 anmetric properties of, 196 
Wave functions^ 
anti-symmetric, 26 
atomic calculations of, 66 
James-Coolidge, 222 
symmetric properties of, 484 
^ave equation, 

Dirac, 434 
Klein-Gordon, 191 

Schrddinfster, see Schrbdinger equation 


Wave vector, conservation of, 408 
Wigner's non-crossing rule, 208, 210 

z 

Zeeman effect, 20, 36 
Zero point energy, 
of a liquid, 436 
of a solid, 395 
Zeta sum, 301 
Zone, Brillouin, 366 



